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Preface: A Tribute To Faraday 

Paradise is a world without interpretations, a world where every mind agrees with every other 
mind about everything. Our world, however, is a world full of interpretations, where many minds 
disagree with many other minds about so many things. One of the peculiar aspects of our world is 
that, when properly exercised, our intuitive faculties permit us to catch a glimpse of paradise now 
and then, but such glimpses are beyond the reach of any mind for which intuition is a lost art. 
In the entire history of the subject matter of this monograph, perhaps no one has demonstrated 
the effectiveness of intuition as a living art in a more fruitful and a more engaging way than 
M. Faraday. His thoughts, work and interpretation of electromagnetic phenomena occupied the 
most capable thinkers in and beyond his generation, and to this day, they continue to inspire us 
as they have inspired J. C. Maxwell, H. Hertz and many others. We shall take it upon ourselves 
in this series of monographs to study certain problems raised by the work of H. Hertz regarding 
the optics of accelerated systems (with the understanding that Hertz's theory is Hertz's system 
of equations) , because solutions to these problems appear to have many unexplored applications 
relevant to science and technology, and at the same time represent an unfinished chapter in the 
history of the investigations begun by Faraday. 

Our first problem arises from the fact that a ray of light propagating relative to a moving observer 
can be associated with two directions in space. One is the true direction the ray would have if the 
observer were stationary, the other is the apparent direction the ray is actually observed to have. If 
the apparent direction is the same for two observers moving relatively to each other, then the true 
direction is likely to be different for the observers, and we may refer to this effect as aberration. 
Likewise, if the true direction is the same for the observers, then the apparent direction is likely to 
be different for the observers, and we may refer to this effect as obliquation. We shall show that 
while the wavefront of light is tilted in aberration, there is no such tilt in obliquation, and for an 
observer in accelerated translational, rotational or gravitational motion, we shall give a rigorous 
treatment of the apparent angular displacement of a light source due to obliquation, the rate of 
change of this displacement with the observer's velocity, the apparent path traced by the light 
source, the apparent geometry of a light ray from the source to the observer, and the apparent 
frequency of the ray. Readers with only a casual interest in the subject are advised that Part || 
may be omitted without an appreciable loss of continuity. 

My thanks and gratitude go to Dr. T. E. Phipps Jr. for bringing the aberration problem in Hertz's 
electrodynamics to my attention many years ago. It gives me great pleasure to dedicate this series 
to all those whose minds are hardly ever at rest, and for whom, therefore, V — C = J\f. 
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Part I: Foundations 

It is true, however, that it is not customary to pull down all the houses of a town with 
the single design of rebuilding them differently, and thereby rendering the streets more 
handsome; but it often happens that a private individual takes down his own with the 
view of erecting it anew, and that people are even sometimes constrained to this when 
their houses are In danger of falling from age, or when the foundations are insecure. 

Rene Descartes (1596-1650) 

1 Introduction 



Art 1. Review of previous results. 

We have studied elsewhere Q the problem of light propagation for accelerated observers in a 
stationary, homogeneous and isotropic medium using Hertz's version of Maxwell's theory. We 
showed in that work that a linearly polarized regular plane ray propagates relative to a translating, 
rotating or gravitating observer with a velocity v given by 



V = cd + w — u, 



(1.1) 



where c is determined by the permittivity and the permeability of the medium in the usual way, 
u(r,f) is the velocity of the observer at position r and time t, k is the unit or normalized wave 
vector, and the quantities d, w depend on the wave vector, the wave polarization, and the observer's 
acceleration a = u in a fairly complicated way. It was shown, more precisely, that if p is a unit 
vector in the polarization direction and k is the wave vector, then 



1 + VTT^ 



1/2 



W = pa. — TK 



(1.2a) 



where (all square roots being nonnegative) , 

p 7r/(4dcJo), TT t?/(l + i?2)i/2^ ^9 = a/(7Wo)^ a = k • a, lUo = ck (1.2b) 

and the quantities 7, a, r and e are given for each type of motion as follow. For an observer 
translating with acceleration a. 



7 = 1, a = a(<), r = 2paK ^, 

where 

u = u(i), K ■ p = 0. 
For an observer rotating with angular velocity fl{t), 

1/2 



e = 



7 



1 



where 



and 



^0, a = r2 X u + A X r = (J7 • r)J7 - ri^r + A X r 
2(pa - ?7S2)k~^, e = S2(p X r2) + 5317 - S4P 



u^Jlxr, T] ~ K ■ (p X fl) ^ 0, A = r2 

^ = 2{n- p){n ■ k) - n^{K • p), c = (« • p)i^ • a) - (a • p)(o • k) 



277(so + rjuji) 

S3 = {ry(A • p) + 4e(rj • p)}si, S4 = {2Cn^ + r/(n • A)}si. 



(1.3a) 
(1.3b) 

(1.4a) 
(1.4b) 

(1.4c) 
(1.4d) 
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For an observer gravitating with acceleration a due to gravity, 



1/2 



T = (2pa — niS^ ff^)n 
where, if r be a unit vector in the direction of r 

-2 



= a(r) = —qr/r^ 
e==/i(r X h) + /2P 



u = h (zxh + gfxh), h = uxr, z = hxu — 
m = K • (r X h), n = p • (r X h) 7^ 0, U'^ ^ {■m/n){K ■ p) ^ 



(1.5a) 
(1.5b) 

(1.5c) 



and (h, z, q being arbitrary constant quantities which determine the orbit of the observer according 
to Newton's theory), 



/o 



2pa — duJo 
n{K'^ — O^) ' 



(« • P)/o 



/2 = 



(1.5d) 



For the three types of motion to be studied in this work, it is convenient to introduce the angles 
shown in Figure |^ as well as the quantities 



/3 = u/c7^0, cr = a/c, ii = a/uJo, y = cd—KT. 



(1.6) 



We recall that the conditions for a linearly polarized plane ray to be regular (i.e., to propagate 
with a velocity that depends on c) are k • p = for a translating observer, 77 ^ and 7^0 
for a rotating observer, and ^ k for a gravitating observer |l]. When these conditions are 
not satisfied, the ray may either propagate with a velocity that is independent of c or cease to 
propagate altogether. Furthermore, for a gravitating observer, the ray propagates only if n ^ 0; 
otherwise, it degenerates into a nonpropagating mode|^. 




Fi gure li Common angular parameters. Rectilinear motion is defined to be such that the velocity u and the 
acceleration a are parallel (0 = 0, = A), radial motion to be such that the velocity u and the wave vector k are 
parallel {(f) = 0, 6 = X), and coradial motion to be such that the acceleration a and the wave vector re are parallel 
{X = 0,6 = (j>). Note that all three angles may change with time. 



Art 2. Scope of this work. 

Our purpose in this work is to apply the above results to the phenomenon of light aberration. 
This work is motivated in part by the need to correct the widespread misconception that light 

^This implies for example that a gravitating observer cannot perceive the ray if the ray is linearly polarized 
along the position vector r or along a normal vector h to the plane of the observer's orbit. We note here that our 
vector h points to the south ecliptic pole instead of pointing to the more customary north ecliptic pole. 
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aberration is inconsistent with Hertz's electrodynamics ||, with Fresnel's wave theory of hght Q|, 
or more generally, with classical physics j^, ^. The practical motivations are to develop new 
imaging and visualization techniques for optical systems in accelerated motion [Q, ^, ^, |l^, to 
study the possibility of designing integrated accelerometers based on the effects of acceleration on 
obliquation or aberration ||ll|, ^ , and to understand the corrections that must be applied in 
software for high-precision astrometric measurements due, for example, to the rotational and the 
orbital motion of the earth or a satellite p^ , , if possible without using solar system barycentric 
velocity ^ or elliptic e-terms |19 . We illustrate the difference between aberration and 



obliquation in the next section by showing that what Bradley reported in 1729 was not aberration 
but obliquation. A rigorous treatment of obliquation for an observer in accelerated translational, 
rotational or gravitational motion is given in subsequent sections. 

The treatment begins with a general theory of obliquation in Section §p[ We apply the theory 
to a translating observer in Section to a rotating observer in Section §^ and to a gravitating 
observer in Section In each case, we study the apparent angular displacement of a light source 
due to obliquation, the rate of change of this angular displacement with the observer's velocity, 
the apparent path traced by the light source, the apparent geometry of a light ray from the source 
to the observer, and the apparent frequency of the ray. The remaining sections in the third part 
of the work illustrate the types of problems that can be solved by our methods and calculations 
with a number of interesting results that may be of practical importance. 



2 Bradley obliquation 



Art 3. The ferryman's problem. 
Consider a ferry travelling from south S to north N at right angles across a river as shown in 



Figure 2(a). If the river flows due east, the ferry will drift away from SN and will reach the other 



side of the river at some point E east of N; whereas, if the river flows due west, the ferry will 




(a) Obliquation of a ferry. The ferry is aimed along SN 
(true direction) but drifts along SW or SE (apparent 
directions) due to the river. It is parallel or untilted 
to SN on arrival at W or E. 



(b) Aberration of a ferry. The ferry is aimed along SX 
or SY (true directions) but drifts along SN (apparent 
direction) due to the river. It is inclined or tilted to SN 
on arrival at N. 



Figure 2: Aberration and obliquation of a ferry. 



reach the other side of the river at some point W west of N. But as the ferry drifts along SW 
or SE, it will be pointing in a direction parallel to SN. Similarly, as two light rays aimed in the 
same direction drift in different directions relative to two relatively moving observers, the normal 
to their wavcfronts will be pointing in the same direction for both observers. We refer to this 
phenomenon as obliquation. Suppose now that the ferry is to arrive at N in spite of the river, 
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Figure |2(b)| . If the river flows due west, then one must aim the ferry at some point Y east of N 
so that the river will compel it to drift along SN, while if the river flows due east, one must aim 
the ferry at some point X west of N to compel it to drift along SN. In both cases, as the ferry 
drifts along SN, it will be pointing in a direction inclined to SN. Similarly, as two light rays aimed 
in different directions drift in the same direction relative to two relatively moving observers, the 
normal to their wavefronts will be pointing in different directions for both observers. We refer to 
this phenomenon as aberration. 

Art 4. Aberration versus obliquation. 

Several things follow from the above illustration. We see clearly that obliquation describes a 
situation in which one assumes the true direction of a light ray to be the same for two observers in 
relative motion, and consequently infers that the apparent direction of the ray must be different 
for the observers. Aberration on the other hand describes a situation in which one assumes 
the apparent direction of a light ray to be the same for two observers in relative motion, and 
consequently infers that the true direction of the ray must be different for the observers. We 
see further that while the wavefront of a light ray is not tilted in obliquation, a telescope that is 
intended to perceive the ray must be tilted from one direction (SW) to another (SE) when the 
motion of the observer is reversed. For aberration, on the other hand, we see that although the 
wavefront of a light ray is tilted, a telescope that is intended to perceive the ray must be pointed 
in the same direction (SN) when the motion of the observer is reversed. It follows from these 




Figure 3: Tilted and untilted wavefronts. When a ray of light aimed along SN drifts relative to a moving observer 
along SE, its wavefronts remain perpendicular to SN. If the wavefronts were tilted, they would be perpendicular to 
SE as shown by the dotted lines. 

considerations that Bradley's observations ||2^ correspond to obliquation instead of aberration. 
This conclusion is historically evident because in Bradley's time, there were no practical means of 
observing a tilt (illustrated in Figure ||) in the wavefront of light. Hence, as Fresnel ^ pointed 
out, what Bradley observed was not aberration but obliquation ^. 

Art 5. Formulae for classical aberration and obliquation. 

Let us investigate the above conclusion with some rigour. We consider linearly polarized regular 
plane light rays from a star at points P and Q relative to an observer at points S and R as shown 
in Figure ^. If u^, are respectively the velocity of the observer at S and R, and if we assume the 



observer to be translating with negligible acceleration, then by (1.1), (1.2) and (1.3), the velocity 
of the rays relative to the observer at these points will be 

Vs=Cs Ms, Cs=CKs (2.1a) 

Vr = Cr — Ur, = CK,r (2-lb) 



■^What we call obliquation may also be called "ray aberration" while what we call aberration may also be called 
"wave aberration". In this terminology, Bradley's observation as well as all modern devices such as those used in 
adaptive optics measure ray aberration rather than wave aberration. The distinction is vital for any optical system 
in which the direction of a ray does not coincide with that of a wave normal, although both terms are often used 
interchangeably or even in different senses by others. We shall continue to use our preferred terminology for clarity. 
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Figure 4: Aberration and obliquation of light. Light rays from a star at P that would have propagated along 
PM relative to an observer at R propagate instead along PR due to the observer's motion. Rays from the star at 
Q that would have propagated along QN if the observer were stationary at S propagate instead along QS due to 
the observer's motion. The angle between PR and QS describes obliquation while the angle between PM and QN 
describes aberration. 



where Cg , Cr are the velocities the rays would have if the observer were stationary at S and R 
respectively. The obhquation angle <I> for the star is the angle between Vs and Vr, and is therefore 
given by 

tan$ = -^^ ^. (2.2) 

Vs ■ Vr 

If we refer to the directions of Cs,Cr as true and to the directions of Vs,Vr as apparent, then the 
angle defined by (|]^) represents a change in the apparent direction of the star. We can also define 
an aberration angle ^ 

tan*-i^li^ (2.3) 
which represents a change in the true direction of the star. 

Art 6. Obliquation of starlight viewed from the earth. 

As a concrete example, suppose that S and R correspond to the positions of the earth at a six 
months interval, when the earth must have reversed its direction of motion, so that 

Us = — u,. = — u (say). (2-4) 

Suppose also that the true direction of the star remains unchanged, so that 

Cs = Cr = c = ck (say). (2-5) 



Then by (2J) one has VgXVr — (c + u) x (c — u) = 2ux c and Vs-Vr = (c + u) • (c — u) = c —u . 
By (^), the obliquation angle for the star is 

2/3 sin , „ , 

tan<i>=^^-^ (2.6a) 

where 4> is the angle between c and u (see Figure |l|). In particular if the true direction of the star 
is at right angles to the earth's motion, so that (p — 90°, then 

23 

tan<i>=^-^ (2.6b) 
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(a) Transverse obliquation. The true direction of the 
star is assumed to be unchanged (PM || QN) as the earth 
reverses its direction of motion. As a result, the ap- 
parent direction of the star is observed to have changed 
(PRZQS). 



(b) Transverse aberration. The apparent direction of 
the star is observed to be unchanged (PR || QS) as the 
earth reverses its direction of motion. As a result, the 
true direction of the star is assumed to have changed 
(PMZQN). 



Figure 5: Transverse aberration and obliquation. 



which agrees with Bradley's observations. The origin of the second order term in this equation is 
easy to explain As shown in Figure 5(a), when the observer is at positions S and R, the star 
is displaced from its true direction by angles <i>s and $r such that 



tan$, tan(f>r 



/5. 



Equation (2.6b) results from applying the trigonometric identity 

tan A + tan B 



tan(A + B) 



1 — tan A tan B 



(2.6c) 



(2.7) 



with A = ^s,B = 



Art 7. Aberration of starlight viewed from the earth. 

Let us calculate the angle of aberration for the star. For this purpose the apparent direction of 
the star is kept unchanged, as described earlier, so that 



Vs^Vr^v (say). 



(2.8) 



From (2.1), ( p.4| ) and (p.§|), one has x = (i^ — u) x (i; + u) = 2i; x u and Cg ■ Cr = {v — u) 
(u + u) = — M^. Substituting into (2.3) gives 



tan* 



2(u/v) sin^ 
1 - {u/v)^ 



(2.9a) 



where is the angle between v and u. Writing ( 2.1b ) as v + u — Cr and squaring gi ves, after 
solving the resulting quadratic equation for v and using the fact that |cs| — \cr\ = c by (|2.l|), 



u/v = (3 ^— cos ip + \J\ — (3'^ siv? V'^ 



(2.9b) 
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From (2.9a) and (2.9t), we finally get 

2/3 sin ip (^-P cos ip + \/T^~92^ii7V') 



tan* 



1 + /32(1 - 2sin2 V) - 2/3cosV'\/l-/32 sin^ V 



(2.10a) 



as the aberration angle for the star. In particular if the apparent direction of the star is at right 
angles to the earth's motion, so that = 90°, then 

tan Mr = (2.10b) 

As shown in Figure ^(b) , this corresponds to a displacement of the star from its true directions at 
S and R by angles *s and such that [psl p3 



tan 'i's = tan 



f3 



(2.10c) 



Art 8. Bradley observed ohliquation, not aberration. 

Equations (^|^) and ( 2.10D show that obliquation and aberration are not only distinct phenomena 
but also, generally speaking, are of different magnitudes. Moreover, while both (2.6c) and (2.10c) 
agree with Bradley's observation, (2.6c) describes a change in the apparent direction of a star while 
(2.10c) describes a change in the true direction of the star. Therefore, since Bradley's observations 
demonstrate a displacement in the apparent direction of a star, they correspond to (2.6c) rather 
than ( ^.lOc ). We shall confine our attention to phenomena related to obliquation in the remainder 
of this work. 

Art 9. Ohliquation for accelerated observers. 



Equation (2.6c) is somewhat inaccurate because it requires the observer to be translating with a 
negligible acceleration. To obtain a more accurate equation that does not neglect the observer's 
acceleration, let us generalize (^) by using (1.1) to get 

Vg = Cgds + Wg — Us, Vr = Crdr + — (2-11) 

and consider the situation when the motion of the observer at S and R is such that 

Kg — Kr — K (say). Us = Ur = — u (say), = — a-r = —a (say). (2-12) 

(2.13) 



Equations (1.2) and (1.3) show that for a translating observer in this situation, 
Cs Cr = c (say), d^ = dr ^ d (say), = w,. = w (say). 
Substituting ( |2.1l| ), ( ^.12D and (|T3|) into (U|) gives 

tancl>^'(;^ + "^ + ")^(^^ + "^-")' (2.14) 

which can be simplified as follows. Let (p, 6 and A be the angles shown in Figure ^. Then, from 
(|r|) and dlj), 

a — ancosX, w = p(a — 2/?a cos A) (2-15) 
and from these equations, we derive 

w-w = w^ = p^(a— 2Ka cos A) • (a — 2Ka cos A) 
= p^{a^ — 4(/$ • a)a cos A + 4a^ cos'^ A) 

= p^{a^ - 4a2 cos^ A + 4a2 cos^ A) ^ p^a^ (2.16a) 
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w • c = p(a — 2Ka cos A) • c 

= p(ac cos A — 2accosA) = —pac cos A 



(2.16b) 



w • u = p{a — 2na cos A) • u 

— p{au cos — 2(/$ • u)a cos A) 

= p{au cos 9 — 2au cos A cos 4>) 
= pau (cos 6—2 cos A cos </>) . 



(2.16c) 



Using these equations, the denominator of ( 2.14 ) becomes 



(cd + w + u) • (cd + w - u) c d + 2dw • c + w • w - m 

— (P'dP + 2d{~paccosX) + p^a^ — i 
= c^{d^ - 13^ +p^a^ - 2dpacosX). 



(2.17) 



Expanding the numerator of (2.14) directly, we have 

{cd + w + u) X {cd + w — u) = 2du x c + 2u x w. (2.18a) 

We square this equation to get, in view of ( ^.16 ) and ( [A.2| ), 

(2du X c + 2u X w)^ = 4(u x w + du x c) • (u x w + du x c) 

= 4[(u X w) • (u X w) + 2d{u X w) • (u X c) + d^(u X c) • (u X c)] 

= A[{u^w^ ~ (u • w)2} + 2d{u'^{Mv • c) - (u • c)(u • w)} + d'^{u^c^ - (u • c)2}] 

= A[u^w^ - (u • w)^ + 2du^(w • c) - 2duc{u ■ w) cos0 + d^u^c^ sin^ 0] 

= 4[p^a^u^ - p'^a^v?{cos6 ~ 2 cos A cos 0)^ + 2du^ pac cos X) 



— 2dpacu^ (cos — 2 cos A cos 0) cos 4> + d^v?c^ sin^ (j) 
A0^c^[p'^a'^ - 2dpacosX - p'^a'^{cosO - 2cosAcos0)^ 

— 2dpa{cos 9 — 2 cos A cos 0) cos (f> + d^ sin^ (f>] . 



(2.18b) 



Substituting (2.17) and the square root of (2.18b) into (2.14) finaUy gives 



tan$ 



2/3(e„ + d2sin2 



2dsh cos ( 



>l/2 



where 
and 



£a = po'ipc — 2c? cos A), Eb — pa{cos 9 — 2 cos A cos < 

1/2 



P ■ 



Adujo 



1 + VTT^ 



?? = /I COS A 



(2.19a) 
(2.19b) 
(2.19c) 



as the complete set of equations describing obliquation for an observer in accelerated translational 
motion. 

Art 10. Effects of acceleration on obliquation. 



We note that (2.19a) reduces to (2.6a) for a nonaccelerated observer (a = 0) or for an observer 
whose acceleration is perpendicular to the true direction of light (cos A = 0). We note also that 
the effect of acceleration on the obliquation angle is extremely small and is determined to a large 
extent by the quantity p^. For an observer moving with a « 10ms~^ and for visible light with 
K « 10^m~^ and c ~ 3 x lO^ms"^, we get p^ ~ 10"'*^. This shows that for all practical purposes, 
translational acceleration has no effect on the obliquation of visible light. Despite the smallness 
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of fi, there are three respects in which ( ^.19a ) differs significantly from (2.6a) from a theoretical 
viewpoint. First, according to (2.19a), the obliquation angle is a function of wavelength, which 
means that the apparent direction of a star depends on the wavelength of light emitted by the 
star, or loosely speaking, on the spectral type of the star [^. This dispersive effect does not exist 
for a nonaccelerated observer according to (2.6a). Second, (2.19a) implies that light from a star 
may be obliquated even when the true direction of the star is parallel to the observer's velocity 



{4> ~ 0). A look at (2.6a) shows that this radial effect does not exist for a nonaccelerated observer. 
Third, (2.19a) shows that if the true direction of a star can be such that |^ 



2deb cos ( 



0, e„ + - /3V 0, 



(2.20) 



then light from the star will not be obliquated. This means that the apparent direction of the star 
as observed on the earth will not change when the earth reverses its direction of motion. All these 
effects may be observed with reasonable certainty if an astronomical object with a measurable /x 
can be found. Such will be the case, for example, if the object emits waves with k a/c^ which, 
for small values of a, implies that the waves must be infraradio waves. At present, the implied 
frequency of these waves is a great many orders of magnitude below the range of existing and 
proposed low frequency radio arrays such as LOFAR It is also well below the ionospheric 

cutoff frequency and the range of detectable LF radio waves. 



3 Obliquation theory 

Art 11. Apparent direction to a light source. 

The method of quantifying obliquation described in the previous section is noninstantaneous be- 
cause it depends on the velocity of light relative to an observer at two separate instants. To develop 
a method that depends only on the instantaneous velocity v of light relative to an observer, we 
note that one only needs to have a standard direction with respect to which the direction of v can 
be compared. We note further that for practical reasons, it is essential that this standard direction 
be observable while the observer is moving. This practical requirement rules out the possibility 
of using the true direction of light as a standard since this direction is not always observable by 
a moving observer. If we take the direction of the observer's velocity u as standard under the 
assumption that the observer can (in principle) determine this velocity by methods that assume 
nothing regarding the optical properties of light, then we may compare this direction with that of 
V at any instant by calculating the angle ^ defined by 

|u X t^l , , 

tan-^^-^ -. 3.1) 

u • V 

This definition implies that at any instant, the apparent direction of light is inclined at angle ip to 
the observer's velocity u at that instant. For this reason we shall call ip the instantaneous angle 
of obliquation. 



For the three typ es of motion that are of interest to us in this work, we can develop (3.1) by 
using (1.1) and ( |l.2| ) as follow. Let 0,0, A be the angles shown in Figure |l]. Let also 



B = e ■ c, V = e ■ u, A = e ■ a, H = e ■ k, £ = e ■ e (3.2a) 

Cq = T) — UKT cos ip, Ci = pa COS — KT COS (j), C2=Ci+ pa cos 9 (3.2b) 

TVi = 2du^{B - TLJo), Af2 = 2ducC(i cos0, TVg = u^[E + 2{pA - tH)] (3.2c) 

2pacosX), 7V5 = it^KT^a cos 0, M^^ViV + 2uCi) (3. 2d) 



^We shall sometimes refer to the true direction of light as the line of incidence or loi, and to the apparent 
direction of light as the line of sight or los. We emphasize that for an accelerated observer, the direction in which 
a light ray is incident differs from the direction in which the ray is sighted. Failure to grasp the full implications 
of this distinction has resulted in many errors being committed by those who are eager to find inadequacies in the 
classical treatment of the subject. 
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V= [M+AA3+A4- 



(3.3a) 
(3.3b) 
(3.3c) 



Q = £ — l3 + d cos (p + pa cos 9 

n = [v + (f + f3^ 

T^[M + (f sin^ 4 



2 2 
P o- 



2(i(p(TCOsA- ^cos(/))]^/2 
p^cr^ sin^ 61 + 2dpa-(cos A - cos(t)cos9)]^^^ . 



Using (1.2a), we derive 



c • w = c • [pa — TK + e] 

= c{pa cos A — kt) 



B 



(3.3d) 
(3.3e) 
(3.3f) 



(3.4a) 



u • w = u • [pa — TK + e] 

= u{pa cos 9 ~ KT cos 0) + I? 



(3.4b) 



w • w = [pa — TK + e] ■ [pa — tk + e] 

^2 



= (pa — tk) + 2e • (pa — tk) + £ 
= p'^a^ — 2paKT cos A + k'^t'^ + 2(p^ — tTC) + f . 

Similarly, using dni ), we obtaiifl 

— {cd + w — u) • {cd + w — u) 

= c^d^ + - 2rf(u • c) + 2d(w • c) - 2w u + u;^ 



(3.4c) 



= c/d 



2j2 



u — 2(iuccos0 + 2(i[S 



I 2 2 
+ p a 



2paKT cos A + K^r^ 



c(pa cos A — kt)] — 2[D + u{pa cos 9 — kt cos </))] 
- 2(p^ -Tn)+£ by dU) 
c^d^ + li^ + p^a^ + 2(ic(pacos A - ucos0) + 2d{B - cut) - 2(1? + uCi) 
+ kt{kt - 2pacos A) + 2(py^ - tH) + £ hy ( ^.2b| ) 



= cM 



+ p^a^ + 2dc{pa cos A — u cos ( 
by ( |3^ & ( pd| ) 
[d^ + + p^cr^ + 2d(pCT cos A - /3 cos 
c7^ by ( p^ ). 



-2(i? + u/:i) 



by (|l3b| ) 



(3.5a) 



The denominator of (pj) becomes 



u • t; = u • (cd — u + w) by (1.1) 

= duccos(t) — V? + u{pacoa9 — kt cos (/>) + I? by (3.4b) 
= due cos (p — + pau cos 9 + {D ~ ukt cos (f>) 
= due cos d — 



+ paucos9 + Co by (3.2b) 



/?c^ {d cos 4> — (3 + pa cos ( 
/3c2g by iH). 



£) by ( t3.3a| ) 



(3.5b) 



^Equation (3.5a) shows that one may regard 1/7?. as an effective refractive index for the accelerating observer. 
This suggests an obvious and reasonably comprehensive formalism for solving some problems in classical kineoptics, 
including in particular, problems of kineoptic refraction or acceleration-induced "light bending" . We shall suppose 
throughout this work that the case 7? = is to be excluded from general consideration. 
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Squaring the numerator of (3.1) using (1.1), we have 

(u X v)'^ = [u X (erf + w — u)] • [u X (erf + w — u)] 

= rf^(u X e) • (u X e) + 2rf(u x e) • (u x w) + (u x w) • (u x w) 

= (f[u^c^ - (u • cf] + 2d[u^ic • w) - (u • w)(u • e)] + [u^w^ - (u • w)^] by 

= (fu^c^ sin^ (j) + 2rfu^(c • w) - 2rfwc(u • w) cos + v^w^ - (u • w)^ 



= d^u^c^ sin^ (j) + 2du^ [c(pa cos A — kt) + B] — 2duc[u{pa cos 6 — kt cos 0) + V] cos (j) 

+ [p^a^ ~ 2panT cos A + K^r^ + 2{pA - tTL) + £] 

~ [u{pa cos e~ KT cos cj)) + Vf by (U) 
= d^u^c^ siv? (f) + 2dpacu^ cos A + 2du^{B — tuJo) — 2dpacu^ cos cos 6* 

— 2duc{T> — UKT cos (j)) cos + p^u^a^ + u'^kt{kt — 2pa cos A) + [£ + 2{pA — tH)] 

— p^v?a? cos^ + u^KT{2pa cos 6 ~ kt cos (/)) cos — + 2u{pa cos 9 — kt cos 0)] 



d^u^c^ sin^ (/) + 2dpacu'^ cos A + Wi - 2dpacu'^ cos cos 6* - 7V2 
+ p^^a^s + _v'4 + 7V3 - p2if2^2 ^Qg2 61 + TV's - We by (|L2b|) , ( ^^2^ & ( ^) 
d^u^c^ sin^ (/) + 2dpacu^ {cos A - cos (/icos 6*) + p^u^a^ sin^ + /5^cW by 
/3^c'^[rf^ sin^ + 2rfpa-(cosA - cos(/)COs6') +p^(T^ sin^6'+7V] 



.■. |u X v\ 

We also have 



/3c2j^ by (3.3f). 



(3.5c) 



2 2 
u V 



U • V )2 + (u X t>)2 by (|0) 

^2.^2 ^ p2^ig2 _^ ^2^4_^2 ( |l5b| ), & ( P^ ) 



= j^^ + e^ 



Substituting (3.5t) and (3.5c) into (3.1) leads to 

[TV + d"^ sir? + p'^a^ sin^ 9 + 2dpcF {cos A - cos <^ cos ( 



11/2 



tani/) = T /Q = 



C — (3 + d cos + pa cos 9 



(3.5d) 



(3.6) 



which, together with ( |3.3| ), allows -0 to be calculated for an observer in accelerated translational, 
rotational or gravitational motion. 

Art 12. Apparent drift of a light source. 

In general, we are interested not only in ip but also in the rate at which tp is changing with u. To 
quantify this rate, we introduce a quantity X defined by 



X = v„v 



(3.7a) 



where the subscript on V signifies that the gradient operation is to be performed with respect to u. 
This definition implies that when the observer's velocity changes from Ui to U2, the corresponding 
change in can be calculated from (3.7a) as 







X ■ du. 



(3.7b) 



Moreover, the apparent motion or drift (defined as the total time derivative of ^) per unit accel- 
eration of the observer is given by 



Q = Tp/a, ijj = X ■ a. 



(3.7c) 



Classical Aberration And Obliquation 



Page 15 



March 2001 



OAS-2001-03A 



We shall refer to X as the slope or gradient of obliquation, and to 8 as the variation of obliquation. 
To develop (3.7) for the three kinds of motion we are investigating, let 



vq = {2avi - d)/7, 1^7 = 



V2 






v-i 




.'^4 




, = 




d 



(3.8a) 



gi = (/t-V„)a, g2 = V„ X a, g3 = (u-V„)a, g4 = ('U-V„)a, gg = V„7 
g6=gi + '*xg2, St = J^2g6 - i^3g5, gs = i^ige - f'egs, gg = t^rge - ^sgs 



(3.8b) 



Ji=V„xe, J2 = (u-V„)e, J3 = (^u • V,J e, J4=Ji+pg2, Js = J2 + Pga 
We derive 



V,a = V„(K-a) by ( pb| ) 



= /t X (V„ X a) + (ft • V„) a + (a • V„) k + a x (V„ x k) by ( |A.19| ) 
= K X (V„ X a) + (/t • Vn) a = gi + X g2 by (|3.8b[ ) 



ge by (|3.8bD 



(3.8c) 



(3.9a) 



V„i9 = V„(a7-2,^-2) by ( pb| ) 



<2(aV„7-2 + 7-2 v„a) by dTTel ) 
<2(_2a7-3v„7 + 7-2v„a) by (^I|) 
<^7^^(V«a - 2a7"iVn7) 
Lo-^j-^Se ~ 2a7"'g5) by ^) & (B 



g7 by ( t3.8b| ) 



(3.9b) 



, ^ 1/2' 

i + x/TT^ j 
2 J 



by ( |l.2aD 

1/2 



{1 -I- ^/l I ,Q2 ~) 
\ by (^) & ( lO^ 



72?9(1 ^ 

= d7-iV„7 + ^ ^ ,r by (lAlsl) 



4d 



= d7-iV„7 + pujol^'^u^ by (|L2b|) 

= d7-ig5 + puJol^[oj-^l-^{s& - 2a7"'g5)] by (U) & (H) 
= Mpge - 7"\2pa - dwo)g5] 



= gg by (3.8b) 



(3.9c) 
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= {Auj.r^mi + i?2)-i/2v„d-i + d-iV„[i?(l + z?2)-i/2]} by ( [06| ) 
= (4cjo)-ihd-2^(l + i?2)-i/2v„d + d-i(l + i?2)-3/2v„z9] by ([AlsD 



i.5[-(^?/rf)g8 + [l/i^D^r] by (B & @) 
u.,[{iyd){-ui^^ + z.6g5) + (l/^^l)('^2g6 - ^^3g5)] by (H) 

J^5[(^^2/i^|) - (M/d)]g6 - ^^5[(i^3/^^|) " (l?^6/d)]g5 

gg by (Hi) & 



by (1.2b) & (3.8a) 



(3.9d) 



Vti X w = V„ X (pa — TK + e) by (1.2a) 

= V„ X e + V„ X (pa) - V„ x [tk.) 

= V,i X e + p(V.u X a) — a X V,ip — r(V.u x k) + x VuT by ( A. 12 ) 
= Ji + Pg2 - a X gg + K X j7 by (p^) & ( M 



= J4 + M X j7 - a X gg by ( p.8c|) 



(3.10a) 



(u • V„) w = (u • Vu) (pa - TK + e) by ( |l.2aD 

= (u • V„) e + (u • V„) (pa) - (u • V„) (tk) 

= (u • V„) e + a(u • V„p) + p(u • V„) a - k(u • V„t) - r(u • V„) k by ( |A.22| ) 
= J2 + a(u • gg) + pg3 - n{n ■ j,) by (|;§) & (Q) 

= j5 + a(u.gg)-/^(u.j7) by (|3|]) (3.10b) 
[v ■ V„) w = Je + a('U • gg) - ■ Jy) (3.10c) 



V„ XV — V„ X [cd + w — u) by (1.1) 

= V„ X {cd) + V„ X w — Vu X u 

= d(V„ X c) - c X (V„d) + V„ X w by (^) & ( |A.12D 
= V„ X w — c X (V„(i) 



J4 + K X J7 - a X gg - c X gg by ( ^^9^ ) & ( p.lOa) ) 



(3.11a) 



(u • V„) (cd + w - u) by (|L1|) 

(u • V„) (cd) + (u • V„) w - (u • V„) u 

c(u • V„d) + d(u • V„) c + (u • V„) w - u by ( |A.2lD & ( |A.22D 
u 



(u- V„)w + c(u-g8) by (|3^ 

-u + jg + a(u • gg) - k(u • J7) + c(u • gg) by ( |3.10b| ) 
-1^ + Je + a('i^ • gg) - '^(■i^ ■ J7) + ^('^ ■ gs) 



(3.11b) 
(3.11c) 



V„(iJ • u) = u + (u • V„) ■u + u X (V„ X v) by (|A.17| ) 

= u - u + J5 + a(u • gg) - /t(u • J7) + c(u • gg) 

+ u X (j4 + K X J7 - a X gg - c X gg) by ( |3.1lD 
= u - u + + gg(u • a) - J7(u • k) + gg(u • c) + u X J4 by (O) 



(3.12a) 
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|u X u|(V„|u X v\) = u^w(V„'L>) + u^u - {v ■ u)V„(t; • u) by ( |A.20D 

= u^u + u'^[v X (V„ xv) + {v- V„) v]- {v- u)\/u{v ■ u) by ( |A.18D 

= U^U + M^'U X [j4 + K X J7 - a X gg - C X gg] 

+ '(/^[-■u + Je + al'i^ • gg) - ^(^^ ' 3?) + c{v ■ gg)] 
- {v ■ u)[v - u + J5 + gg(u • a) - j^ {u ■ K.) 
+ g8(u • c) + u X by k i Wuk 



= v'^\i + u^{v X J4) + + jg +g9(^> • a) - • k)+^^{v ■ c)] 

- {v ■ \i)[v - u + J5 + g9(u • a) - J7(u • k) + gg(u • c) + u X J4] by (|a1| ) 



u^jg — (t^ • u)_75 + (u^ + u • u)u — [u^ + V ■ \i)v 

+ [u^i; - [v ■ u)u] X J4 + [v?{v • a) - (i; • u)(u • a)]gg 

— [u^{v • k) — (■u • u)(u • k)]ji + [u^('U • c) — (■u • u)(u • c 

■"^Je ^ ('^ ■ ")J5 + (u^ + u • u)u — (u^ + ■u • u)ij 

- [u X (u X v)] X J4 + [(u X u) • (u X a)]gg 



(3.12b) 



[(u X i;) • (u X k)]j7 + [(u X ^.) • (u X c)]g8 by (|A^ & (|AJ) 



Vju X u| - (/3/.F)jg - {g/T)3^ + [(7^2 + pg)/{pT)]vL - [(/? + g)/.F]t; + J4 X (u X jg) 

+ [jg • (u X a)]gg - [jg • (u X + [jg • (u X c)]gg by ( ^2^ ), fj) & Q) 



- J4 X + (a • Jg)g9 - {1^ ■ 39)37 + (c • Jg)g8 by (|AJ) & ( |3.8c) ) 

by(P) 



1 



arctan 



u • V 



U X v\ 





-1 








' u X v\' 


y] 










U • V 



by (^) 



u • V 



uv 
u • u 



U X v\ 



uv 

U • V 



u • u 

V„|u X v\ 



uv 



by (|AJ 

- |u X ■u|V„(u • ■L>)"^ 
u • w 

V„|uxu| |u X ■u|V„(u- ■L>) 



by ( [06| ) 



u • f (u • w)-^ 

= (uu)^^[(u • ■u)V„|u X ■uj — |u X ■u|V„(u • u)] 
= /3(^i7^)-2[gv„|u X -i^l - .FV„(u • v)] by (O) 



by (A..15) 



From ( |3.7aD , ( fU^ ) and ( ^.5d| ), we obtain 

13 



Xiu - A'i^' + A-ajg - X^jr, + (c • Jo)gg - (k. ■ 3^)3^ + (a • Jo)gg +3o'x 3a 



(3.12c) 



(3.12d) 



(3.13a) 



(3.13b) 



which, together with (3.3) and ( |3.8| ), allows X (and hence O as well as ij)) to be calculated for an 
observer in accelerated translational, rotational or gravitational motion. 
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Art 13. Apparent path of a light source. 

If we draw several arrows from a fixed point in space to represent the ray velocity v in magnitude 
and direction at various instants, it is clear that the locus of the endpoints of these arrows will 
represent the apparent trajectory or path of the light source as viewed by the observer. By 
treating this locus or hodograph |^ as a curve in velocity space (which amounts to treating v as 
the position vector of the observer from the light source), the curvature IK and torsion T of the 
apparent path of the light source can be calculated from the formulae 



T = 



\V X v\ 



= 1/K 



(3.14a) 



where R is the radius of curvature of the path for K 7^ 0. If the apparent path is smooth or 
regular, so that v and v are nonzero everywhere on the path, then the curvature and torsion 
determine the path up to geometric congruence, or up to a rigid translation and rotation. It is 
easy to determine the path uniquely by evaluating v at an initial instant and by computing the 
Frenet frame at that instant ^. The tangent vector it, the normal vector £„, and the binormal 
vector £b of the instantaneous Frenet frame at any point on the apparent path of the light source 
can be computed from the formulae 



it = 



V 



V X V 

li) X v\ 



in — ib ^ it, ic — 



(3.14b) 



in which i^ gives the instantaneous center of curvature of the path, while according to (1.1), (l-2a) 
and (1.6), v can be evaluated at any instant from 



V = + pa — u + e. 



(3.14c) 



To develop the above equations for the three kinds of motion we are investigating, it is convenient 
to introduce the quantities 



6i=/7-l, 62 = 2/?-l, 53 = 3/9-1 

y = erf — KT, y = cd — KT, y = Cd — k't 

bi^'p^-^bi, &5=yfe2-py, bG^bib2-pp 



(3.15a) 



(J„ = /? X a, 3b ^ ^ ^ 3c = X a, 3d — 1^ ^ ^7 3e = ^ ^ ^ 
3f=axk, 3g = axa, 3h = a x e, 3^ = a x e 
3j ^ ax a, 3k = blx e, = a x e, 3„ = e x a, 3o^ ex e 



(3.15b) 



3p = b43a + b^Sb + P'^dc - + + be3f + pbi3, 

3q - -p3h + bi3i + p^3j - b23k + p3i + p3n + 3o 

3r + bia + pa + e 



(3.15c) 



Hi = • (gp 
N4 = a • (Jp - 



^2 = a-{3p- 
H5 = a • {3p 



3q), ^3=a-{3p+3g) 
-3q), ^^^e-{3p + 3q)- 



(3.15d) 



Using primes to indicate the total time derivatives of complicated expressions for convenience, we 
derive 



V = + pa-\i + e)' by ( |3.14c) ) 
= y/t + /?a + pa — a + e 

&ia + pa + e by (3.15a) 



^3r by (3.15c) 



(3.16a) 



''One can also determine the apparent path of the hght source by deriving an equation for the hodograph of the 
ray velocity v. This approach is not taken here because it is less formal and also herai i se i t requires the introduction 
of a coordinate system. Interested readers will find examples of this approach in p3, p8| . 
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v=[^k+{p- l)a + pa + e]' by ( pBa] ), ( p5^ ) & ( |3l5c| ) 
= y/« + pa + (p - l)a + pa + pa + e 



= y/« + pa + 62a + pa + e by ( |3.15a|) 



(3.16b) 



V = [^K + pa + (2p - l)a + pa + e] by ( |3.16bD & ( p.l5a| ) 

= y K + Pa + pa + 2pa + (2p - l)a + pa + pa + e 



y /? + Pa + 3pa + 63a + pa + 'e by (3.15a) 



(3.16c) 



i) X V =[ijK, + bia + pa + e]x [^k + pa + 62a + pa + e] by ( ^.16aD , ( |3.16b| ) & ( |3.15c| ) 
= y/? X [^K + pa + 62a + pa + e] + feia x [yk + pa + 62a + pa + e] 

+ pa X [^K + pa + 62a + pa + e] + e X [y /t + pa + 62a + pa + e] 
= py(/$ X a) + ^b2{k X a) + p^{k X a) + ^{k x e) + y6i(a x /$) + 6162(3 x a) 
+ p6i(a X a) + 6i(a X e) + py(a x k) + pp(a x a) + p'^(a x a) + p(a x e) 
+ ^{e X k) + p(e X a) + 62(6 X a) + p(e x a) + (e x e) 



(py - y6i)('? X a) + (^62 - py)('S X a) + py(K x a) - 9 (/i x e) + ^(/i x e) 
+ (6162 — pp)(a X a) + p5i(a x a) — p(a x e) + 6i(a x e) + p^(a x a) 
— 62(3 x e) + p(a X e) + p(e x a) + (e x e) 

b43a + h3b + P^dc - ^dd + + h3f + pbidg ^ p3 h + hS^ 



p'3j - b^Sk + P3i + P3n + 3o by ( |3.15a| ) & (|3.15bD 



3p + 3q by (|3.15cD 



(3.16d) 



i;' • (i; X i)) = (y K + pa + 3pa + 63a + pa + e ) • (gp + 3^) by ( ^.16c| ) & (|3.16d| ) 

= y • (^p + a,)] + p [a • {3p + 3q)] + 3p[a • {3p + a,)] 

+ 63[a • {3p + a,)] + p[a • {3p + 3q)] + [e • (gp + 3q)\ 



yHi+ PH2 + 3PH3 + 63H4 + PH5 + H6 by (3.15d) 



From ( |l.2b| ), we have 



so that 



a = K ■ a, a = K ■ a, a = k ■ a 



1 


a 


' 1 


a 2a7 


1 


2a7 
a 

7 . 




~\ 


~ 


^2 ,-y3 


72^2 



(3.16e) 
(3.17) 

(3.18a) 



72^2 



72^2 



2a7 

7 

2a7 

7 



by (|l8i) 
1 



-27 
72u;2 



d 2q;7 
7 7^ 



72^2 
1 



72^2 



2a7 

7 

2q!7 2q;7 2q;72 



7 



7 



7^ 



4ct7 2q;7 6q;7^ 



(3.18b) 
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-& = 



and 



4(i7 
7 



2a7 
7 



6aY 



Aaj 2a7 

7 7 

4q;7 4d7 

7 7 



6q;7^ 



7" 

4q;7^ 



by ( ^8b|) 
1 



72^2 



4d7 

7 



2a7 

7 



6a72 



2q;7 

7 



2q;7 



2q;77 6q;72 



+ 



-27 



v2 



2a7 

v2 



607^ 



72^2 



a 

7 7" 7" 7' 
6d7 6d7 18d72 

7 



7 



2a 7 18a77 24q;7 



31 



7 



7 



7- 



TT = +l92)-l/2]' by ( [L2b| ) 

= + ?92)-l/2 _ ^2^^ _^ ^2^-3/2 

= +t92)-3/2 



7" 



12a77 12a7'^ 



(3.18c) 



(3.19a) 



% = [?j(l + i?2)-3/2]' by ( |3.19aD 

= ,9(l+l92)-3/2+^[(l+^2)-3/2]' 
= 7?(l+,?2)-3/2_3^^2(^^^^2)-5/2 
= (1 + ?92)-5/2[^(l + ^2) _ 3^^2j 



(3.19b) 



■tV = {(1 + ?92)-5/2[^(-l + ^2^ _ 3^^2]| by (|3.i9bD 

= [(1 + 'i92)-5/2]'[^(l + ^2^ _ 3^^2] ^ _^ ,?2)-5/2j^(^ _^ ^2) _ 3^^2]' 

= + i?2)-V2[^(i _^ ^2<) _ 3^^2] + d^) ~ '^Md ~ 

= (1 + d^y'^i-bmldil + l?2) _ 3^^2] ^ _^ l?2)J-^-(^ ^ ^2) _ 3^3 _ 4^^^]} 

= (1 + if y'^i-Mm - hd^M + 15t92^3 

+ + 192)2 _ 3^3 _ 4^^^ _ 3^2^3 _ 4^3^^| 

= (1 + ?92)-V2[-^-(l _^ ^2<)2 _ 3^3 _ 9^^^ _^ 12?92^3 _ g^3^^] 

= (1 + + t?^)^ - 9?9i$'??(l + ?92) _ 3^3(^ _ 4^2^]^ 



(3.19c) 



We have also that 



2 J 



1/2- 



7 



1 + Vl + ??2 



1/2 



+ 7 



by ( |1.2a| ) 

\5t?(l +t52)-l/2 



i + \/TT^ 



-1/2 



l9z?(l + Z?2)-l/2 



by (|l.2a| ) 



7 



4d 



by (1.2t) 



(3.20a) 
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7^ 

7 



7r7^i? 



Ad 

'jd jd 7^d 



by ( pO^ ) 

7T7^Z? 



7 



7 



7' 



^ +4 



"7 _ 


7^1 




'7 _ 






.7 




.7 


4^2 


4d 



27r77t9 7r72i? nj'^dd 
7171? + 27r7'!9 + 7r7t? 



(3.20b) 



1- 


'7 


7^1 




2 _ 








.7 


^2 




.7 


4^2 


4d 



7171? + 27r7i9 + TTjd 



by (|3.20b| ) 



"7 _ 


7^- 




'7 


7^1 


/ 

+ d 


2 _ 






'2 




.7 






.7 


^2_ 




.7 


4d2 




.7 


4^2 



" 7 ' 




4d 





7171? + + 7r7i? 



4d 



7171? + 27171? + 777?? 



2 

.7 



77 

0/2 



277 273 



7^ 





2 


7^1 


+ d 


2 




.7 






.7 



72 7172 1} 277771? 7772?? 27772^1?] 



"2 _ 




+ 


' 7 


"fd 




.7 


4d2 




4(i 


4d2 





7^ 



7771? + 27rj'd + 7771? 



4d2 



4^2 



4^2 



+ 

"i_ 

.7 
4d 



4d 



7771? + 71719 + 7r7'!9 + 27171? + 27771? + 27771? + 7771? + 777?? + 7771? 



377 ,27^ 

„2 ^ -,3 



2d 



7 7 
7771? + 27771? + 7771? 



7 7 777 ?? 77771? 

7 7' 

4d 



^ 4d2 2^2 4(i2 
7771? + 37771? + 27771? + 27771? + 37771? + 7771? 



4^3 



7772^1? 




'2 _ 


7772?? 


4d3 




.7 


4d2 _ 



(3.20c) 



77 



idujo 
77 



by (|L2g) 

77d dir — nd 



1 



ALOnd"^ 



P = 



Aujod'^ 
1 

4w„d2 



(i77 — 77(i 



dn — nd 



by (|3.21aD 
1 



ALUr,d'^ 



dir — nd 



dldn — Tid) da — ird 



2ujnd^ 



(3.21a) 



(3.21b) 



P = {- 



2ujod^ 

d ' 

2LJod^ 





1 




dn — nd 


dix — nd 


Aujod"^ 



dn — nd 



2uJod^ 



by (im) 



d77 — nd 



1 


1 




1 






dn — 776? 


dn — nd 


AuJod"^ 




4a;od2 
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d 

1 



c?Tr — nd 



2uj^d^ 



da — nd 



Aujod'^ 



dn + d'ii — nd ~ n d 



(3rf^ — dd){dn — nd) d{dn — nd) dn + dn — nd — n d 



2cJod4 

From ( |3.14D and (|3.16| ), we get 

\dp+ dq\ 



,d^ 



\3r\ 



dn — nd 



(3.21c) 



(3.22a) 



3r 

Wr 



4 = 



<?p + dq 
\dp+dq\ 



(3.22b) 



which, together with (3.15), is the complete set of equations describing the apparent path of the 
hght source. To use these equations, one should first compute the quantities a, a, a and 7, 7, 7 
for the type of observer's motion in question, followed by a computation of the quantities given 



by (3.17) through (3.21). Then f,f, r' and e, e, e' as well as the quantities defined in (3.15) can 
be computed, after which (3.22) can finally be evaluated. 



Art 14. Apparent geometry of ohliquated rays. 

Regarding a light ray as the curve described by a point moving with the ray velocity v in config- 
uration space, we see that the curvature K, the torsion T and the radius of curvature R of the ray 
can be computed from the formulae 



V ■ [v y. v) 



\v X v\ 



1/K 



(3.23a) 



while the tangent vector ^t, the normal vector and the binormal vector ti, of the instantaneous 
Frenet frame at any point on the ray can be computed from the formulae 



\V X v\ 



X €t, 4 



(3.23b) 



where ic gives the instantaneous center of curvature of the ray Q To develop these equations, we 
introduce 



Sq = /« X u, Sb = /« X a, Sc = K X e, = ^ x a, Se = k x e 
S/ = a X u, Sg = a X e, S/j = a x a, = a x e 
Sj = u X a, Sfe = u X e, S; = e x a, S„i = e x e 



(3.24a) 



§t = (yfel - p^)§b 



§e, So — pSh 

V = S; — 

ys„ + pSo; 



§n — S f — S„, §r — S; — Sj, §s — Sm ^ Sfc 



= c 

ySp + bi§q + pSr 



(3.24b) 



5R3 



3?i (St+S„), 5R2 = a • (§t + S„) 
a-(S(+S„), 5R4 = a- (St +§„), 3fi5 = e-(St 



(3.24c) 



^Let X = Then in order to determine the ray uniquely, one needs to evaluate x at an initial instant and to 
compute the Frenet frame at that instant. When this is not done, the ray is determined up to geometric congruence, 
which is good enough for our purposes here. We note that due diligence requires the position vector x of a point 
on the ray to be distinguished from the position vector r of the point of observation. 
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where bi is given by ( ^.15a ), and we derive 

V XV = (V/t + pa - u + e) x (^k + bia + pa + e) by ( ^.14cD & ( |3.16aD 

= {ybi - X a) + X a) + ^{k x e) + p^(a x a) + p(a x e) 

— y (u X /«) — 6i(u X a) — /9(u X a) — (u X e) + y(e X k) + 6i(e X a) 
+ p(e X a) + (e X e) 



p{§i - Sj 



Sfe by (|3.24aD 



= St+ Su by (|3.24b|) 



(3.25a) 



V ■ {v X v) {yK + pa + 62a + pa + e) • (S* + S„) by ( |3.16b| ) & ( ^.25cj ) 

= y [k • (St + §„)] + p[a • (§t + S„)] + 62[a • (S* + S„)] 
+ p[a. (St+S„)]+e. (St+S„) 



= Wi + P^2 + b2^3 + P^i + by ( |3.24cD 
Substituting (|3^ ), ( ^.14c| ) and ( |3^ ) into ( |3^ ) yields 



17 |St + S«l 



|§t+SJ2 



cTZ \St+Su\ 
as the complete set of equations describing the apparent geometry of obliquated rays. 



(3.25b) 

(3.26a) 
(3.26b) 



Art 15. Apparent frequency of obliquated rays. 

A change in the velocity of a light ray can be interpreted as a change in the frequency of the ray, 
and this change in ray frequency can be calculated as follows. From (1.21:) and ( p. 5a ), we have 



K n 



(3.27) 



which leads to 



uj' = 7^Wo, oj' = Kv (3.28) 
where the quantity uj' represents the apparent frequency of the ray. If we introduce the redshift 



(3.29) 



in order to facilitate comparison with other treatments, then from the foregoing equations, we 
shall obtain 

J- = !^^^=n (3.30) 
1+3 ujo c 

which, with the help of ( |3.3| ), allows 3 and uj' to be calculated for an observer in accelerated 
translational, rotational or gravitational motion [^. 

^ It may be worthwhile to emphasize here that all the quantities calculated in this work are due to the motion 
of the observer and not to any kind of motion of the light source. Kineoptic effects of moving light sources will be 
treated when we study the nature of the intrinsic redshifts advocated by our very own Galileo, the most eminent 
Dr. Halton C. Arp, and his coworkers. 
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Part II: Calculations 

The investigations and calculations of astronomers have taught us much that is wonderful; 
but the most important lesson we have received from them is the discovery of the abyss 
of our ignorance in relation to the universe — an ignorance the magnitude of which 
reason, without the information thus derived, could never have conceived. 

Immanuel Kant (1724-1804) 



4 Translational obliquation 



Art 16. Apparent direction to a light source. 

To evaluate ( |3.6| ) for an observer in accelerated translation, we have from ( 1.2h| ) that a ~ kocos A, 
whence kt — 2pacos\ by (1.3a). Moreover, since e = by (1.3a), we have in (|3.2|) that 



B = 0, V = 0, A = 0, n = o, £ = 
£f) = —2pau cos X cos <j), Ci — pa{cos 9 ~ 2 cos X cos (f>) , £2 = 2pa(cos — cos A cos < 
Wi = -Adpacu^ cos A, 7V2 = -Adpacu^ cos X cos^ 0, 7V3 0, 7V4 = 
7V5 = Ap^a^u^ cos A cos (/)(cos 9 — cos A cos 0), = 



from which we obtain, by (3.3) 



C = — 2pcrcos Acos(/) 

V = —2pa[2d cos X + /3(cos 9 — 2 cos A cos (/>)] 
N = Ap^a^ cos A cos (f>{cos 9 — cos A cos (f>) ~ Adpa cos X sin^ ( 



(4.1) 



(4.2a) 



and by (Pj) 



Q = —f3 + dcos (j) + pa{cos 9 — 2 cos X cos 0) 
n"^ = d^ + (3'^ - 2df3 cos + pa[pa - 2d cos A - 2/3(cos 9-2 cos X cos (/))] 
= d^ sin^ (j) + p^a^ [sin^ 6* + 4 cos A cos ^(cos 9 — cos A cos (p)] 
+ 2dpa{cos X cos 2(j) — cos (p cos 9) 

tanip — T /Q 



while by (|L2|), (|lj) and (|j) 



P = — , TT = , d 



1/2 



Adwo ' 



\/TTF' 



a 



d — — — PlcosX, ^ — c(d — 2pa cos X), /« • p = 0. 



(4.2b) 



(4.2c) 



(4.2d) 



Equation (4.2) gives a complete prescription for calculating %p for a translating observer. For an 
observer in radial motion {(p — Q^9 — A), we have from (4.2b), 



J- — |p|(T sin A, Q ^ d — [3 — pa cos A 
7^2 = pV2 + (d-/?)(d-/3-2pcrcosA) 



whence ( |4.2c| ) becomes 



tan?/; 



|p|(T sin A 



d — j3 — pa cos A 



= 0,61 = A). 



(4.3a) 



(4.3b) 
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Similarly, for an observer in rectilinear motion {9 = Q, (f) — A), (4.2b) yields 



J- = \d— 2/3(7 cos A| sin A, Q = dcosA — (3 ~ per cos 2A 
7^2 = + /S^ - 2d(3 cos A + paipa - 2d cos A + 2/3 cos 2A) 



which, when substituted into ( |4.2cD , yields 

Id — 2/9CTCOS A| sin A 



tan?/; — 



=[ives 



d cos X — 13 — pa cos 2A 
Finally, for an observer in coradial motion (A = 0, 6* = 

J- = \d~ pa\ sin 0, Q = —13 + {d — pa) cos (j) 
^{d- pa f +0^ - {2d + pa)l3 cos (f) 

so that, from ( [4.2c| ), we get 

\d — pa\ sin (f) 



tani/; 



-/3 + (d — per) cos 



(A = 0,( 



(4.4a) 



(4.4b) 



(4.5a) 



(4.5b) 



These results establish once again that the effect of translational acceleration on obliquation is of 
second and higher orders in p, which implies that it is of practical significance only in situations 
involving infraradio waves or ultrahigh accelerations or both. 

Art 17. Apparent drift of a light source. 



To evaluate ( 3.13 ) for a translating observer, it is necessary to know the acceleration a as a 
function of the velocity u. In the simplest case when a is independent of u, we have from ( 1.3a ) 
and dJ) that 



(4.6a) 



37 



V„r by (|3.8bD 
V„(2paK~2) by ( [l.3a| ) 



= 2k 2(pV„a + aV„p) by (|Alq ) 

= 2«;-2(^gg + „gg) by & ( pd| ) 

= by ( |46a| ). 

Substituting (0) into (|3.13|) yields 

X = /3(u7^)-2(A'lU- A-aw) 

= /3(u7^)"2[A'lU - X2{cd + pa-TK~ u)] by (O), (|L2^ & (O^ 



= /3(u7^)"^[(A'l +A'2)u- A'apa- A'2(crf-2pacosA)/«] by (|l.3a|) 
which, in view of the values of Xi and A2 from ( 3.13b| ), may be rewritten as 

X — iqk + ziu — i2a 



where, with JF, tj,7?. given by (4.2b) and y, p, c? given by (4. 2d) 



*0 = -«4y, «1 = «3 + «4, «2 = «4P, 



«3 



/3 + g 



«4 = 



/3(^^_H5^ 



(4.6b) 



(4.7) 



(4.8a) 



(4.8b) 
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From (3.7c) and ( 4.8a| ), we get the variation of obhquation (or the apparent drift of the Hght source 
per unit acceleration of the observer) as 



— iQ cos A + iiu cos 9 — i2a. 



(4.9) 



Art 18. Apparent path of a light source. 
Equ ation ( ^.22| ) can be evaluated for a translating observer as follows. With p, tt, d, and a given 
by ( 4. 2d ), we introduce 



— K • a, <^i) — K. • a, — K • a , 
<;g = a • a, = a • a, q = a • a, 
= (a X a), <r„ = /? • (a x a), 



"■J = 



= a • a, Q = a • a, (^j ^ a ■ a 
a • a, (Tfc = a • a, q = a • a 
/? • (a X a), (Tp = a • (a X a) 



= a • (k X a), = a • (k x a), = a • (k x a) 
Q = a • (a X a), <r„ = a • (a x a), = a • (a x a) 



(4.10a) 



ea = (l+l9')'/', eb-l-4l?2 



o 



- J_ _ _ _ -I I '^ggc 



1 



(P Up' 



(4.10b) 



1 



£'9 



1 

4d^ 
1 

1 

4du;2 



7r< 



TlQg_ 

d 

d 



2d^LU^_ 



dujo [M \2d'^uj^ 



Qg 



2d? 



(4.10c) 



Qk ^ — 

K 

_ 1 

K 



-2p 



Adujn 





1 






, Qi = - 






K 



2dujl 



Qn ^ QiQk ~ QWd, 6o = Qki'^ + 2gd) - pgi, Qp ^ gd{l + 2Qd) ~ pQt 



Qq 



«^£'rf + P{P^g + 2£'d^d) + ffcS Qk + 



2{agd + p^a) 



1/2 



(4.10d) 



+ pgdK^^{a<ie - %a'^) + p^n^^i^a'^e - %^d) 

Qs = Qni'^d - K~^ai,a) + Qoi'^g " K^^'^l) + PQki^i " k"^<^6?q) + QpK~^ {a<,g - i.a'id) 

+ pgdK^^iaqh - %'id) + P^H^^i^a^h - %'ig) 
Qt = Qn[^e - K^^aft) + QoiQi - K^^<>a%) + PQki'ij - K^^'ib) + QpH^^ {ct<.h - ^a^e) 

+ pQdH~^[a(,j - (Tbfc) + p^K'^^(^a'?j - <,bQi) 



(4.10e) 
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+ PQd{a^'ij - ^e) + P^i^d'ij - fe'f/i) 
Qw = gnK^^{Sa<.e - ^d<.b) + QoH^^ {<,a^h - ^g'^b) + pgkH^^{^a<i] - ^h^b) + Qpi^d^h - ^g<,e) 
+ PQdi^d^j - ^h^e) + P^i^g^j - ^l) 

Qx = [Q nQr ~^ QoQs ~t" PQkQt ~^ QpQu + PQdQv + P^QwV^ 

Qy = Qm{Qp^m + PQd^n + P^<ro) + Qj{-Qo^m " Pfil/c^n + P^'fp) + 'iQi{Qn'im - PQk^o - PQd^p) 
+ (2 + 3glrf)(gl„^„ + £»oTo + Qp'ip) + P(6'n^ + Qo'^r + filp^t) + P^iOk'is + Qd^u + P'^v)- 



(4.10f) 



(4.10g) 



Art 18a. Development of equations (3.17) through ( |3.21 ) 



From (1.3a), (3.17), and (4.10a), we have 



7 = 0, 7 = 0, 7=0, d = <;a, d = %, a = c^^ 

d^^a/ujl, ^^ib/ujl d^ic/^l 



It is easy to see that 



7r = z9(l + z92)-3/2 by (|3.l9a| ) 
= ?a/(a;2^^) by (pObD & (pTD 



(4.11) 



(4.12a) 



if = (1 + l?2)-5/2 [^(1 + i?2^ „ 3,5^2] ( ^l9b| ) 



= ^.-5[^^,co-2g2 _ 3^(^^^-2)2] by ( pOb| ) & (gll|) 
= by ( ^IOb| ) 



(4.12b) 



-Tf- = (1 + d^y''/^[dil + - + - 3ij^(l - 419^)] by ( p^ 

= Q-'[{^,cu-^)g^, - M{^ai0-^){,,iu-^)gl ~ 3{,aUj-'fg,] by (gl0b|) & (|41l|) 



by (4.101) 



(4.12c) 



7c? 7r7^i3 
7 4d 

4dw2 



by (3.20a) 



by (|4JJ) & (|l.3a| ) 



(4.13a) 



7 _ 2_ 

.7 7^ 

7 4^2 



4(iu;2 

led^o;^ 
1 



1 

^4d 

4^2 
1 



1 _ 
.7 



AdP 



1_ 

Ad 



'k^d + 27r7i? + 7771? 



by (4.11) & (1.3a) 



1 

id 

, ,2 



4dw2 



TTft H 7T 



Adujl 



T^^b 



by (4.10b) 



gg by ( |4.10cD 



by (3.20b) 



by (|]T|), (|4.12a| ) & (l4.13a|) 



4^2 / 



(4.13b) 
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1_ 

.1 

i_ 

Ad 



377 

v2 



2d 



7r7i? + 271719 + 7r7"i9 



~ ~Ad? 2^2 w ^ ~idr 

TTj-d + 377719 + 27T7i9 + 27771? + 37771? 



7 7 7T7 1? 77771? 

7 7' 

4d 



- 7771? 



777^1?" 
by (K203i) 



= 2d 



2d 



^i9 

Id? " 

77(ra 



771? 
4d2 



77dl? 

4^3" 



771? 

4d2 



4(i2tj2 4d2^2 4(i3tj2 



1 

" 4d 

4^2 tj2 



771? + 2771? + 77'??' 



1 

Ad 



,.,2 



by (|L3a|) & (f4.1lD 

277(^6 



77?c 
,,,2 



by (4.11) 



2d 



2dw2 



/ 




/ 'fa 




l4d2..2 


1 


Be^a 




" 4d 


[ 





Ad^uj\ 
,,,2 



77d<;Q 



4d3o 



+ d 



77<?fc 



4d2L.4^,3 4rf2^2 



by (H.13a| ) & (f4.13b| ) 

"8d3u;4 
1 



77?6 - 



Adul 



Qg'ia 



= Qh by (pOb|) & (pO§) 



77Q 



by (4.12) 



\Adwl]\Ad^u:l] 



Ad^u; 



4d2w2 



1 

id 



1 



+ <,a< Qe + 



4dw2 

2'?fc 



(^2 n3 

^2 



77fh H n \ ^ 



2d2w2\"" ' '"2 ^ -3 



77 

4d2 



(4.13c) 



d77 — 77d 

4tJod2 

1 



by 



Aujod'^ 
Aduj'i 



0i 



Ad^ 



iid^l 



by ([4.12aD & ( [l.l3aD 



(4.14a) 



d(d77 — 77d) dn — nd 



2tj„d3 



1 



2cJod3 

-2 



8d3w5 

1 



4du;2 



TT^g 



4wod2 

<?g 



by ( plb| ) 



4dtj2 

1 77^ 
4d2 



Qe 



TlQg_ 

d 



AdiOo 



77^ 
d 



1 

7a 



Qi by (|4.10bD & ( ll.lOcI ) 



dge - TTgg 

4a;od2 



by dil^ ) & ( gl3| ) 



4d2 J 



(4.14b) 
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{3(P — dd){d'h — nd) d{dTT — ird) dir + d'Tr — -kd — it d 



2d^LUo 



2uJod'^ 



Aund"^ 



by (3.21c) 



1 



Adtol J 

{id£\ 



dg„ 



d 
dgf 



Up' 



dge - TTQg f TT^a \ 



T^Qh 



by (4.12) & (4.13) 









■ 1 


7r2- 




- ^ 


2d2w3 






Ja 


4d2 





4d 



9l 



dgf - Trgii 



2£', 



r 37r2,2 



gg 



TTgg_ 
d 



1 



4d2w3 
1 

Adul 
1 



Stt r ■Ki.lgc 



Ad \ 2d^uj^ 















d J 


^ diOo \ 










UJo' 




d J 


^ diOo \ 



g, by (4.10c). 



Be 



4d 



2 > 1 



1 



4(iti;o 
2g, 



9f 



tP_ 
2d2 



7r2 

rf2 



by (4.10b) 



(4.14c) 



From ( 1.3a ), we derive 



Art 18b. Derivatives of t and e. 

e 0, e = 0, e = 

f = (2(0aK^^) = 2n^^{pa + pa) 



(4.15a) 



T = 2K~^(pd + pa)' by ( [4.15a| ) 

= 2K^^{pa + pa + pa + pa) 
~ 2K^^{pa + 2pa + pa) 



(4.15b) 



which leads to 



2K-'^{pa + 2pa + pa)' by ( |4.15bD 
2K^^{pa + pa + 2pa + 2/3a + Pa + pd) 
2K"^(pa + 'Spa + 3pa + "Pa) 



T = 2n ^{pa + pa) by ( [4.15aD 
2 



k2 



age 
4da;3 



by (4.11) & (4.14a) 



(4.15c) 



(4.16a) 
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r = 2K~'^{pa + 2pa + pa) by (|4.15bD 



2 



pijfc + 2^a 









+ aQi 



by (4.11) & (4.14) 



(4.16b) 



2K~^(pa + 3/9a + Spa + Pa) by ( |4.15cD 
2 



2 



{ ^aQc 1 






+ CtQj 



by (4.11) & (4.14) 



4dw3 



(4.16c) 



Art 18c. Development of equation (3.15a). 
We are now ready to evaluate the quantities defined by ( 3.15| ). We start with 



y = cc? — KT by (3.15a) 



4dw3 



-2p- 



1 



2agc 

KCUJo 

2aQc 



Qu by (|4.10dD 



by (4.13a) & (4.16a) 



(4.17a) 



y = cd ~ KT by ( 3.15a ) 
2 



1 



p<r6 + agi + 



cJogff - 2<^ p<;h + agi 



2dujl 



Qi by (l.lOd) 



||} by ill) & (S) 



(4.17b) 



y = cd - KT by (|3.15a|) 

= eg;, - K j ^ 1 1 + aQj + 3';q 



4dtj3 

uJoQh - 2\ pqc + aQj + 3<rQ ( gi + 



g™ by (4.10d) 



by ([4.13c) ) & (|4.16c|) 



(4.17c) 



&i = p - 1 by ( pl5a]) 

^ '?agc 



1 by (|4.14a|) 



by (|4.10bD 



(4.18a) 



62 = 2p - 1 = 1 + 26i by ( |3.15a| ) 
= 1 + 2(?rf by (fl.lSal) 



(4.18b) 
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63 = 3p - 1 = 2 + 36i by (|3l5a|) 



= 2 + iQdhy (4.18a) 



64-pl^-y6i by (3.15a) 



= QrQk - QiQd by (4.14b), (4.17) & (4.18a) 



= Qn by (4.10d) 



&5 = yfo2 - pl^ by ( |3.15aD 



= Qu{l + 2grf) - by (^) & ( H.lShp 
= Qo by dilOdl ) 



fog = - P/O by ( p. 154 

= Qdd + 2gd) - pg. by (psj) , ( pSbl ) & ( glibj ) 



by ( |4.10dD 



Art 18d. Development of equations (3.15b) and (3.15c). 



Substituting the derivatives of e from ( 4.15a ) into ( 3.15b ), we get 

3a = nx a, ;J6 = « X a, Sc^iix a, dd = 0, 3e 
3/=axa, = ax a, dh = 0, 3t = 
dj^SLX a, dk =0, di= 0, dn =0, go = 



from which we obtain, by (3.15c), 

dp = b4da + b53b + P'^dc + b63f + pbi3g, 3q = P^3j, 3r='^f^ + bia + pa. 
Consequently, we have 



= + 61a + pa by (4.19b) 



Qkii + Qda + pa by ( t4.17a| ) & ( |4.18a| ) 



3p + 3q = bi3a + b53b + P'^3c + be3f+ pbi3g + P^3j by ( p9b| ) 
= b43a + b53b + PQk3c + bf,3f + pbi3g + P^3j by ( |4.17a| ) 



(4.18c) 



(4.18d) 



(4.18e) 



(4.18f) 



(4.19a) 



(4.19b) 



(4.20a) 



= e„(K X a) + £io('« X a) + p£ife(/? X a) + £)p(a x a) + p£id(a x a) 
+ p^{a X a) by (p^ & ( [4.19aD 

which in turn leads to 

(/$ X a) • (gp + 

= (k X a) • [£!„(/« X a) + £)o(k X a) + p£)fe(K x a) + Qp{a x a) + pQd{a x a) + p^(a x a) 
= f3„[(/? X a) • (/« X a)] + f?o[(K X a) • (k X a)] + pQk[{K x a) • (k x a)] 

+ Qp[{k X a) • (a X a)] + pgd[{^ x a) • (a x a)] + p^[(/? x a) • (a x a)] 
= Bnla^ - (k ■ a)^] + go[{a ■ a) - {k ■ a)(a • /?)] + p£'fe[(a ■ a) - {k ■ a)(a • «)] 

+ Bp[[k, • a)(a • a) — (/? • a)a^] + pQd[{^ • a)(a • a) — (/? • a)a^] 



(4.20b) 



+ p^[(k ■ a)(a • a) - (/? • a)(a • a)] by (A. 2) 



Bn{a^ - K "^a^) + Boi^d- K ^a(^a) + Pgk{<;e - H ^a%) + QpK ^(a^d-^afl^) 

^,^d) by ( ptol) & (|L2g) 



by (4.10e) 



(4.21a) 
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{fix a)- {dp + 3q) 

= {kx a) ■ [gn{K, X a) + go{K x a) + pgk{'K, x a) + pp(a x a) + pgd{si x a) + /9^(a x a) 
= gn[{K, X a) ■ {k X a)] + go[{K x a) • (k x a)] + pgk[{^ x a) ■ {k x a)] 

+ gp[{K X a) • (a X a)] + pgaK^- x a) • (a x a)] + x a) • (a x a)] 

= £)„[(a • a) - (k • a)(a • k)] + go[a? - {k ■ a)^] + pgk[{si • a) - (/? • a)(a • k)] 

+ gp[{K ■ a)a^ - {k ■ a)(a • a)] + pgd[{K ■ a)(a ■ a) - {k ■ a)(a • a)] 



+ p^[{k ■ a)(a ■a)-{K- a)a^] by ( |a!2|) 

- gn{<.d - K^^a^a) + go{^g " K^^^a) + Pek{Qi ~ K^^^b^a) + gpK~^{a(;g - (,a';d) 

+ pgdi^^^{a<,h - %'^d) + P^i^^^{<,a<,h - %<,g) by ( [4.10a| ) & (|L2^) 
: gs by ( pO^ ) 



(4.21b) 



(/$ X a) • (Jp + 

= (k X a) • [gn{'K, X a) + £»o(« x a) + X a) + gp{a x a) + pgd{a x a) + p^(a x a)] 

= £)„[(/« X a) ■ {kx a)] + £Io[(k x a) • (k x a)] + pgk[(K x a) ■ (k x a)] 

+ gp[{K X a) • (a X a)] + pgd[{ti x a) • (a x a)] + /0^[(/? x a) • (a x a)] 
= gn[{a • a) - (k • a)(a • k)] + go[{a ■ a) - {n ■ a)(a • k)] + pgk[a^ - {k ■ a)^] 

+ gp[{K • a)(a • a) - (/? • a) (a • a)] + pgd[{K, ■ a)a^ - (k • a)(a • a)] 

+ p^[{k ■ a)a2 - {k ■ a)(a • a)] by ( |a1| ) 

= ffnfc - + filolQi - K'^'^a^b) + Pgk{^] ~ '«~^<^b) + gpK~^ {ct'ih - "^oQ) 



+ pgdK ^{a<;j - <;bQ) + p^ k '^{<ia<.3 - ?f,gi) by ( |4.10a| ) & ( |l.2bD 



ft by (4.10e) 



(4.21c) 



(a X a) • (gp + 

= (a X a) • [fti(K X a) + go(^ x a) + /9£ifc(K x a) + £ip(a x a) + pgd{s^ x a) + p^{a x a)] 
= gn\{a X a) ■ {k X a)] + go[{a x a) • (/t x a)] + pgk[{sL x a) ■ {k x a)] 

+ £)p[(a X a) • (a X a)] + pgd[{a x a) • (a x a)] + p'^[{a x a) • (a x a)] 
= £i„[(a • /?)(a • a) — a^(a • /«)] + f?o[(a • «)a^ — (a • a)(a • /?)] + /Of?A;[(a • K)(a • a) — (a • a) (a • /?)] 



£»p[a'^a-^ - (a • a)"^] + pgd[a^{a • a) - (a • a)(a • a)] + p^[{a ■ a)(a • a) - (a • a)a-^] by (A. 2) 



gnK ^{a^d- a^^a) + goK ^{a(^g ~ ^d^a) + pgkn ^{aQi- ^e^a) + gp{a^ 



^d) 



+ pgd{a\h - ^e^d) + P {^d^h - ^e^g) by (4.10a) & ^L2b) 



gu by (l.lOf) 



(4.21d) 



(a X a) • {dp + dq) 

= (a X a) • [g„{K x a) + go{K x a) + pgk{K x a) + £ip(a x a) + pgd{sL x a) + p^(a x a)] 
= gn[{a X a) ■ {k X a)] + ^?o[(a x a) • (/« x a)] + pgk[{si x a) • (/? x a)] 

+ £»p[(a X a) • (a X a)] + pgd[{a x a) • (a x a)] + p'^[{a x a) • (a x a)] 
= gn[{a ■ K){a ■ a) - a^(a • k)] + go[{a ■ K){a • a) - (a • a)(a • k)] + pgk[{a ■ «)a^ - (a • a)(a • /?)] 

+ gp[a^{a • a) - (a • a)(a • a)] + pgd[a'^a^ ~ (a • a)^] + ^^[(a • a^a^ - (a • a)(a • a)] by ( |Al2| ) 

= gnK~^{a^e - 0^%) + goK~^{a^h - ^d^b) + pgkK^^{a'^] ~ ^e'Jb) + gp{a^',h ~ 'JdTe) 

+ pgd{a'^j - 4) + P'i^d^] - ^e^h) by ( [l.lOaD & ( pb| ) 



ft by (4.10f) 



(4.21e) 
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(a X a) • {dp + dq) 

= (a X a) • [gn{K, x a) + go{K x a) + pgkiK x a) + gp{sL x a) + pgdia x a) + p^(a x a)] 
= fti[(a X a) ■ {k X a)] + go[{a x a) ■ {k x a)] + pgk[{si x a) ■ (k x a)] 
+ gp[{a X a) • (a X a)] + pgd[{a x a) • (a x a)] + /7^[(a x ii) • (a x a)] 

: £>„[(a • /?)(a • a) - (a • a)(a • k)] + go[{a ■ k){a ■ a) - a^(a • /?)] + pgk[ia ■ k)a^ - (a • a)(a • k) 



+ gp[{a • a)(a • a) - a^{a ■ a)] + pgaiia ■ a)a^ - (a • a)(a • a)] + ^^[a^a^ - (a • a)^] by 

- gnH~^[^a^e ~ ^d^b) + go^^^ {'^a^h ~ <,g^b) + PgkH^^i^a^j ~ Qi%) + gp{'^d<,h " <>g'^e) 



+ P9d{^d<^3 - "ih^e) + P^{<^g<^3 " ^l) by (|4.10a| ) & ([L2b|) 
: g^ by ( pOl) . 



Using (f4.20D and ( |4.2l| ), we derive 

= {Qkk + £ida + pa) • {gkk + gda + pa) by ( |4.20a| ) 



gfe + 'i'Qd.gkik ■ a) + 2pgk{k ■ a) + gl{a ■ a) + 2p£irf(a • a) + p^(a • a) 
gl + 2gdgkK^^{i^ ■ a) + 2pgkK^^{K ■ a) + 2pgd{a ■ a) + g\a^ + p^a? 
gl + 2agdgkK^^ + 2pgk<,aH^^ + 2pgd^d + g^a'^ + P^^g 
o^Qd + PiP^g + "^Qd^d) + gk[gk + 2K^^{agd + p<?a)] 



\dr\ - gg by ( glOdI ) 



(4.21f) 



(4.22a) 



\dp+dg\^ = i3p+3g)-i3p+3g) 



\dp + 3q 



{dp + 3q) ■ [gn{k X a) + go{k x a) + pgk{k x a) + gp{a x a) + pgd{a x a) 
+ p^{a X a)] by ( |4.20bD 



gn[{3p + 3q) ■ {k X a)] + go[{3p + 3q) ' (« X a)] + pgk[{3p + 3q) ■ {k X a)] 
+ Qp[{dp + 3q) ■ (a X a)] + pgd[{3p + 3q) ■ (a x a)] + p^[{3p + 3q) ■ (a x a)] 

gngr + gogs + pgkgt + gpgu + pgdgv + p^gw 

g^ by (|4.10d) . (4.22b) 



Art 18e. Development oj equation (3.15d). 
For the quantities defined in ( |3.15d ), we derive 

^i=k-{3p + 3q) by ( |3.15d| ) 

= k ■ [gn{k X a) + go{k X a) + pgk{k x a) + £ip(a x a) + pgd{si x a) 

+ p2(a X a)] by ( |4.20b| ) 
— k ■ [gp{a X a) + pgd{a x a) + p^(a x a)] 



gp<^7n + pgd<.n + p <;o by (4.10a) 



(4.23a) 



a • (Sp + 3q) by (|3.15dD 

a • [gn{k X a) + go{k x a) + pgk{k x a) + gp{a x a) + pgd{a x a) 



p\a X a)] by (4.20b) 



-go[k ■ (a X a)] - pgk[k ■ (a x a)] + p^[a • (a x a)] by (^) 
-&5^m - pgk^^n + P^^p by ( |4.10a| ) 



(4.23b) 
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H3 - a • (Jp + dq) by ( p5d| ) 

= a • [gn{K, X a) + go{K, x a) + pgk{K, x a) + gp{a x a) + pgd{a. x a) 



p\a X a)] by (4.20b) 



gn[K ■ (a X a)] - pgk[K ■ (a x a)] - pgd[a ■ (a x a)] by ( |A.4| ) 

= gn<irn ~ pgk^o - pgd^p by ( [l.iOa| ) 



H4 = a • (Jp + 3q) by (|3.15dD 

= a • [^)„(k X a) + £io('? X a) + pgk{ti x a) + gp{a x a) + pgd{a x a) 



+ p\a X a)] by (|4.20bD 



= • (a X a)] + £)o[/? • (a x a)] + gp[a ■ (a x a)] by ( |A.4D 
by ( ^lo^ 



H5=a-(g^ + a,)by(p5d|) 

a • X a) + £Io(k X a) + x a) + gp{a x a) + /9£id(a x a) 



p\k X a)] by (4.201:) 



= g-n'^q + go'^r + gp^t + pigk^s + gd^u + p'^v) by ( [4.lOaD 

He = e • {3p + 3q) by ( p5d| ) 



by (4.15a) 



(4.23c) 



(4.23d) 



(4.23e) 
(4.23f) 



y Ni + pHa + 3pN3 + 63H4 + pHs + Ng 



: f?„.Hi + f?,H2 + 3ftN3 + (2 + 3^?d)N4 + pNg + by (l4.17c| ), ( |4.14| ) & ( |4.18cD 

^ gm{gp^ra + Pf'dQi + /d^'^o) + £'j(-£'o^m - /3£'fe'?n + P^^p) + "igiign^rn - Pgk^o - Pgd^p) 

+ (2 + igd){gn^n + go'io + gp^p) + pig^^q + go^r + gp^t) 



+ P (gk'is + gd^u + P<>v) by ([4-23|) 



gy by (|410d). 



(4.24) 



Art 18f. Results of the computations. 
Substituting ( |4.2G| ), ( [1.22D and ( [4. 24) ) into ( ^.22] ), we finally get 



T : 



9y 



0q 



gkK + gda + pa 



gx 



gniH X a) + go('« X a) + gp{a x a) + pgk{K x a) + pgd{a x a) + p^{a x a) 



(4.25) 



as the set of equations that, together with ( 4.1C ), completely describes the apparent path of the 
hght source. 

Art 19. Apparent geometry of obliquated rays. 
To evaluate ( 3.26| ) for a translating observer, we introduce, in addition to ( |4.10| ), 



i3a = • (a X u), iOf, = K • (a X u), i3c = a-(axu), a • (/? x u) 

i3e = a-(axu), io/=a-(axu), S)g = K-a, i^^ = a • u 



(4.26a) 



Aa^'^gd-pgk, ^ gdS)a + piSjb + P(^m), = p(-$3c - y^m) - gfeiOa 

iid = -*?a^m - gk^b ~ gd^c, -t?e = -Sa^n + Pfc-^rf + gd^e + p{^ f + V^o + P^p) 



(4.26b) 
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— C?^a Sin^ ^ + '^P^^aiSd — a^g COS A) + 2ap'^ Ra{'id COS A — af)g) 

+ p'y'fe - -^g) + 2p3y(a^g cos A - jog^d) + P^(a\g - ^l) 
Rg = p^iu^^g - + sin^ + a^e^sin^ + 2agirfgifc(cos A - cos(/)COs6l)] 
+ 2up[gifc(ui0g - io/j cos 0) + - aSjh cos 6*)] 



(4.26c) 



— uM.a[p{aSjg cos 6 — qcos0) + agk{cos9 — cos Acos(/)) + a^girf(cos Acos0 — coscj))] 
+ P^[0k{^h - uSjg coscj)) + gd{aS)hCosX- u^dcos^)] 
+ ap^ [Qk i^h cos A - uS)g cos 6*) + Qd{aS)h - w^d cos 0)] 
+ P^[y{S)gS^h - u^g coscj)) + p{^d^h - ua^-g cos 6*)]. 



(4.26d) 



Art 19a. Development of equation ( ^.24| ). 



Using ( 1.3a ) and ( 4.15a ) in ( 3.24a ), we have 



Sf, = ^ X u, §h = ^ X a, Sc = 0, Sd = /$ X a, Se = 



?/ = a X u, Sg = 0, §>h 



a X a, Si = 



u X a, S/c = 0, S; = 0, S„ 



so that by ( ^.24bD , ( [4.27aD , (|4.17a| ), ( [4.18aD and ( [4.26b| ), 

S„ = p{k X a), So = p(a x a), Sp = k x u, Sq = a x u, S,- = a x u, Ss = 



(4.27a) 



(4.27b) 



St = i^Q(/t X a) + ■yp(/t X a) + p^(a x a), S„ = eiA;(/? x u) + e<j(a x u) + p(a x u) 
from which we obtain 

St + S„ = Qk{K X u) + J?a('« X a) + yp(/t X a) + p^(a x a) + Qd{a. x u) + p(a x u). (4.27c) 
We then derive 



3?! = /$ • (St + S„) by (|3.24cD 

= /$ • [gH:(^ X u) + .fta(^ X a) + yp(/« X a) + p^(a x a) + gd(a x u) + p(a x u)] by ( 4.27c ) 
= p^[n ■ (a X a)] + Qd[n ■ (a x u)] + p[k, ■ (a x u)] 



p\m + QdSja + piOb by (4.10a) & (4.26a) 



J^b by (4.26b) 



(4.28a) 



3fi2 = a-(St+S„) by ( p4^ ) 



a • [Qki'ii X u) + Rai'ii X a) + '^p{k, x a) + p (a x a) + pd(a x u) + p(a x u)] by (4.27c) 



= -Qk[K. ■ (a X u)] - ^p[k ■ (a x a)] + p[a- (a x u)] by (A. 4) 



-Qk^a - P'^^m + P^c by (4.10a) & (4.26a) 



by (4.26t) 



(4.28b) 



3fi3 = a-(St+S„) by ( p4^ ) 



a • [Qki'K, X u) + ^a{^ X a) + yp(/« X a) + p^(a x a) + Qdia x u) + p(a x u)] by ( 4.27c ) 
-Qk[^ ■ (a X u)] + J?a[K • (a X a)] - £»<i[a • (a x u)] by ( |aI^ 
-Qk^b + J?aW - Qd^c by ( |4.10a| ) & ( |4.26a| ) 

by ( p6b| ) (4.28c) 
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5R4 = a • (St + S„) by ( p4^ ) 



a • [gk{K X u) + Aa{ii x a) + yp(K x a) + /9^(a x a) + gd{sL x u) + p(a x u)] by ( 4.27c ) 
gk[a. ■ (k X u)] + • (a X a)] + • (a x a)] + /9^[a • (a x a)] 



+ gd[a ■ (a x u)] + p[a • (a x u)] by (|AJ) 
gk^d + iia^n + p'^'^o + P^^p + gd^e + pS) f hj (|4.10a| ) & ([4.26a| ) 



Re by (|4.26bD 



5R5 = e • (St + S„) by (3.24c) 



= by (4.15a) 



(4.28d) 
(4.28e) 



Art 19b. Magnitude of the vector St + S^. 



We also have 



[Sia{K X a) + yp(K X a) + p^{a x a)] • [Ka{K x a) + ]^p{K x a) + p-^(a x a)] by ( |4.27bD 

J^^[(k X a) • (k X a)] + 2/9yj?o[(/$ x a) • (/« x a)] + 2p'^Ra[{^ x a) • (a x a)] 

+ p'^y^[{K X a) • (/? X a)] + 2p^y[{K x a) • (a x a)] + p^[{a x a) • (a x a)] 

Kl[fi^a^ - (k • af] + 2pyM.a[fi^{a • a) - (k • a)(K • a)] + 2p'^Sia[iK ■ a){a ■ a.) - {k ■ a)a^ 



p^]j^[K^a^ - {k ■ a)'] + 2p-'y[{K ■ a)a^ - (k • a)(a • a)] 



/[a2a2_(a.a)2]by(A.2) 



a^Kl sm^ A + 2pyj^<j(<;<j - ai^g cos A) + 2p'^Sia{a<;d cos A - S^gO^) + p'^M^{<;g - 9)1) 



+ 2p3t^(a<^g cos A - Sjgc;d) + /5-*(a\g - ^j) by (|4.10a|) & (H.26a|) 



% by (4.26c) 



(4.29a) 



|S„P = [a('« X u) + gd{a X u) + /9(a x u)] • [guiii x u 
= gllCk X u) • (k X u)] + 2gdgk[{'fi x u) • (a x u) 
+ gd[{a X u) • (a X u)] + 2pgd[ia x u) • (a x u) 



+ ed(a X u) + p{a X u)] by ( [4.27b| ) 
+ 2pgk[{K, X u) • (a X u)] 
+ p2[(a X u) • (a X u)] 
a • u)] + 2pgk[{K ■ a)u^ - (k • u)(a • u)] 



u~acos(j}Cos9) + 2pgk{u 9jg 



gllfi^u^ - (k • u)2] + 2£»rfgfc[(K • a)u2 - {k ■ u){ 
+ glla^u^ - (a • u)^] + 2pgd[{a ■ a)u^ - (a • u) 
u gij. sin (j) + 2gdgk[u a cos A- - 

2p^^d(^dM' - awi3/. cos0) + p^u^c^g - ii^) by ([4.10a| ) & ( ^4.264 
sg — ij^) + sin^ (/> + a^gd sin^ ^^ + 2agdgkicoa X — cos cos ^?)] 
+ 2up[gkiu9jg - 9)hC0S(j)) + gd{u<,d - a9)h cos 9)] 
= Sig by ( |4.26c| ) (4.29b) 



I 2 2 2-2, 

+ a w sm ( 



a • u)] + p^[a?\i^ - (a • u)^] by 

ui3;iC0S 

2 



2,' 2 

P (U ^g 



St • S„ = [J^a('« X a) + ^p{k X a) + p^(a x a)] • [gfc(/$ x u) + £id(a x u) + p{a x u)] by ( f4.27b| ) 
= Siagk[{'ii X u) • (/? X a)] + p^gk[{K. x u) • (/« x a)] + p^gk[{'ii x u) • (a x a)] 
+ Ragd[{a X u) • (k X a)] + p^gd[{a x u) • (/« x a)] + p^ gd[{a x u) • (a x a)] 
+ Rap[{a X u) • (/« X a)] + [(a x u) • (/? x a)] + p^[(a x u) • (a x a)] 
= jlQ£ifc[/t^(u • a) - (/? • a){K ■ u)] + py£ifc[K^(u • a) - (k • a)(K • u)] 
+ p^£»fe[(/« • a)(u ■ a) - {k- a)(a • u)] + iiagd[{a ■ k){vl ■ a) - a^{K ■ u)] 
+ p^gdiia ■ k)(u • a) - (a • a)(u • /?)] + p'^gd[a^{u • a) - (a • a)(a • u)] 
+ SiaPlia • k)(u • a) - (a • a)(/« • u)] + p^y[(a • k)(u • a) - a^(/« • u)] 
+ p3[(a.a)(u.a)-a2(a.u)]by(0) 
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= ua^aQk{cos9 — COS Acosi/)) + p^Qki^h — uSjg COS0) + ap'^Qk{S)h cos A — u^g cos 9) 
+ ua^ RaQd{cos A cos — cos tp) + p^Qd{aS^h COS A — u<,d cos 0) + ap^ Qd{aS)h — uqd cos 0) 

+ UpHaiaS^g cos 6* - <JdC0S(/)) + p'^y{9)gSjh - W^g COS0) 

+ P^i'id^h - wa<;g cos 6') by ([4.10aD & ([4.26aD 



= [/o(a^g COS 9 — <,d cos (/)) + agfc (cos — COS A cos 0) - 
+ P^ [9k {Sjh - uSjg COS (j)) + QdiaSjh cos A - ma cos (/>)] 
+ ap^[Qk{f)h cos A - COS0) + Qd{af)h - u<jdC0s6')] 
+ P^[^{S^g^h - u^g COS0) + p{<,d^h - ua^g cos 6*)] 

= by (pel) 



a^gd{cos A cos — cos 0)] 



(4.29c) 



|St+S„|2 = |St|2 + 2(SfS„) + |S«|' 
= % + 2i^,, + Sig by ( |l29| ) 



(4.30a) 



ySRl + p^2 + b2^3 + P^4 + ^5 



= ySib + pSic + h^Sid + pSie by (|^) 

= + g^Sic + ^d(l + 2Qd) + pAe by (gl4b| ), ( p7b|) & ( gl8b| ). 



(4.30b) 



Art 19c. Results of the computations. 



Substituting (4.27c), (4.30) and (1.3a) into (3.26), we obtain the equations describing the apparent 
geometry of the rays as 



Af + 2Rh + jig 



jn + pa. — u 



^'^ (4.31) 

£»fc(/« X u) + Ra{i^ X a) + gdia x u) + p[(a x u) + ^(k x a) + p(a x a)] 



(% + 2il,, + j?g)i/2 



where 7?. is given by ( 4.2b| ), y is given by ( 4. 2d ), and all other quantities are given by ( 4.26 ) or 



5 Rotational ob liquation 



Art 20. Apparent direction to a light source. 



To evaluate (3.6) for a rotating observer, it is convenient to introduce the quantities 



r2 • K, 
rt A, 



£b -- 
£h 



n r, Sc^^ p, Erf = K • r , Se = K • P, £/ r • p 
= r • A, e,j = p • A, ^ k ■ {p x fl) ^ 0, efe = k • (fJ x r) 



£!=p-(r2xr), em = J7-(Axr), £„ = /$• (A x r), = p • (A x r) 



(5.1a) 



= (f7V - £2)1/2 0^ ^ (^2^2 ^2£,£„^A2^2„ ^2)1/2^ ^ ^2^^ _ 

V^d = £a£fc - ^^^£d + £n, </Je = £c£q - r2^£e, (^9/ = £e£g " £i£a, <y9g = - 4((^g/£j) 
= (2p(/3<j - Cd)/[2ej{(pg + SjUjl)], ip, = ^Phi^i^j + 8v5e£c), iphi-iip^Vi^ + £j£g) 

1 /2 

ipk ^ 2{pipd ~ Sjipgiph), tpi ^ \l + [(pg/{ejUjl)]\ 7^0, (/3m = (^g(^/i£j + (pi£a - ',5-,£e 



(5.1b) 
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LPp = ipg(fh{-ei9? + EiEb - ef£g) + (piSrn - ^]{Sc£b - S + £o) 



(5.1c) 



</5r = [Pn + 2(p'^c - ipk£k)\/vi^ = {ipki^P^c - 'Pk£k) - 2cd{ipn - (pk£k)]/^l 

(fit = ek/(Pa, Pd/Vb, 'Pv = ipc/{^aVb)- 



(5.1d) 



Art 20a. Development of equation (1.4) 
With the above quantities in view, we derive 



= ($7 X r) • (J7 X r) by (1.4c) 



f^^r^ - ■ vf by (I 



2„2 



by dli) 



Pa by ( FTb| ) 



(5.2a) 



(n X u + A X r) • (fl X u + A X r) by ( |l.4a| ) 



(rj X u) • (rj X u) + 2(J7 X u) • (A X r) + (A X r) • (A X r) 

[f^^w^ _ . uf] + 2[(f2 • A)(u • r) - (Jl • r)(A • u)] + [AV^ - (A • r)^] by ^3) 



= n^u^ + 2(J7 • v)[Q, ■ (A X r)] + [K^r^ - (A • r)^] by ( |l.4c| ) & (|Aj) 
= r^Va + 2£6em + AV^ - ei by (|5la|) & (|l2a|) 



, a = (^f, by (5. It) 



(5.2b) 



u-a = u-(r2xu + Axr)by ( 1.4a ) 



(n X r) • (A X r) by ( |l.4cD 

r2(n • A) - (J7 • r)(A • r) by (O) 



efc£h by ( ^.laD 



V3c by (5.1b) 



(5.3a) 



K-a=K-(r2x u + Axr) by (1.4a) 



K • [Jl X (Jl X r)] + K • (A X r) by (|l.4c|) 
K • [rj(J7 • r) - Vt^r] + • (A X r) by (^) 
(k • J7)(rj • r) - n^{K • r) + /« • (A X r) 



K(ea£6 ed + En) by ( |5.1a| ) 



= Kifd by (5.1b) 



(5.3b) 



a = fc • a by (1.2t ) 

= KV9<j by ( ^.3bD 
ry = K • (p X $7) by ( 1.4c ) 

= K£j by (5.1a) 



(5.4a) 
(5.4b) 



Classical Aberration And Obhquation 



Page 39 



March 2001 



OAS-2001-03A 



^ = 2(rj • p)(rj ■K)-n'^{K- p) by ( pTi^ ) 

= 2K{ecea - n^Se) by 



2Kipe by (5.1b) 



(5.4c) 



C = (/t • p){n • A) - (A • p)(JI • /^) by O 



K(£eeg - ^iEa) by { p.l^ 

K(pf by ( ^.lb| ) 



(5.4d) 



So = C~ ie/ri) by ( pdD 

= Kipf- [{2Kipef/{Kej)] by (O) 



Kipg by ( |5.1b| ) 



(5.5a) 



= (2pa - cL;,)/[2r,{so + W^] by (p^ ) 



{2pKipd - dcJo)/[2(Kej)(K(^g + kEj-Wq)] by (|j) & ( |5.5a| ) 
(2/9(prf - cd) /[2Ke j(ipg + SjUjI)] 
^h/K by ( Islbp 



(5.5b) 



S2 = sqSi by (|l.4d[ ) 



yjgVJh by ( ^.5aD & ( ^.Sbj) 



(5.5c) 



S3 = [r?(A • p) + 4^{n ■ p)]si by (|l.4clD 



[KEje^ + 8K(peec]{iph/K) by (|5.4| ), (|5.1a| ) & ( |5.5b| ) 



(p, by (|5.1bD 



(5.5d) 



S4 = [2^^^^ + ry(r2 • A)]si by (|L4|) 

= [2{2n^,)n'' + «e,£g]((^„/«:) by (|;]), (|1|) & ( p^ 



= >p, by (5.1b) 



(5.5e) 



2(pa-rys2)/A« by (|L4§ 

2{pKipd - Kejipg(ph)/K by dsl]) & ( ^.5c|) 

2(p(/Jd - Ejipgiph) 

ipk by (|5lb| ) 



(5.6a) 



7' = |1 + N/(^^^)]| byO 

= |1 + [(K^g)/(«£,c.^)]| by dm) & (fl^) 

= |l + [<y=9/(ejWo)]| 
■.J = (pi by (^.lb|). 



(5.6b) 
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Art 20b. Development of equation (3.2). 
The various quantities defined by ( ^.2[ ) become 

6 = c • e by ( pal ) 

— CK ■ [S2(p X ft) 
= CS2[/$ • (p X $1)] 

= C{ipgiph£j + ^iS. 

= c(^„ by (p.lbD 



sgfl - S4p] by (|ri|) & (|L4§) 
cs3(/? • rj) 



■ CS4(k • p) 



ipjEe) by (5.1a) & (5.5) 



(5.7a) 



X> = u • e by ( |3.2a| ) 

= u • [s2(p X $7) + 53$! — S4p] by ( 1.4b ) 



S2(J1 X r) • (p X $1) + 53(17 X r) • Jl - 34(0 x r) • p by ( |l.4c| ) 

S2[(p • rj)(rj • r) - (p • r)] - S4[p • (SI X r)] by (^) 

LPgiphiscSb - f^^e/) - y^j-e/ by ( ^.laj ) & (|^) 
by (|5.1c|) 



(5.7b) 



A^Si-ehy ( |3.2a| ) 

= a • [s2(p X $7) + S3J7 — S4p] by ( 1.4b ) 

= S2[(p X H) • (Jl X u + A X r)] + S3[J7 • (r2 X u + A X r)] — S4[p • (r2 X u + A X r) 



by ( |l.4aD 



S2[(p X $7) • ($1 X u) + (p X $7) • (A X r)] + S3[J1 • (A x r) 



- S4[(p X J7) • (rj X r) + p • (A X r)] by ( |A.4| ) & (|l.4cD 

S2[(p • ^){'^ ■ u) - (p • u)^!^ + (p . A)(f2 • r) - (p • r)(A • ^)] + S3[fl • (A x r)] 

- S4[(p • n){n • r) - (p • r)^!^ + p . (A X r)] by (^ 



ipgLPh{-eiQ. + ei£b - EfEg) + (^i£„i - (pj(£ceb - £f^ + ^o) by (1.4c), (5.1a) & (pj) 



(Pp by ( |5.1cD 



(5.7c) 



W = K • e by ( p.2a| ) 

= K • [s2(p X n) + S3rj - S4p] by ( |l.4b| ) 

= S2[/t • (p X n)] + S3(/t • VI) - Si{K ■ p) 

= K{(pg(phej + tpiSa - (fjee) by ( |5.1a|) & (^.5| 



= K(y9o by (|5.1c) ) 



(5.7d) 



f = e • e by ( |3.2a| ) 

= [S2(p X J7) + S3J7 - S4p] • [S2(P X $7) 
= S2[(p X $7) • (p X n)] + 2s2S3[rj • (p X n)] - 2S2S4[P • (p X ft)] 



- S4p] by (pb| ) 



sl{n ■ n) - 2s3S4(p • n) + slip ■ p) 



sin' 



2s3S4(p-f^) + sa by (A.2) 



sl[n^-ip-m 

ifil^Un^ - el) + ^\n' - 2^,^,6, + by (^ & (y) 
^2 by (|I]). 



(5.7e) 
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Using (5.7) in (3.2), we have 



Cq — UKT cos (j) by (3.2b) 

= ipn - ^k{^ ■ u) by ( |5.7h| ) & ( ^.6a| ) 



•^n - ^k£k by (1.4c) & (5.1a) 



Ci ~ pa cos 6 — KT cos (j) by ( |3.2b| ) 
C2 = Ci + pa cos 6* by ( 3.2b ) 



2pacos9 — KT cos (p by (5.8b) 



(5.8a) 
(5.8b) 

(5.8c) 



Afi = 2du^{B - TUJo) by (|3!2c|) 

= 2crfu2((y9„i - kt) by (|J^ & ( p^ ) 
= 2cdu'^{ipra ~ ^k) by (|5.6a|) 



A/'2 = 2ducCo COS0 by (3.2c) 



= 2duc{(pn - (pk£k) COS0 by ( p.8aD 

= 2dc{K ■ u){ipn - (Pk£k) 

= 2cdekif„ - (pfcEfc) by (03) & (|5la|) 



u^[£ + 2{pA - tH)] by (|3.2cD 
u^((^^ + 2p(^p - 2KT(y5o) by ( ^7| ) 



M {ip + 2pipp - 2ipkipo) by (5.6a) 



= u kt{kt — 2pacosA) by (3. 2d) 



u'^ifiki^Pk - 2p(K • a)] by ( ^.6aD 
u^ipk{^Pk - 2pipd) by (|5.3b| ) 



A/s = u^ktC2 cos (j) by (3. 2d) 

u^(pk{2pacos6 — ipk COS0) cos0 by ( 5.8c ) & ( 5.6a ) 
= (pk{K- u)[2p(u • a) - Lpk{K ■ u)] 
= (pk£k{2p^c - ^k£k) by ( pn^ , ( P^ & ( P^ 



AAg = X>(X' + 2u/:i) by (U|) 

= ipni^n + 2u{pacos9 — KT COS (I))] by ( |3.7b| ) & (5.8b) 



ipniVn + 2p(u • a) - 2ipkiK ■ u)] by ( |5.6aD 

V3„((y9„ + 2p</Jc - 2v3feefe) by dll^ , ( p^ & (|3|) 



(5.9a) 



(5.9b) 



(5.9c) 



(5.9d) 



(5.9e) 



(5.9f) 



JV1+M3+M4- 2u^{V + uCi) 

= 2cdu'^{(Pm - ifk) + u'^i^q + 2pipp - 2ipkiPo) + U^'Pki'Pk - 2p(^rf) 

- 21*2 [(^„ +u (pa COS 61 - KTCOS0)] by ( |5Jh| ) & ( |5!8b| ) 

= + 2pV5p - 2(^fc(^o + ¥'fc(<;5fe " 2pV3<j) + 2c(i(((9„ - (^fe) 

- 2^„ - 2p(u • a) + 2(^fc(K • u)] by 



u^yi + 2p.^p - 2ipuipo + </5fc(<)ffe - 2pipd) + 2cd{ipm ■ 
- 2(p„ - 2p.^c + 2(y9fcefc] by ( ^.3a| ), (|l.4c[) & ( ^.la]) 



U^((p^ + (pfe) - 2u^['Pn - p{Vp - Vc- Vk^Pd) + iPki^o - £k) - cdi^pr,! - P>k)] 



(5.10a) 
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A^i - 7V2 + ^3 + 7V4 + 7V5 - We 

+ u'^fki'Pk - 2p(^d) + (fikekC^pipc - "^fc^fe) - <y5n(¥'ri + "^pific - '^'-Pk^k) by (1^1) 
= u^{^p1 + (fil) - 2u^[ipkipo - p{^p - Vk^d) - cd{(pm - ^k)] 

+ ek[ipk{2p(Pc - VkSk) - 2cd{ipn - ipfcEfc)] - VniVn + 2{pipc ~ ipk£k)] 
= u'^i'Pl + fk) ~ 2u^[.^fc(po - p{ipp - (fik'Pd) - Cd{(p,n - ipk)] + u'^iSkfs - 'Pn'Pr) 



by ( |5.1d| ) & (|5.2a| ). 

Using ( 5.1cj ) and the definition of the angles shown in Figure |l|, we have 

cos(f> = (/« • u)/u ^ Ek/ifia = Vt, cosA = (k • a)/a = <^d/<<2b = 
cos 6* = (u • a)/{ua) = ipdi^afb) = (Pt;- 



(5.10b) 



(5.11) 



Art 20c. Results of the computations. 
Substituting ( |5.2aD , ( ^.Saj ), ( |5.10D and ( |5.11| ) into yields 

£c = [i^n - ^kek)/'^a 

Vc? = ip^+lfil- 2[ipn - p{(Pp - (fie - Vk^d) + VkiVo - £k) - Cd{(pm " ^fik)] 
Afc^ = Lpi+Lpl+ Ekifis - VnVr - 2[ipk(Po - p{Vp - 'Pk^d) - cd{iprn - Vk)] 



(5.12a) 



G = — l3 + dipt + pcrfv 

+ d^ + 0^ + p^a^ + 2d{pcrLpu - Ppt) 
= M + d^{l- ^1) + p^a^il - ifl) + 2dpa{ipu - ift^v) 



while from (5.12b) and (3.6), we get 

[JV + d^{l-ip^)+ p^cj^l - ipl) + 2dpaiipu - ipt^v)]'/' 



C~ (3 + dipt + pa-ipv 



and by (0), (0, (|||), and (Q, 

TT 1? 



AduJri 



2 J 



1/2 



■d = a/{jujo)'^, a^Kipd, 1 = iph (3 = ipa/c, a^ipb/c, ^^cd~pk- 



(5.12b) 



(5.12c) 



(5.12d) 



Equations (p3.1[) and (5.12) give a complete prescription for calculating for a rotating observer. 



Art 21. Apparent drift of a light source. 

To evaluate ( 3.13|) f or a rotating observer, let us introduce the following quantities in addition to 
those given by (5.1) and (5.12), 



Sa = K-A, Sb = K-{pxA), 5c ^ -yed + ptpl~ iPgiphEl - Vi£b + iPjSf 

Sd = + pSrn + Vi^^ ^ Vj^c, Se = iPjEj + ^'^{Sd - pSk + iPg^hSe) + pi^bSa " £d£g) 

6f^6c~ Saieb + ipg^hSc), Sg^{l+ z92)i/2^ Sh = {dj-^uj-^ - pM^g)/{id^ujl6l) 
Si = {p + 2KipdSh)/[2Kej{ipg + Ejujl)], 5.J = ejSi + 8(pe£c, 5k = Ap^VL^ + SjEg 



(5.13a) 



5l = nSiiipgEj + SjEa - SkSe), S„i = K(5i((5fc£c - SjQ.'^), Sn = K5i{eaSb - ^'^Sd) 

So^Si + 2p, Sp ^ SnSj + psb, 5q = p{Vt^ - peg), 6r ^ nS^SfSj - p{eb + (pgiphSc) (5.13b) 
Ss = pipgiph^'^ - KSiSfSk, St = nSiSfipg + pipj, 6u = 2[ipdSh - SjVgSi + {p/^)] 



Classical Aberration And Obliquation 



Page 43 



March 2001 



OAS-2001-03A 



fid = G{fia£m + flb^pl) - J^^Pc he ^ T{Soeb + SmEd), h f ^ T {5oVt^ + ea6m) ■ 



(5.13c) 



Art 21a. Development oj equation (3.8b). 
We derive, with a view to the above quantities, 



n X = $7 X {^K + pa - u + e) by ( |3.14c[ ) 

= ^(Jl X /?) + pQ, X (rj X u + A X r) — $7 X (f2 X r) 

+ n X [s2(p X f2) + sgfJ - S4p] by dl^ ) 
= ^($1 X k) + pfj X (rj X u) + pJ7 X (A X r) — $1 X (Jl X r) 

+ (figtphfl X {p X ft) + ipi{fl X fl) ~ ipj{fl X p) by (5.5) 



y(j7 X k) + p[{n ■ u)n - n'^u] + p[{n ■ r)A - {n ■ A)r] - [{n ■ r)n ~ n'^r] 



+ 'Pg'Phl^'^P ~ ■ p)^] — (fiji^i X p) by (A.l) 
= y(J7 X k) - pn'^{n x r) + p{ebA - Egr) - Sb^ + f^^r 



+ ipgiphin^p - Sen) - (/jj(f2 X p) by ( pTi^ & (IsHil ) 

y(J7 X k) — pfi^(J7 X r) + (/3j(p X $7) + pe(,A + (/jg(/?/i0^p 
+ (f^^ - peg)r - {sb + Lpgiph£c)Vl 



(5.14a) 



u X u = u X (y/t + pa — u + e) by (3.14c) 
= ^(u X Ji) + pu X ($1 X u + A X r) 

+ u X [ipg^phiv X rj) + ipiQ. - ipjp] by (|l|) & (| 
= — X ($7 X r)] + p[u X ($7 X u)] + p[u x (A x r)] 



' (^g(p/i[u X (p X n)] - ip^[n X [Q. X r)] + (/7j[p X (J7 X r)] by ( |1.4cD 
: -y[(K • r)J7 - (/J • J7)r] + ^[^^$7 - (J7 • u)u] + p[(r • u)A - (A • u)r] 

+ Vg^nm ■ u)p - (P • u)J7] - ^,[{r ■ ^l)rt - n'r] + (^,[(p • r)n - [Vt ■ p)r] by (|a11 ) 
: — y[('$ • r)Jl — [k ■ r2)r] + pu'^rj + p[r2 • (A x r)]r — ipgiph\p ■ (J^ x r)]Jl 

- (/3i[(r • - r^^j.] ^ ^^.[(p . _ . by ( p:!^ & ( [a^ ) 

■■ {-^Sd + pu^ - ipgifihSi - ipiSb + ^j£f)^ + i^ea + psm + (fi^'^ - <P]£c)y by ( ^.laD 

: f^cH + (5<jr by ( |5l3a| ) & (|^ (5.14b) 



• (k X Jl) = /t • (Jl X t^) by (A. 4) 

= K • [y(Jl X k) — pri'^(Jl X r) + (^j(p X O) + pCfjA + tpgiphfl'^p 
+ {n^ - peg)r - {sb + (pgiphSc)^] by (|5.14a|) 



= K[-pf^^£fc + <y9j£j + p£b<5a + fgfh^'^^e + £d{^'^ ^ P£g) ^ ^ai^b + fgfh^c)] 



by (|1|) & ( pla| ) 

= K[ipj£j + fl'^iSd - pSk + ifigiphSe) + p{£bSa - £d£g) ~ £a{£b + ^gVh£c)] 



K6f by (5.13a) 



(5.14c) 



[k ■ V„) a by ( pb| ) 



= (t • V„) (fl X u + A X r) by ( |l.4aD 
= {k ■ V„) {fl X u) 



J7 X [(/« • V„) u] - u X [(k • Vn) J7] by ( |A.23| ) 



J7 X K by (A.21) 



(5.15a) 
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g2 = V„ X a by ( ph| ) 



V„ X (J7 X u + A X r) by ( |l.4aD 
Vn X (r2 X u) 

rj(Vn • u) - (rj • V„) u + (u • Vn) $7 - u(V„ • n) by ( |A.13| ) 
J^(V„ -u) - (Jl • V„)u 



by & (A.21) 



(5.15b) 



gg = (u- Vjaby (3.8b) 



(u • V„) (J7 X u + A X r) by ( |l.4a| ) 
(u • V„) (f2 X u) 

J7 X [(u • V„) u] - u X [(u • V„) n] by ( |A.23| ) 



= J7 X u by (|A.21| ) 
g4 = (i; • V„) a = $7 X t; 



(5.15c) 
(5.15d) 



§5 = V„7 by ( pq ) 



So 



1/2 



by (|l.4a|) 



by ( |l.4cj ) & (|l.4d[ ) 



gg = gi + X g2 by ( |3.8bD 



= J7x/t + 2/«xJ7by ( p.l5a| ) & (|5.15bD 

= K X $7 



(5.15e) 



(5.15f) 



g7 = ^2g6 - t^3g5 by (3.8b) 



= i/2(/t X ft) by ( |5.15| ) & ( |5.15eD 
gs = f'lge - ^^6g5 by ( ^.8b| ) 



= i^i(/t X ft) by ( p^ ) & I pABdj) 
gg = f^Tge - f^8g5 by ( ^.8b| ) 



i/7(/t X ft) by (5.15i) & (5.15e) 



(5.15g) 



(5.15h) 



(5.15i) 



V2 '&Vi 



(^^^2)-l/2 

4(i(x'o 

(l+7?2)-3/2 

AduJo 



by ( |3.8aD 

1 dp 

(1+792)^2^2 - ^ 
1 p7?(l+l92 " 

7 



by (^ 



4d2cj253 



"f ijJo 



by (Uli) 



5h by (|5.13a| ) 



(5.16) 



Art 21b. Development of equation (3.8c) 
The foregoing expressions lead to 



V„.so by (1.4d) & (1.4c) 



(5.17a) 
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V„si = V„ 



2 pa — dujo 



2r/(so + r]ujl) 
2?7(so + ?7w2)V„(2pa 



by CT ) 

dtJo) - {2pa - da;o)V„[277(so 



[2r7(so + ??c^2)]2 
[V„(2pa - dL^o)]/[277(so + iiloI)] by (03) & ra 



by ( |Al5| ) & ( |06| ) 



[2pV„a + 2aV„/9 - t^^V^d]/ [277(50 + ?/Wo)] by ( |a16| ) 

[2pge + 2ag9 - c^og8]/[277(so + 77^^)] by (gj) 

[(2p + 2ai/7 - 0JoVi){k X n)]/[277(so + 77^^)] by ( [slsl) 

[(/9+ 2K<^d'5/i)(K X r2)]/[2K£j(K<^g T- n,c,j 

[(p + 2K.^d(5,0(/? X n)]/[2K.ej{Lpg + Ejul)] 
Si{K X r2) by ( ^.13a|) 



KEj-w^)] by (3.8a), (5.16), (5.4) & (5.5a) 



V„(soSi) by ( |l.4dD 
SqV^Si by ( ^.17a| ) 



«;(/?g(5i(/« X rj) by (|5^) & ( |5A7bD 



(5.17b) 



(5.17c) 



V„S3 = V„[77Si(A • p) + 4,^51 (J^ • p)] by ( |l.4d| ) 



[77(A • p) + A^{n ■ p)]V„si by (y^) 
k5,(£,£, + 8ipeSc)i^ X f^) by ( p"il) , (pl) & ( ^.17b| ) 
X n) by ( |5.13a| ) 



(5.17d) 



V„S4 = V„[2^sif}2 + 77Si(J7 • A)] by ( |l.4dD 
= [2^^!' + vi^ ■ A)]V„si by (Q 
= K5,(4(^e^^^ + ej£g)(K X n) by (Islal) , (U) & ( ^.17bD 
rj) by (^.13aD 

in consequence of which we have 



(5.17e) 



= V„ X e by ( ^14 

= V„ X [s2(p X Jl) + 53$! - S4p] by ( |l.4b|) 



S2(V« X (p X f2)) - (p X fl) X (V„S2) + S3(V„ Xn)-flX (V„S3) 

- S4(V„ X p) + p X (V„S4) by (IA.I2I ) 
-(p X $7) X (V„S2) - J7 X (V„S3) + p X (V„S4) 

— Kiy9g(5i(p X $7) X (/$ X $1) — Kjj(5ir2 X (k X $1) + nSkSip x {k x ft) by ( 5.17 ) 
—K(pgSi[K{fl ■ (p X r2)} — fl{K ■ (p X fl)}] — nSjSilkn'^ — fl{K ■ ft)] 



+ KSkSi[K{n ■ p) - n{K ■ p)] by (|A.l| ) 

KipgSiSjfl — KSjSi{n^K — EaJ^) + KSkSi{ecK — £e^) by ( 5.1a ) 

Sift + 5^K by ( p3b| ) 



(5.18a) 



J2 = (u • V„) e by ( |3.8cD 



= (u • V„) [S2(p xn) + - S4p] by ( |l.4b| ) 

= (p X fl){u ■ V„S2) + S2(U • V„) (p X J7) + fl{u ■ V„S3) + S3(U • V„) fl - p(u • VuSi) 



-S4(u- V jpby (g^ 
(p X fl){u ■ V„S2) + fl{u ■ VuSs) - p(u • VuSa) 
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K(pg5i{p X r2)[u • (k X fl)] + KSjSifl[u ■ {k X ft)] — KSkSip[u ■ {k X ft)] by (5.17) 
KS.i[ipg{p X n) + Sjft - Skp][{^l X r) • (k X n)] by ( |l.4cD 
KS,[(pg{p xn)+ 6jfl - 5kp][{n ■K)(r-fl)- 02(k • r)] by (O) 



K6t{eaeb - ^ ed)[(pgip x ft) + Sjfl - 5kp] by ( |5.1a| ) 



Sn[Sjn - 5kP + </3g(p X rj)] by ( |5.13bD 



(5.18b) 



J3 = (-i^ • V„) e by (Q 



= (t^ • V„) [S2(p X f2) + ssJ^ - S4P] by ( Mb| ) 

= (p X n){v ■ V„S2) + S2(t' • V„) {pX^l) + n{v ■ V„S3) + S3{V ■ V„) 



- p{v ■ V„S4) - S4('i^ • V„) p by draD 
(p X n)(u • V„S2) + ^{u ■ VuSa) - p{v ■ V„S4) 



K(54¥'g(P X $7) + (Jj-rJ — 5fcp][^' • {k X Ct)] by ( |5.17| ) 
K(5i(5/[(5jr2 - 4p + </jg(p X rj)] by ( ^.14c| ) 



(5.18c) 



Ji=Ji+ PS2 by (|3.8cj ) 

= 5iCl + S^k + 2pn by (^.18a|) & ( ^.15bD 

= (2p + 50^2 + (^m/? 

= (JofJ + Smk by ( ^.13b ) 



(5.18d) 



J5=32 + PS3 by (Hi) 

= 6n[Sjn ~ 4p + V'sCp X ^)\ + pJl X ($7 X r) by (|5.18h| ), ( ^.15cD & (ITi^ ) 

= (5„[(5jr2 - 4p + (y5g(p X o)] + p[rj(rj • r) - f^^r] by (|a11) 

= (5„[(5jr2 - 4p + (ySgO X O)] + p(£br2 - rj^r) by ( Islal ) 
= -pO^r + ((5„(5j + /3e6)ri - 5„4p + (5„v3g(p x fi) 

= -pO^j. ^ j^j^ _ ^j^- ^ (5„(y53(p X O) by ( p3b| ) (5.18e) 



p(0 X n) by ( |5l8^ ) & ( |5A5dD 
- p[y(r2 X k) - /9r2^(0 x r) + (^^(p x H) 



= J3 + Pg4 by ( |3.8cD 

= uSiSfSjCl — uSiSfSkP + K6iSfipg{p X Jl) 
= uSiSfSj^l — uSidfdkP + Kdid fipg{p x O) 

+ pefeA + (^g(p/il7^p + (fi^ - peg)r - {sb + (pgcphSc)^] by ( |5.14a| ) 
= p^EfjA + p(fi^ - p£g)r + [nSiSfSj - p{eb + ipg(ph£c)]^ + (pVgVh^^ - K.SiSfSk)p 

+ (KS^Sfcpg + p(pj){p X ft) + py{n xk) - p'^n^{ft X r) 
= p^EbA + SgT + + SsP + 6t{pxCt)+ /9y(0 xk)- p^n^{n x r) by ( p3b| ) (5.18f) 



37 = ^uT by (3.8c) 



\/u[2K-\pa~7jS2)] by ( pb| ) 



= 2K"2[pV„a + aWuP - ??V„S2] by ( |A.16| ) & ( pTI^ ) 



= 2K-2[^gg + ^<^^gg _ K2g^.^gJ,(K X n)] by dH), (|J) & ( ^.17c| ) 
= 2K-2(pfi; + K^ipd5h - K^ejipgS^)(k X n) by ( ^.15$ , ( ^.15i| ) & (Islej ) 



Su{k X n) by (5.131) 



(5.18g) 
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= (u X v)/\u X v\ by ( |3!8^ ) 

= (/3c2jC-)-i(u X u) by 



(/3c2^)-i(,5,fl + M by ( Fl4b| ) 



(5.18h) 



= X u by ( |3.8c| ) 

= (/3c2j^)-i(5cf^ + ^dr) X (Jl X r) by ( ^Hj ) & (|L4^ 
= (/3c^J^)-M(5c(0 • r)0 - Scn^r + Sar^n - 5d{n ■ r)r] by 



r] by (5.1a) 



= — fi&r by (5.13c) 



(5.18i) 



Jo = Gjg - Tn by (^) 



gihaVt - hbv) - Tn by (|5.18i| ) 



Furthermore, we derive 



K-Jo^K- [Gihan - hbv) - Tu] by dsls] ) 
= GHaifi ■ ft) - ghb{K ■ r) - J^(^ • u) 
= ^(fiaea - tibSd) - Tsk by & (Q 

= fie by (|I3]) 



(5.18j) 



(5.19a) 



c ■ Jo = c('? ■ Jo) = cfic, K • Jo = k(k • Jo) = Kfic by (5.19a) 



(5.19b) 



a • Jo = (rj X u + A X r) • (^fia^J - Qh^v - Tw) by ( |l.4aD & ( ^.18j ) 
= 5fia[n • (J7 X u) + rj • (A X r)] - 5fifc[r • (J7 x u) + r • (A x r) 
- J^[u • (rj X u) + u • (A X r)] 



= Gha'^ • (A X r) - QhbV • [fJ x (J7 x r)] - T\(Sl x r) • (A x r)] by ( p^ ) 

= ^fiafl • (A X r) - QhbV ■ {{n ■ r)J7 - Vl^v\ - J^[(rj • h)r^ - ($7 • r)(A • r)] by (O) & (|A^ 



5[fiae„ + fib(r!^r^ - ei)\ - .^(r^eg - e^e^) by ( |5.1aD 
+ h^l) - Tip, by dl^) 



fid by ( ^.13cD 



(5.19c) 



Jo X J4 = (^^fiaf^ - afibr - J^u) X {bo^ + (5mi$) by ( ^.18jD & ( ^.18d| ) 

= 5fia<5o(J^ X $7) + ghabm{^ X k) - Qhb5o{v X $1) - Qhb5m{Y X k) 

— JF(5o(u X r2) — JF(5to(u X /«) 

= -GfiaSm{K X ft) - Qhb5o{r X fi) + GHbSmC^ X t) 



+ TSo[n X {nx r)] + TS,n[K X (nx r)] by (1.4c) 



-GfiaSrni^ X ft) - Gh^oir X ft) + GhbSmi^ X r) 

+ TSo[{fl ■ r)ft - Q\] + TS,n[iK, ■ r)fl - {k ■ fl)r] by (^) 
-GfiaSm{K X ft) - GhSoir X ft) + GhSmiK X r) 
+ T{S 

o£b I ^7n ed)fl - T{Son^ + ead^)r by (p^ 
heft — Hfr — Gha5m{^ X r2) — Gfib5o{r x ft) + Gfib5m{K X r) by (5.13c) 



(5.20) 



Classical Aberration And Obhquation 



Page 48 



March 2001 



OAS-2001-03A 



Xiu - + X-sJq - Xi3^ + (c • Jo)gg - (k • Jo)j7 + (a • Jo)gg + Jo x J4 



= A'lU - A'ar + -Yajg - X^j^ + cftcgg - kScJt + ^dSg + Jo x J4 by ( |5.19| ) 
= ^"1(0 X r) - A'2(y/? + pa - u + e) + A'3[p2e^A + (J^r + ^.^12 + ^,.p + 5t{p x n) 
+ X k) - p^l7^(r2 x r)] - ^^[-pf^^r + (5pr2 - ^„(5a;P + 5nipg{^ X 

- gnb5o{Y X n) + X r) by (Q, ( |3l4^ ), jsl^ ), ( [slsl ) & 

= -yA-a/? + p'efcA-sA + ((5,^-3 + <5„4A'4)p + {6qX^ + pQ^X^ - %)r + {SrX^ ~ SpX^ + ne)n 
+ {ckHcVi - nhcS-u 4- hdVTH - QhaSm ~ p^X3){k x fl) + QHbSmi^ x r) 
+ {StXs - <5„</jgA'4)(p X fl) + (A-i - p^rf^A-s + Qhb8o)ip- X r) 



A'2[p(J7 X u + A X r) - (n X r) + ipgipn^ x J7) + </JjJ7 - (^^p] by ( |l.4| ) & ( p.5| ) 



+ {8rX-i - SpX4^ + he- (PiX2)fl + [ckHcVi - kHcSu + hdVlK, - QHaSm - P^'^a)!'* X Q,) 

+ GhSmiK X r) - pA'2(A X r) + {61X3 - Sn(pgXi - ipgiphX2)ip x ft) 

+ {Xi - p^n^Xs + ghhSo + X2)in x r) - pA'2[(rj • r)n - n^r] by (|l4^ ) & (|a11 ) 

= -yA-sK + p'sbA-aA + {^jX2 + 8^X3 + (5„4A'4)p + [pn^{X2 + X^) + 8^X3 - /i/]r 

+ [fie - ((^i + p£6)A'2 + 5rX3 - bpX/^Q. + [(p - K(5„)fic + K^d^ft - ^fia^m - P^'^sK'S X fZ) 
+ GHbdmiK. X r) - pA'2(A X r) + [(^tAg - {iphX2 + 6nX^)ipg]{p X J7) 

+ {GfibSo + X1+X2- p^n^X3){Q. X r) by ( p^ , ( p6| ) & (|3||). 

(5.21) 



Art 21c. Results of the computations. 



It follows from (5.21) and (3.13a) that 
1 



iQ/? + iiA + i2P + *3r + + «5('? X rZ) + 26(/$ X r) 



— Z7(A X r) + «8(p X rZ) + i9(rZ X r) 



(5.22a) 



where, with Xi, X2, X3, A4 defined by (3.13b) wherein TZ, T , G, [3 are given by ( |5.12b| ) and ( |5.12dD 

lO = ~yA'2, Zi=p^efcA'3, i2 = <;5jvl'2 + (5sA'3 + ^„4A'4 

I3 = pVL^{X2 + X4) + SgX3 ~ hf, «4 = fig - ((^j + pefc)A'2 + SrX3 - SpX4 

^ {p- K5u)fic + KhdSh- gtiaSm- P^X3, iQ ^ GflbSm, ?,7 = pA'2 
Is = 6tX3 - (</7/iA'2 + 6nXi)(pg, IQ = 5fifc(5o + A"! + ^"2 - p'^Cl'^Xs. 



(5.22b) 



Also, from ( 3.7c ), we obtain 
e = (X-a)/a: 



e^rZ - fl^r + A X r 



+ iq{k X r) — i7(A X r) + «8(p x fZ) + ig(rZ x r) 



iqK + iiA + i2P + i3r + 14^1 + ic,[k X rZ) 



by (1.4a), (5.2b), (5.1a) & (5.22a) 
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1 



+ iQEhi^ ■ (k X r)] - i-7£b[^ ■ (A X r)] - iq^'^{t ■ k) - ii9?{v ■ A) - 12^'^{y ■ p) - zs^l^r^ 
- i4n^(r • Jl) - i^VL^Iy ■ {k X n)] - i8ri^[r • (p x Jl)] + iq[k ■ (A x r)] + t2[p • (A x r)] 
+ i4[n ■ (A X r)] + «5[(A X r) • (k X ft)] + te[{A x r) • (k x r)] - tr[{A x r) • (A x r)] 

+ i8[(A X r) • (p X O)] + Z9[(A X r) • (r2 X r)] 

1 



Pc^n^ifb 

«5[(A • ^)(r • r2) - (A • n)(K, ■ r)] + i6[r^{A • k) - (A • r)(r • k)] - Z7[AV^ - (A • r)^] 



+ i8[(A • p)(r • rj) - (A • rj)(p • r)] + i^\r\A ■ ~ {A ■ r)(r • n)] } by (5.1a), (A.4) & (A.5) 



l0£b£a + HSbSg + l2£b£c + IZ^l + ^-i^b^"^ ~ iQ^bSk - ll^b^m - ^O^^^^d " ll^'^^h 



f3c^n^ipb 

+ ^6{r'^5a - £h£d) - i7(A^r^ - el) + isisiSb - £g£f) + i9{r'^£g - £h£b)^ by ( ^.la| ) & ( |5.13a| ) 



f3c^n^ipb 



to{£n + £b£a - ^'^£d) + Hi£b£g " ^'^£h) + «2(£o + £b£c - ^'^£f) 



+ H{£b - ^ r ) + i^Em - i5{5a£b - £g£d + ^ £k) - i&{£b£k ~ £h£d + r 5a) 
- i7i£b£m - A^r^ - el) - isi^i^£i + £i£b - £g£f) + ig{r'^£g - £h£b) 



(5.22c) 



Equations (^.22 ) and ( 5.13| ) completely determine X and (as well as the drift -0) for a rotating 
observer. 

Art 22. Apparent path of a light source. 



Equation (3.22) can be evaluated for a rotating observer as follows. Let us introduce the following 
quantities in addition to those defined by (5.1), (5.12) and (5.13), 



?a = A • p, % = A-K, <;c = A • $7, = A • A, Q = A • A, ^/ A • p 
= A • K, = A • $1, Q = A • A, = A • A, <rfc = A • A, q = A • p 
<;„i = A • n, ^„ = r • A, = r • A, = A • ^ 
= A • r, = A • A, = A • A 



(5.23a) 



= /$ • (p X A), Ob = /« • (p X A), 5c = ■ (A X r), dd = k ■ (A x r) 

Oe — « • (A X r2), df ~K ■ {fl X A), Og = K • (A X r), 0;i = A • (A x r) 

5i = A • (A X r), dj = A-{Ax r), 5^ = A • (O x r), di = A ■ {fl x r) 
drn = A- {fl X r), 5„ = p-(Axr), = P • (f^ x A), dp =p- {fix A) 

dq = p ■ {fl X A), Oj, = p • (A X A), = p • (A X A), Of = /« • (r x p) 



(5.23b) 
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0„ = ?c • (A X A), Oi, $7 • (A X A), 0^ = A • (?c x ft), = A • (k x A) 
Oj; = A-(kxA), Vz = A-{ilxA), pa = A-(f2xA), = A • (r x p) 
pc = A-(pxA), pd = A-(AxA), pe = A-(Axr), p/=p-(Axr) 
pg = 12-(Axr), p/i = A-(Axr), p, = A • (A x r) 



(5.23c) 



Qd = <;f£a + 3^a<5a + SCji^b + £c^g - Qc, Qe = £e(A^ + - ^aEa - Ei^a 

Qf = Qc- <if£a - '2<;aSa - £i%, Qg = ee(3Q + 4q + W) - Q^a - 3c/(5a - 3CaC6 - ^iCg 

Qh = '^Qa- hiVe/Sj), Qi = Qe-4:gh{iPe/£j), ej = Ql + V>eQb, Qk = V>e^a + hQh 



(5.23d) 



£'/ = 27Wo£j, gm = Qi-Sb{iPg/£j), Qn = Qf 



2e. 



Qo = Qg- 



1 



(yPeffd + ^QaQb - '^.yPe^b + ^^bQj + eiyJeilafaj + ^2 



iOk^e^b 



, / 2<56 1 r lyJsfa 

Qp = ±QmlQU Qq = 1 > = ± — S - ^^m^g 

Ej Qi [ Ej 

iPgVb + SQnSb + SQiVa \ + ^ \ QiSb + <Pg 



±1 



1/ 

?o < 



7 I } ISjl J 7 . 



(5.23e) 



et = 3<?„ - ri^efe, Qu^^'^ - - 3A^ e^, = 4^o - 4f72£;j - 5ef,£g 

= 2Q^£g - C/i - 2q, P^, = + Eftf^n + 2£a£,i - 3£d£g - fl'^Ek 

Qy='i)d + £aQt + SdQu + £b{% + 20e) + 'i{£h5a - ^^^n - £g£k) 
Qz=^g+ £aQv + £kQu + ^£dQw + £b{^g - 5t)/) + 6a{Qt + 3^„) + £/,(4C6 + 50e) 
- 6{Qhc + 2EgEn) 



(5.23f) 



7^0 



Qx 



Tb 99 



Qv 



^,2 



K r 

7^w^ I 



2y'dgp \ 
7 J' 



7 



7 



+ 



yd = ^-''{U^l - ml). ?e = ^-g\lc5\ - ^aUS^g - 33:^(1 - M^)] 



(5.23g) 



^[7^1 7 [7?a 

4d2 / 4d\ ^3 



277 gpfa + 777^6 



^QpQr , 2g: 



+ 



la 



7^ 7'' J "17 4(^2 
2 



gp 7i'7^ra1 , gp r7ya 



4dl (53 



27rgpyo + 7r7j:f, 



53 



7 7^ 4^253 



2(P 



4^3 



(5.23h) 
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< TTZf >. t4 — ::r Citrl — TTIo ^ < -^rr- 



U = 



1 



du-ng - —y^-'^'^f 

IfU + die - m - + - - - ^?9j 



(5.23i) 



(5.23j) 



2ej-((^g + eju;2) 
_ 2y)dyj- + 4ga?i + 2pgj^ - cfg _ 4li{5b^g + £jg» + 2ej6bU>l) 

_ 2iph{ipgda + gjgn + 2(5fcgi + 2Sluj^ + 2ejdaU}^) 

2ejiipg + ejuj^) 

2(pdlk + 2pgz + 6ga;j:j + 6gyft - cy/t _ %im{5b'Pg + ejgi + 2Jfc£j-u;g) 
2ej {<fig + SjW^) 2s j {<fig + Eju^l) 

_ 2iph{'figl)b + gjgo + 3g»Da + SSbQn + e^feUgCjg + 2£jDfca;g) 

2e.j{ipg + ejcj"^) 
_ 6y;(tpg0a + £j-g„ + 2(^bg, + 2(5gu;g + 2ejdaU;'^) 

2ej{ipg + Ejuj^) 

To = iPgh + Qifh, Tp = 2gill + (pglm + QniPh, Iq = ^Qnll + QiTm) + iPgTn + Qo<fih 
Ir = SjiStll + Vh'ia) + £%Vh{h + ^'Pe) + i£c{Vell + Qafh) 
Is = £j{fh';f + Silm) + £i{^aVh + 2(56?; + 16ga<Ph + l^^ell) 

+ '^^ai^jll + Sb^h + 4<^eV/i) + &Sc{V>eTm + Qb^h + 2gar0 (5.23k) 
It = Sji^PhQ + SiTn) + Sii'Ub^h + 3i)ar; + S^bfm + 24gb(^,, + 48gar/ + 24(perm) 

+ 5<^a{£jTm + ^a(Ph + 25bll + ^Qa^h + ^V>eVl) + C/(3£jj:; + 3(56<^fc + Sifeifih) 

+ 8Sc{<feh + Qd^h + SgbJi + Sgafm) 

lu = 4ft^{Qa^h + VeU) + Sgi^jTl + h^h + ^Ve^h) + £jVh{J^^ + ^c) 

= 4f2^(g6<^/j + <^e?m + 2gaj:0 + eg(£jym + ^a^h + 23bU + 16ga</9/, + WLfeU) 

+ 2(A^ + ^c){£jh + <56<^/i + 4(y9e</3,,) + £j(y9/i(3^d + ^ft) 
= 4:9?{Qd^h + (yfeyn + ^Qbll + Sgajm) + £j</?h(4Q + 3^e + Tm) (5.231) 
+ £g{£'jU + ^b^h + 'i^all + i^blm + 2AQbLph + 48gay; + 2A^Pelm) 
+ 3(A^ + <,c){£jlm + ^afh + 26bfl + 8Qa<fh + &fefl) 

+ (Tfc + 3c;d){3sjii + 36b(ph + 8VeV>h) 

Ix = Qdll + PQx - SbiPg(ph - £]lo 

Iv = IjBd + '^Qxli + PQv - ^aVg'^h - 2%o - £jlp (5.23in) 

?2 = Wd + ^IjQx + ^liQv + PQz - ^b^gfh - 30a?o - ^Sb^p - £jlq 

t)a = f^^£a - <r6, t)6 = 2£a£6 - 3f^^£d, t]c = 2£h(5a + 3£rf£g , t]d = 3fi^(5a + 3£a£g - ?g 
^e= £alo + Vg^h^a, \) J ^ lp£ a + 2lo5a + V g'Ph%, t]g = 2£;,rj2 - 3£g£b 
= ^^^('^n + £m) + eb(A^ - <,c) - £g£h ^ ^h, t)i = £bQu + Qt 

t)j = 30^(p^ - 3£^ - £6^„ - Qt£b - g«r^ + 2£b£m, t)fe = 3r^n^£g + 2Vl'^SbSh - ^£g£b (5.23n) 

t); = 30^£6£g - £6C/i - 3f2*£/j + fi^Co + 3£/,A^ + £6Cd + ft^g + Qu£h + 3£g£m - f i 

t)m = - £b£c - £o, t)n = Tr£g + V'jA^ - ?„£,, t)o = ipgiph{£b£g - £h^'^) + To£m 

t)p = - Tr£b - Vi£h + VgVh^m, = Ts£g + 2j:rA^ + ipi<;d - Tv£i 
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i)g =Pvef -fsSb -2j:rSh- (pt<;n + '2W()rn, t)t = Qsl - QtEb, X)u = ^QuSh + ^QtSg 

t)y = legipc + ^^Sbigt + 2dk + <r„) + ^^{r^Qu + isl) + 2eb{dh - A^Sb) + 2r^sl 
t), = n\3em - gt) + ^^i^m - 35/.) + n^EbiSA"^ - e„ - Cc) + £b(A^ - Se^ - 
+ £ft(3Q - 2<;h) + 3£g('?o - f ;) + Qf^c + Qu'in - f j 



M:a = 2ipieh - JrEft, Xb = ?r(Q - ^'^) + Vii^d - £ g) + lu{^^£c - <^a) 
= lu£f - IrSb - <Pi£h, Xd = -2ec£h + 'i£f£g - £b£% - 5n + £l 

Xe = Q?{2ehlo + SmVg^h) " ?o(0/ + ^SbSg) + iPgifhiA^Sb - 0/, - SgSh) 
= Cl'^isi^o - SfTu + £blr + Sh^i) + ro(3£/£g - 2£c£/t - £b£i - f „) 

Xg = ^ir^h - Is^b, = ^^£i - '^^h^c + 3ege/ - - f „ 

Hi = 2j:o(£6A^ - £g£,, - XSh) + ^giphi-Vt^XSi + 2£/,Cc - 3£g^-„ + £6Cd) 

+ 2^^{i^eh + yoEm) - rp(2£gefa + f ;) 
= f^^(ys£b + 2ireh + (PiCn - Ji^e/ + fpeO + yp(3£3£/ - 2e,,£c - SbSi - 5n) 

Xfc = (figiphiSegSf - 2eh£c - SbSi - f „ + ri^£;) - ls£b - 2lr£h - Vi^n + Iv^f 



= -yo(3£/i£g + Eb^c + Pt^^^ + QuSb) + </?g(y2/i(-3ehA^ - £6<Jd - QtEg - QuSh) 

Xp = 3f2^(2j:r£g + (piA^ - j:„£j + jo^o) + <^i(3£g - ^j) + - 3£g£c) 

- Vs</?/t(3£gI)o + f s) - Tof « - frCft 
Xg = ro(3£/,£i + £6^a + £'t£c + Qu^i) + 2£6(y„£j - foOo - IrEg - </9jA^) 
+ 3£g(j:„£/ - loEl - ^PgiphEo - mr - ^i£h) 

Xr = (pgiph{i£h£i + Sb'ia + QtSc + £•«£/) " 30^(}:r£b + ^i^h - + U^l + VgVh^o) 

+ 2£b{iPi£g + Ir^"^ - y„£c - ^g^h<^o) 
>^s = 2j:^ — '^s^^^ = ysfM ~ y^yr, ^tt = yt)9'i ~ 2j:rytt, Xti = yit ^ Scyr ~ Ej'Pi 

= l^^(ypyr - y,syo) + £g{Wi - 2irU) + 2i\^o ~ <^c<fzTo + £c{Mo - ypy«) 

+ £g(2yoyr - Tsfgfh) + 2A'^{Ufi " frfgfh) + £ii}v^g^h " 2yoy„) 

+ VgVh{-<ialu + Tcyr + Vo<>p - Tp^o + Vg^0r) 
^i'x = Vg^hi^a^i -Tv)- £c(2yoyr - Ts^gVh) - '^£i{To^i - Tr^g^h) + '^Mu) 
>iy = Toi'ia^i - Tv) - £c{TpTr " TsTo) - £i{lpVi " '2'lrlo) + y^yu) 



OQ=yj-l, Oh = cy/ - 2^3., Oc = £bOa + 2/96;,, + yr, Od = ^^^Oa + 3p£g 

Oe = p£fc + (ySj, 0/ = cyg-2yj^, Og = cy/i - 2^^, O/, = 2yi - 1, Dj = 3yi - 1 (5.23r) 

0^ = yjOfe - D/Da, Ofc = OftO/i - pD/, t); = DaO/i - py^ 
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Oo = t)fc£6 - Of^i + VbiSpsh + 2yr), Op = t)/y„ - 06y„ 

'^jfi "T Oo 

= + pQtlu + ^bih^u - "Oalv) + 2£h(t)fcy„ - plv) 

0« = ^ii^'OhSg + y^n^) - 0^(t);£6 + t)a(3pe/i + 2?;^)) - p{pX)v + ^Ir^g + QuVi) 

= PQuU + ^'^{'Oalv - Tjlu) + 3£g(py„ - 'Ohlu)-, "0^,= Xu- 'OhU^b + Pilv^b - Se/ifu) 

Ox = - y^Op + 30i(y5c + OjEd + Ob(pt)b - 2yoee) + Oa(t3s + ptjj) 23t) 
+ P{>(r + P^w + "^ToXfi) + fg'Phi^fSe - ^h^d) 
= Vkt)a - VjSa + Vit)h - Tj^n + ^a^q " »h^b + P{^1 + + P^z + Ofctjd + Oat);) 

0^ = - Tjt)o + Oat)r + Ofet)/ - \3ft)e - O/jXg + + Ho) 

Oa = ^V- "OhHf + O2(0i<^a - Ofe£d) + yo(0/£e - ljX}m) + P{^a^k - Ofet)c + Xj + Xg + pi)y) 

+ yp(Oat)m - Ofe£e) 
06 = Ofe£d - illfl - VhXc + iPgVhiXv - 06£e + Oat)m) + P{>fk - POx) 

Oc = p(06£(i - Oq93^ - 3p^c + „ , X 

(5.24a) 

Od = Oj;A + VyEh + VzSi + OaSg + ft + OcQ - O^fe - 0„£„ - OftOgDu + Op5ft - Og£m 

- Os^t, - 0t5o - OeOdO/i + 0„£o + y„De5r 

Oe = Ox£/j + Oyr^ + VzSf + OaSb + Ofa^„ + Oc<?o + Om£fe + Oo£« + OftOeOc - OpO* + Or£m 

- Ogi); - Ot£; - y«OeJ)„ + O^Eq - 0^5/1 



0/ = Ox£i + tJySf + X)z + Oa£c + Ofe^a + Oc^/ - Om£j + 0„0t - Oo^ft - OfoOeOa + Og£i 

+ OrSo + OgSp + OeOdSn - 0„£o + 0^0^ 
Og = Ox£g + Oy£6 + 0;2:£c + OaO,^ + OfcCc + OcC/i — 0„£fe + OoOe — OfoOeO/ + Op£j — OgOdO; 



0«£m + Vv£l + yuOeOp - Ot^.Oo + OgDi, 



(5.24b) 

Oft, = Da;?d + Vy<;n + Vz'ia + OaQ: + 05?e + Oc'^j + 0^1)/ - 0„£)c + ^o^u + OpOa + OgO; 

+ tr'Civ - OtOp - 0„i)ft + D„f)„ + D^Or 
Oi = OxQ + OyCo + 02<?/ + Oa<J/i + Ofe<;j + Ocft + 0^5^ - 0„0d + O^Sx + OfeOeOj, + Opt)6 

+ OgDm + Hr^z + OsPa - OtOg + OgOdOj - 0„J)i + O^pfe - y„Oepc + ^w^s + ^Ipd 

Oj = -OxOe + Oj^Efe - O^Ej + OftO/ + OcD,„ + 0^(0^ - £^) + 0„(£6 - ErfE^) + Oo(£g - Sa£a) 
+ 060e(Cc - %£a) + Op(£c - Se^a) + Vq{£a£b - £d^'^) + Vr{£a£g - (^a^^^) 
+ Os(£aQ - ftf^^) + Ot(£Q£c - Ee^"^) " OeOd(£d<?c - •?(,£(,) + 0„(£(i£g - ^oEft) 

+ D^(£dec - £e£b) - y«Oe(ee?c " CfcEc) + 0^(£e£s " (^aEc) + Oe(<5a<?c " <?&£g) x 

(5.24c) 

Ok = -OxCn + Vzdt - Oa£k - OftOc - Oc^d + Dm(eft - £a£d) + 0„(r - £^) + 'Oo{£h " (^aEd) 
+ OftDe(';„ - *£d) + Op(e/ - £e£d) + Og(eQr^ - £d£b) + Or(ea£ft - (^aEd) 
+ Os(£aT« - ^bCb) + Ot(ea£/ " £e£b) " OeOd(ed'?„ - <?&r^) + 0„(cde/i - ^a?'^) 
+ 0^(£d£/ - £er^) - yMOe(£e^n " %£f) + Ow{£e£h - Sa£f ) + Oe(5a'?n - <?&£/») 
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+ tls(£aTd - ^b£g) + Ol{£a£z " £e£g) " tleOd(edTd " %£h) + 0«(edA^ - Sa£h) 
+ Vv{£d£i - £e£h) - WOe{£e^d ^ %£i) + Ou.(£eA^ - 5a£i) + t1g((5aQ - ftA^) 
Om = -OxOti + OyOc - OzDa - OaO/ + OcO;, + Vm{<,c - £a<ib) + Vn{^n - £d<,b) 

+ Oo('^d - 5a%) + ObOe(^e " ^b) + "^piSa - £e'ib) + OglCa^n " £d<?c) + ^r{£a^d " '^a'Tc) 



On = ^x^b - Oy^t + Oa£j + OfeOa + Oc^b + Om{£c " ^aEe) + ^n{£ f " EdEe) + Oofe " f^a^e) 

+ OfeOefe - %£e) + - £l) + Oqi£a£f ~ £d£c) + ^r{£a£i - Sa£c) + Os(£oCa " ft^c) 

+ Vt{£a - £e£c) - OeO<i(e<i<ra - %£/) + ^u{£d£i - 5a£f) + t)„(£d - £e£f) 
- lu'Oe{£e^a " ft) + ^w{£e£i - 5a) + t)e((5a<ra - qb£i) 

Oo = -Ox£m + ^z£l + Ob^l + OcOrn + Vrn{£a£b - ^'^£d) + OnCSa?-^ - £b£d) (5.24e) 
+ Vo{£a£h - £g£d) + t>6t)e(ea^n - ftEd) + t)p(ea£/ " £c£d) + Og(f2^r^ - E^) 
+ Uri^'^eh - £g£b) + Os(0^^n - ^-cSfc) + t)t(0^e/ - £c£b) - ^e^diSb'^n " Cc'^^) 

+ 0«(£6£fc - + ^v{£b£f - £cr'^) - r«Oe(£cCrj - ^c£/) + t)t«(£cefc - £g£f) 

+ ^l{£g^n - Tc£fc) 



Op = t)y£m + O^Oo + Ob^t, + Ocfz + Om{£a£g " ^^i^a) + On{£a£h - £bSa) 

+ Oo(eaA^ - EgSa) + 06t)e(eaQ " Qf^a) + Op(£a£j " £c<5a) + ^^(^^eft - £5£g) 

+ Orifl^A^ - el) + Osii^^'id - ft£g) + Ol{n^e^ - EcEg) " OeO<i(£h?<i " ?c£/i) (5.24f) 

+ 0„(£6A^ - egS/i) + Vy{eb£i - £c£h) - U^e{£c'^d - ?c£i) + ^w{£cA^ - £g£i) 

+ Oe(£s^d-^cA^) 



Oq = -X>x^v - Oj/fi + O^fp + OcPa + Om(£aCc - f^^ft) + On(£aTn - £6ft) + Oo(£aTd - Sgft) 
+ t)6t)e(£aCe " Ccft) + Op(£aCa - £cft) + t)g(f^^C„ - £b'ic) + Or(f^^Td " £g^'c) 



+ t)s(n .Je - ) + Ot(f^ - £cCc) - OeOd(£6Ce - Cc^'n) + ^^(SbCd - SgTn) 



(5.24g) 



+ 0,;(£5Ta - £c^n) " ?«Oe(£c^e " ^cTa) + 0«,(£cCd " £gTa) + 0e(^9^e " CcCd) 



Or = -^x^o - Oy£l - Ob^p - Oc^q + Om(£a£c " ^^Ee) + *Jn(£a£/ " £h£e) + ^o{£a£i " £g£e) 
+ 060e(£aTa - Tc£e) + Op(£a - £c£e) + Oq{^l'^£f - £b£c) + t)r(f^^£i - £g£c) 
+ Os(f^^?a - ?c£c) + Ot(^^^ - £c) - OeOd(£b?a " ?c£/) + 0„(£h£j - £g£/) 
+ 0„(£b - £c£/) - y«Oe(£c<rQ - ft) + ^w{£c£i - £g) + ^l{£g'ia - ft£j) 

Os = 0x5/1 - O^On + 0a5; - Ocilj + Om(£dQ " £fcft) + 0„ (£d^„ - r^ft) + Oo(£dTd - £/ift) 
+ Ofat)e(£d^e - ^nft) + Op(£d^^a " £f%) + Og(£fc^n " '"^^c) + Or(£fe^d " £/»^c) 
+ Os(£6Ce - ^nTc) + Ot(£6Ca - £/?c) - OeOdC^-^Ce - + ^u{r'^<id - £h<in) 
+ ^vir'^^a - £f<in) - ruOe(£/Ce - CnTa) + 0«,(£/^d " £fcTa) + Oe(£fc^e " C„Td) 
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+ Oo(edA^ - EhSa) + 060e(£dQ - ?«5a) + Vp{edei - Sf6a) + X)q{ebeh - r^Sg) 

+ Or(e6A^ - ehEg) + t)s(e6Q - <r„eg) + Ot(e6ei - e/eg) - t)et)<i(?'^^"d - 

+ ti„(r^A^ - el) + t)„(r^£i - £/e/j) - y„De(e/?d - <?n£i) + o«)(e/A^ - eftEj) 

+ 0e(eh<rd-^«A2) (5.24i) 

+ ObOe(£d<?a - Tnffe) + Op(e<i - £/£e) + Oq{ehef - r'^Sc) + Or{Sb£i - £/t£c) 
+ Os(e6Ca - CnEc) + Ot(e5 " e/£c) " OeOd(r^Ca " Cn£/) + Ou{r^Si - ^h^f) 
+ t)^(r^ - e]) - 3:„t)e(£/Ca - Cn) + t)i«(e/ei - £/») + t)e(£/t^a - CnEi) 



Ol) = -tJxfr + tJyfn - OaSp + OcPc + Om(£eQ " £c^b) + On(£e'?n " E/^b) + Oo(£eCd " SjTb) 

+ llblle(£e<?e - <ra<rb) + llp(£e^a - ft) + llg(£c<rn - £/ft) + llr(£c<rd - £ift) 
+ Os(£cTe - ^"aTc) + I3t(£c^a - Tc) - Oel3d(£/Q - Ta^n) + l3«(£/<rd - £i^n) 
+ tlt,(e/<ra - <r„) - j:„Oe(^e - + Oto(Trf - £,^0) + Oe(£jQ - Ta'Jd) 
0,,, = "OyEo - Oa^o + Obfr + Oj)s + tlm(£e£g - £c^a) + 0„(£e£/i " £/i5a) + Oo(£eA^ " £j<5a) 
+ t)bt)e(eeCd - Co'Jq) + Op(£eei - <^a) + Oq(£c£ft " £/£s) + Or(£cA^ - £i£g) 
+ Os(£cTd - To£s) + Ot(£c£i - £g) - OeOd(£/Td - Ca£/i) + »J«(e/A^ - EiEh) 



Ox = -OyOh + O^f r + Oaf j; + OcPd + Om(<^a^c " ^gft) + On(^aCn - ^/(ft) + ^o{SaU - A^ft) 
+ 050e(^aCe - Cdft) + Op('^oCa - £ift) + Og(esCn " e/i?c) + Or(£(,'?d - A^q) 
+ Os{eg<;e - ?d?c) + Ot(£g?a - £i?c) " OeO<i(£ftQ " Q^n) + 0«(£h<rd ^ A2^„) 
+ 0«(£/i<ra - Ei'Jn) - y«t'e(£iQ " ?d<ra) + 0«,(£iT<i " A^<ra) + ^^(A^^e ^d) 

Oj/ = Ox<5a + Oy£d + Oz£e + Oa£a + Obft + Oc'Jg + Oq£fe - D^Se + 0^5/ - D(£j- + Ve^d^c 



+ Os(C/i^a - Cj£c) + Ot(T/i - C/£c) - OeOd(CoCa - <ij£f) + 0«(Co£i - ft£/) 



fo = -Oxfi + OzPb - Oafm ^ OfcOj + Om(Tg£b - <r/i£d) + On(^"gr^ " ^o£<i) + Oo(Tg£/i " ft£d) 

+ ObOe(<rgT« - <rj£d) + Op(^g£/ - <r/£d) + ^qi'ihr^ - ^o£b) + i3r(^h£/i - <rj£b) 

+ Os(<r/i<rn - ^j£b) + I3t(^h£/ - <r/£b) - OeOdfcTn - Tj''^) + 0«(<ro£/i - QT"^) 
+ t)„(^o£/ - ^/r^) - j:«Oe - ^j£/) + 0™('?/£/i - Q£/) + tle(ft^n - <?i£/i) 

fb = OxPe + O^p/ + Oapg + Obph + OcPi + t)m(Cp£5 - W^d) + 0„(Cpr^ - Cq£d) (5.24ni) 
+ Oo(Cp£/( - Cr£d) + ObOe(Cp^-n - C5£d) + OpCft^E/ " Q^d) + - CgEb) 

+ Or(Cmff/( - Cr£b) + t)s(WCn - ^■s£b) + t)t(Cm£/ - Ci^b) - OeOd(CgCn - C^r^) 
+ Owl^qffh - Tr?"^) + 0^;(Tq£/ - Qr^) - r«t)e(TKn - Ts£/) + 0«;(Q£/, - <rr£/) 
+ 0e(ft'5'n-^s£/i) 
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fc i^xOd + VyOe + 0^0/ + OaOg + OfcOft + OcOi + 0,„0j + 0„Ofc + OoOj + ObOeO 



2DaOb£n + 2pOf,5c - 2pr2^Db£fe 



20eOceg 



[f. + t,^(AV-£D 



h 2pn'^h£i 

2p0a(^dr-^ 



+ 2yoDa(e»eb - EgE/) + 2ipgiphX)ai£i£h - A^£/) - 2p'^n'^{<;cr'^ - 

+ p^n^n'^r^ - £g) - 2yopri2(£^g^ _ ^2^^^ _ 2ipgip^,pn^{£,£,, - £g£^) 

+ p^i^er"^ - <r,^J + 2iop{^a£b - ^c£f) + 2(pg(php{<,a£h - U£f) 



£i£c 



£^l' 



f/ = OgO;, +yfe(£bOg - - Ot) + 3yj(2£ftOg - 3£gOe - Os " rJ^Oo + £bO<j) 

+ 0i(3£/,.0d + £60/1 + gfOg + QuOe - 2£bOp + iVi^Ot - ^£gOo + fa) 



+ p[{gt + 3<;„)0d + 4£h0h + £bOi 

+ 12£gOt + QuOo + fb]- 



QvOg 



Art 22a. Development of equation (1.4). 
Bearing the foregoing quantities in mind, we derive 



^ [2{n ■ p){n ■K)-{n- n){K ■ p)]' by ( pTi^ ) 

= 2(A • p)(n • k) + 2{fl ■ p)(A • k) - 2{n ■ A)(k • p) 

= 2K(£i£a + £cSa - £g£e) by ( ^.laj ) & ( ^.13a| ) 
= 2KQa by ( p3^ ) 



'i = [2(A • p)(n • k) + 2(J7 • p)(A • k) - 2(rj • A)(/« • p)]' by ( |5.25aD 

2(A • p)(rj • k) + 2(A • p)(A • n) + 2(A • p)(A • k) + 2(J7 • p)(A • k) 

-2(k-p)[(A- A) + (JI -A)] 

= 2(A • p)(rj • k) + 4(A • p)(A • k) + 2(J7 • p)(A • k) - 2{k ■ p)[(A • A) 

= 2K[i;a£a + 'ie.Sa + £c% " £e{A.^ + q)] by ( pa| ), ( |5.13aD & ( ^.23aD 
= 2K£»h by ( p3d| ) 



(5.24n) 



(5.24o) 



(5.24p) 



(5.25a) 



{n ■ A)] 



(5.25b) 



= [2(A • p)(f2 • k;) + 4(A • p)(A • k) + 2{n ■ p)(A • k) 

- 2{k ■ p)(A • A) - 2{k ■ p){n ■ A)]' by ( |5^ ) 
= 2(A • p){fl ■ k) + 2(A • p)(A • k) + 4(A • p)(A • k) + 4(A • p)(A • k) 

+ 2(A • p)(A • k) + 2(n • p)(A • k) - Ain • p)(A • A) - 2(k • p)[(A • A) + (J7 • A)] 
= 2(A • p)(n • k) + 6(A • p)(A • k) + 6(A • p)(A • k) 
+ 2{n ■ p)(A • k) - 6(k • p)(A • A) - 2{k • p)(r2 • A) 

{3<;d + <;h)] by i^), ^J^ ) & ( [5:23^ ) 

= 2K(^/£a + 3?a(5a + 3£.,?6 + £c<;g - Qc) = 2K£ld by ( |5.23d| ) (5.25c) 
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C^iiK- p)in • A) - (A • p)in ■ k)]' by 
= ■ p)[(A • A) + • A)] - (A • p)(n • k) - (A • p)(A • k) 

= K[£e(A2 + - ^,£, - e,;,5a] by jsl^ ), ( |5l3^ ) & ( p3^ 
= by ( p3d| ) 



(5.26a) 



C = [(k • p)(A • A) + (k • p)(f2 • A) - (A • p)(n • k) - (A • p)(A • k)] by ( |5.26a| ) 
= 2{k ■ p)(A • A) + (/« • p)[(A • A) + (O • A)] - (A • p)(r2 • k) 

- (A • p)(A • /^) - (A • p)(A • k) - (A • p)(A • /^) 
= {k ■ p)[3(A • A) + (n • A)] - (A • p){n ■ k) - 2(A • p)(A • - (A • p)(A • k) 

= K[ee(3<;d + (^h) - ^f£a - 2?Q^Q - Ei^b] by ( |5.1a| ), ( |5.13a| ) & ( |5.23aD 



k(£Ic - ^f£a - 2<7a^a " Eift) = f^Q f by ( |5.23d[ ) 



(5.26b) 



■( = [3(/« • p)(A • A) + (/« • p)(n • A) - (A • p)(n • /«) 
- 2(A • p)(A • k) - (A • p)(A • k)]' by (|5.26b| ) 
= 3(k • p)[(A • A) + (A • A)] + (k • p)[(A • A) + (^ • A)] - (A • p){Q. • /«) - (A • p)(A • k) 
- 2(A • p)(A • k) - 2(A • p)(A • Ai) - (A • p)(A • k) - (A • p)(A • k) 



= (k • p)[3(A • A) + 4(A • A) + (n • A)] - (A • p)(n • k) 
- 3(A • p)(A • k) ~ 3(A • p)(A • /«) - (A • p)(A • n) 

= K[£e(3<;e + 4<^i + <;,„) - Q£a - 3^/5q - 3<;Q<;f, - £i(^g\ by (^.la|) , ( ^.13a|) & (|5.23a| ) 

= by (^.23d| ). (5.26c) 



From (|l.4c|) , (|5.13aD and (|5.23b[) , we have 

r) = /« • (p X A) = nSb, fj = k ■ {p x A) — Kda, V — n ■ {p x A) ^ ndb (5-27) 



whilst from (1.4d), we derive 



So = 



C-- 

V 



KQe 



2K^ipe5b 



Qe \ ^Qa 



by (^, ( p.25aD , ( p.26a| ) & ( |5.27l ) 



by (5.23d) 



(5.28a) 



So 



2ee , 



C-2 



by ( |5.28aD 



77 77 

772 

2^^ _ 2e| ^ ^ 4^6) _ 2ev 

7/ 77 if if mf 



vf ~^ rf 



c + 



-2^' - 2^1 + 4^77-^ 
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by ( p6b| ) & ( p7| ) 

Qa + 'y'efi'b - ^I'^efa + 2dfc |^2£)a ^ j | 



^tp/ - — 
KQf - — 



= KQr, by (5.23d) & (5.23e) 



(5.28b) 



So 



C 

C-2 
+ 



?7 77 

2C^^ e^'*?' 2^2^77 



- 2 



|2 



77 77 



77- 



by ( |5.28bD 

+ 4 



2 



j^2 



77- 



77^ 



c 



7/ 77^ 



77 



77' 77- 



2^^7777 












? 

7]^ 





2CC S^^'rj 6C^77 6CC?7 6^^^ 12^^77^ Q^^r^i) Q^^ff" 



77- 



2e e + 6^ - - <! f + 6e'77 + 6C|7) + 6ee?/l + 41 12^??^ + 6^777) - — 
77 t J ?y I 



,^3 



KQg 



8k ipeQd + '24:K QaQb 



2K(^e 



8k 



by Q, d^), (|5.26c| ) & ( |5^ ) 



1 



+ 



2£, 



J 

8k 

KQg 

Si 



•■PeSb 



ipeQd + iQaQb - "^l^b + &5bQ] + QfeQa'^a 



SgkfeSb 



by dUi). 



by ( p.23d| ) 



(5.28c) 



From ( 1.4a ), we obtain^ 



Art 22b. Derivatives of a. andj. 



7 = 



So 
77^2 



1/2' 



1 

= ±- 

2 



So 

77^2 



-1/2 



So 



77^2 



± 



1 



± 



27C.2 

1 



±- 



27K£jW2 

1 



£0 _ so?7 
rj rf' 

KQi 



±- 



" 277^^2 



So 



So?? 



1 

±— 

27 



So 



n'^iPgSb 



by (5.4), (5.5a), (5^) & (5.27) 



fgSb 



M9m/gi) = Qp by (5.23e) 



(5.29a) 



*In the expressions for the derivatives of 7, we are to take the positive sign when so > —V^o ^^'^ negative 
sign when sq < —riu>'^ . The case sq = —rjuj'^ is forbidden since 7 is nonzero. 
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= ± 
= ± 
= ± 



1 

2^ 
1 



so_ 



Spy 
W 
So 7 



by (|5^) 



sqV 



SqV 



So?? 
777^ 



S0777 , 2so7)^ 



2777^2 
1 

27K£jw2 







So - So < - H 




l7 


J 



, Op 

7 



_ fo 
V 
2KSb 



7)7 2rf' 

7 



by (pD, (5.5a), (5:2^), (5.29a) & (5.27) 



2^ 

KEj 



1 



276^^2 
1 ' 



Qn 



, 3p 

7 



2(5,, 



Sb^( Op ^ 2Sb 
£j I 7 £j 



2(5fc 



£ir by (5.23e) 



(5.29b) 



7 =± 
= ± 



1 

2^ 
1 

2^ 



£0 _ 
777 

£o_ 

777 



So 7 2s'o77 



l^V 



IV 



Spy 



spijj 2sprf 



by ( p9b| ) 



so7 


_so7n_ 




s"o7 


2S072 soT"?? 


7^7? 


IV J 


It ?7 


9 

7 


^2^2 



+ 





s'o^ 

7?7 


s'o?77 


2S0772 ] 


l7?7 


72772 


7??^ J 


s'o'77 


soi?7 


l_ so?77 


2so?77^ 


7^772 




^2^2 


^3^2 



so^ 
2 



so?7 

7772 777- 
2so?7^7 

^2j^3 



so?n 2so7;77 1 



so?7^ 
777-^ 



777-^ 

2S0777; 



sprfi ^sprf 



7r 



±- 



1 



" 2777^2 



So 



fo^ 
77 



3so7'7 3s'o77 6so7)2 Gsofji) Gsqi)^ 



rj r] r]^ rj^ 

sb7 _ 25o7 _|_ 2 So 7^7 ^ S0777 ^ 4S0777 _ 4507)27 
7 7 



2so7' 



± 



1 



2777^2 
1 



So 



7?7 7'7 
So '7 + 3sb?7 + 3so77 
So 



777 777' 7^ 

" ^|so77 + so I 77- 



2so?77^ 
7277 



sb7 + 2sb7 r ^ — 2777 + 777 , , , , , 

7 1 ] IVV J 7'7 I V } T 



^iv / . S077 1 272 

<^ so > + ^ 



So 



So?? 
V 



±- 



" 277^^2 



So 



- 1 spV + 3sb77 + 3so7/ 1 + ^ "j S077 + So f '? - — 



77- 



- 1 so7 + 2sb7 1 + — "i 2777 + 777 
7 I } IV 



7 I '7 7j I V 



± 



1 



27«;ej-w2 



1 



KQo \ K tpgdb + 3k gnSb + 3k Qida 



K g,Sb + K^glKda - — 



If 1 K(pn 

7 I J 7K£j 





f 2K5b ^ 











by ( ^lb| ), (^3a| ), (|^, (|^, ( ^.298)) & ( ^.29bD 
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= ± — 
Qi 



- -IgiQr + ^QnQpX + —\ 2X}aQp + SbQr 

7 t J I 



m QpQq 



7 



(5.29c) 



= by (5.23e) 



Moreover, from (1.4a), we derive 

a=(r2xu + Axr)'=Axu + r2xa + Axr + Axu = 2Axu + Axr + r2xa 
= 2A X (n X r) + A X r + rj X [(J7 • r)rj - f^^r + A X r] by (|L^ 
= 2[0(A • r) - r(0 • A)] + A X r - 17^(0 x r) + A(f2 • r) - r(0 • A) by ( |a!T|) 
= 2£hO. - Segr + A x r - 172(r2 x r) + CbA by ( p^ (5.30a) 



a = (2A xu + Axr + r2xa) by ( |5.30a| ) 
= 2Axu + 2Axa + Axr + Axu + Axa + r2xa 
= 3A X u + 3A xa + Axr + Oxa 
= 3A X (n X r) + 3A X [(r2 • r)0 - O^r + A X r] + A X r 

+ n X [2eh^ - iSgV + A X r - x r) + e^A] by & ( ^.30aD 

3A X (n X r) + 3eb(A x n) - in^iA x r) + 3[A x (A x r)] + A x r 
- 3eg(f2 X r) + r2 X (A X r) - fi2[rj X (O X r)] + eb(r2 x A) by (|5.1a|) 



3[r2(A • r) - r(r2 • A)] + 3efc(A x VI) - iVl'^iA x r) + 3[A(A • r) - A^r] + A x r 

- isgin X r) + [k{VL ■ r) - r(A • VL)] - ■ r) - 9^v] + £fc(0 x A) by ( [0| ) 
3cnf^ - 3<rcr + 3e6(A x fJ) - 3f72(A x r) + 3eftA - 3A2r + A x r 

- 3eg(J7 X r) + £bk - - r^^Ebfl + n^T + efc(rj X A) by ( jslal ) & (|5.23a|) 
3eftA + etA + (3<r„ - n'^eb)Vl + (f^^* - 4q - 3A2)r + 2£t(A x Vl) 

- 3f^2(A X r) - 3£g(r2 x r) + (A x r) 

3e;,A + efcA + gtVt + g^r + 2efc(A x fJ) - 3f7^(A x r) - 3£g(rj x r) 



(A X r) by (5.23f) 



(5.30b) 



a = (3A xu + 3Axa + Axr + rJxa) by ( |5.30b|) 

= 3A X u + 3A X a + 3A x a + 3A xa + Axr + Axu + Axa + rixa 
= 4A X u + 6A X a + 4A xa + Axr + Jlxa 



= A X r + 4A X (rj X r) + 6A X [($7 • r)J7 - f^^r + A X r] 
+ 4A X [2ehVl - 3egr + A x r - Vi^{n x r) + e^A] 
+ X [3ehA + EbA + QtVl + Qur + 2eh(A x Vl)] 

+ X [-3fi2(A X r) - 3eg(rj x r) + (A x r)] by (|l|), (|30^ & ( pOb| ) 
= A X r + 4A X (rj X r) + 6eh(A x fJ) - Qn^{A. x r) + 6[A x (A x r)] 
+ 8eh(A X rj) - 12eg(A x r) + 4[A x (A x r)] - x ($7 x r)] + 4efc(A x A) 

+ 3eh(r2 X A) + £b{Vt X A) + et(n X $7) + Qu{VI x r) + 2efc[Jl x (A x $7)] 
- 3f2^[rj X (A X r)] - 3eg[J7 x (fJ x r)] + J7 x (A x r) by ( ^.laD 
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: A X r + 4[J7(A • r) - r(A • n)] + 6£fc(A x ft) ~ 6f7^(A x r) + 6[A(A • r) - r(A • A)] 
+ 5e/j(A X O) - 12£g(A x r) + 4[A(A • r) - r(A • A)] - 4n^[n{A ■ r) - r(A • O)] 
+ Ebifl X A) + X r) + 2eb[n^A - fl{n ■ A)] - 3n^[A{n ■ r) - r(0 • A)] 
- 3eg[n{n ■ r) - n^r] + [A{n ■ r) - r(A • ft)] by (|a11 ) 



= A X r + 4(<roJ7 - ^^r) + 6efc(A x fJ) - 6f7^(A x r) + 6(^„A - ^^r) + 5eh(A x n) 
- 12eg(A X r) + 4(£,,A - <rrfr) - Afl^iehfl - e^r) + £fc(rj x A) + (?„(rj x r) 



+ 2eb{fl^A - egn) - 3n^{ebA - Sgv) - 3sg{ebfl - fl^r) + (e^A - ^^r) by (5.1a) & (5.23a) 



(6^„ - n^eb)A + AshA + SbA + (4^o - -in^eh - 5ebeg)n + 5{2n^eg - - 2^d)r 
- 5eb{fl X A) - 6il^(A x r) + 5eh(A x Jl) - 12eg(A x r) + gi„(r2 x r) + A x r 
{gt + 3(:„)A + 4£/^A + EbA + g^fl + 5g^,r - bsbi^l x A) - 6f7^(A x r) 



5£,i(A X rj) - 12£g(A X r) + g.a{fl x r) + A x r by ( ^.23| ) 



(5.30c) 



Art 22c. Development of equations ( [3.17 ) through (3.21) 
Equations ( p. 17 ) through (3.21) evaluate as 



(i ^ K • a by (3.17) 



K • [2£,,r2 - 3£gr + A X r - n^{n x r) + £bA] by (5.30a) 



= k(2£,£^ - 3£rf£g + 0, - n'ek + SaEb) by (5.1a), (5.13a) & (5.23b) 



K{i)c + SbSa + ^EaEh " 3£d£g - VL Ek) = Kg^ by (5.231) 



(5.31a) 



a — K - ahy ( ^.17 ) 

= K ■ [SshA + EbA + gtft + gur + 2eb{A x ft) - 3rj^(A x r) - 3£g(f2 x r) 
+ (A X r)] by ( ^.30b| ) 

= K[3ehSa + £b^b + gtEa + gu£d + 2£f,f)e - 3r2^£„ - 3£g£fc + 'i)d] 

by (fli), (^.13aD , ( ^.23aD & ( ^.23bD 



K[f<i + £agt + £d£'n + £fc(?6 + 20e) + 3(£/,^a - fL^En " £g£fc)] = ^Qv by (MSfl) (5.31b) 



a • a by ( p.l7| ) 

= K • [{gt + 3^„)A + 4£/iA + £hA + g„rj + ^g^v - hEb{ft x A) 



m\A X r) + 5£,i(A X r2) - 12£g(A x r) + £»„(0 x r) + A x r] by (5.30c) 



n[5a{Qt + 3^,0 + 4£;i<?6 + Eb'ig + Eagi, + ^^dQw ~ ^£b^ f - 6r2^5c + ^£h^e 

~ 12£g£„ + guEk + t)g] by ( jsl^ ), ( |5l3i| ), ( p3^ ) & ( p3b| ) 

^[Og + £a£'« + £&£»« + ^Edgw + £6(<;g - 55/) + 5a{gt + 3^„) 

+ £^4<j6 + 5c)e) - 6(fi2()^ + 2£g£„)] = Kg, by ( |5.23| ) 



(5.31c) 



2q!7 



by (3.18a) 



2hnpdgp 



by (|1|), ( |5.29a| ), & ( ^.31a)) 



by (5.23g) 



(5.32a) 
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9 9 



U by (|5.23d) 



HQy 



4q!7 2q!7 6ck7^ 



1 



1 



by ( psq ) 



r 



by ( pal ), ( p9| ) & ( pi] ) 



(5.32b) 



■d = 



9 9 



6(27 6q;7 18d7^ 2a7' ^ 18q!77 2Aa'j^ 

&KQyQp &K,QxQr 



7 7 

o2 



7" 



by (3.18c) 



7 7 
by (l^i), (PI) & ( FSH ) 



fc by (5.23g 



(5.32c) 



J(l + ^2^-3/2 by 
U5g^ by (|5.32aD & (|5.13aD 



(5.33a) 



ii- = (1 + ?92)-5/2[^(l ^. _ 3^^2] (|3.19b|) 



5-^{^kK-Wa) by (5.32) & (5.13a) 



= yd by ( p3i| ) 



(5.33b) 



(1 + + z?2)2 _ 9^^^(i + _ 3^3(1 _ 4^2^] by ( p9^ 

3y^(l - 4i?2)] by (]53^) & (|5l3a|) 



ye by (5.23g) 



(5.33c) 



d = 



Ad 



7 

Qpd 

7 

by (pShl) 



by (|3.20a|) 



^ + by (5.29a) & (5.32a) 



4d 



(5.34a) 



d = d 



"i_ _ 


7^1 




'1 _ 






.7 


^2_ 




.7 


4d2 


4d 



7 



7 



7^7^?a 

4d2 



Tr7i9 + 27r7i5l + 7771? by (|3.20h| ) 

27r Ppfa + T^IU 



1_ 

Ad 



SI 



by (HH), (I^H), (^.33aD & ( ^.34a|) 



by ( ^.23h| ) 



(5.34b) 
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1_ 

1 

i_ 

Ad 

Qs_ 

1 



2d 



i 



377 

v2 



iQpQr 



7 7 717 1? 7r77'i9 7r7 

7 7' 

4d 



+ 



nj'^d'd' 




'7 _ 


7r7^ij" 


4d3 




.7 


4d2 



^ 4d2 2^2 4d2 
7f7?? + 377719 + 2'kj'd + 27771? + 37771? + 7771? 



by (3.20c) 



7^ 



2^ 

v3 



2r/ 



r 





7r7^?a' 




. 7 


4d2 


4d 



7? 

— ^ + 2-KQpla 
^9 



2d2 



2_ 

Ad 



llaU 



4d2 

<53 



7^7 ?/?a 

4d3 

27ya?b 



+ 2TrgrU + ^T^QpU + 777j;c 
: y,, by $.23h|) 



by (5.29), (5.32), (5.33), (5.34a) & (5.34b) 



(5.34c) 



d-k — Tid , ,rr-r— K 
P - ^-3^ by ( |3.21aD 



4tJoC?^ 
1 

Aojod^ 



by (5.33a) & (5.34a) 



U by (5.23i) 



(5.35a) 



P = 



d{d'k — nd) dn — 77c? 



2wod3 



Aujod'^ 



by (3.21b) 



2Wod3 

1 



77?/ 



1 



4cJod2 



4ti;nd2 



_ 2?/ [ rfyg 

d 1^3 



77y/ 



by (F33I) & (15^3^ ) 



= by ( t5.23i| ) 



(5.35b) 



(3(i2 — dd) (cJtt- — Tid) d{d7t — nd) dn + dn — nd — tt d 



2uJod^ 



3?/ - d?g 
2Wod4 

1 



a;o'i3 
a;o(i3 



AuJod"^ 



by (3.21c) 



Aujod^ 

1 



y/fd + a?e Tf - - T^Th 

"g 



by (|3|) & ( p^ ) 



4cjod^ 



^, , 2(3yj-rfyg) fdy, 
y/yd + dye " '^y/^ " + 1^ " '^f/ 



^{dy.-77y,| 



yfc by dpSl). 



(5.35c) 
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Art 22d. Derivatives of t ande. 
To compute the derivatives of r and e, we first derive 



Sl 



2pa ~ dujo 



by (|l.4d| ) 



2r]{sQ + rjujl) 

2r]{sQ + r]U!l){2pa - dujo)' - {2pa - duJo)[2ri{so + rjujl)]' 

4772(50 + V^o)^ 
2pa + 2pa - duo - si [277(50 + riu^) + 277(50 + r]ujl)] 



by (1.4d) 



277(50 + 7;w2) 

2pa + 2pa — du)o — 251(7750 + 77S0 + 2r]r]uj1) 
277(50 + 77^2) 

2K£j{Kipg + KEjUjI) 

by dJ), dJ), d^), ( |5.28aD , ( ^.SlaD , ( ^.34aD & ( |5.35a| ) 

2ipdU + 2pgi2: - cy/ - 2gh{5bipg + e^Qi + 26^4^2) 



= by (5.23j) 



(5.36a) 



Sl 



2pa + 2pd — dijjo ~ 251(7750 + 7750 + 2rif]uo1) 



277(50 + 77^2) 



by (5.36a) 



277(50 + 'qujl)[2pa + 2pa - rf^p - 251(7)50 + 7750 + 27777^2-)] 
4772(50 + 7?a;2)2 

_ [2pa + 2pa - dwp - 251(7750 + t/sq + 27777Cjg)][27?(5o + T?a^o)]' 

47/2(50 + 7/ti^2)2 

\2pa + 2pa - duJo"] _ [251(7750 + ?/5o + 2r]fiujl)]' _ 5i[27;(5o + 77^^)]' 

277(50 + 77^2) 277(50 + 77^2) 2r]{so + rjul) 

2pa + 2pa + 2pa + 2pa — dojo 251(7750 + 7;so + 2rifiuj'^) 



by (5.36a) 



277(so + 77cj2) 



2t]{so + rjujl) 



2si{ijso + 77S0 + 77S0 + ?7sb + 2?72tj2 _|_ 2riijujl) 2si{f]SQ + tjsq + 2rjf}U]l) 



277(50 + 77^2) 



277(50 + 77^2) 



2 pa + Apa + 2pa - duJo 4s'i (7750 + 7750 + 2'qf]uu'l) 

277(50 + 77Cj2) 27/(so + 77Cj2) 

_ 251(7750 + 775b + 27750 + 2rf'u:l + 2?7?7u;g) 
277(50 + 77^2) 

2mpdl:j + ^^^Bxli + 2pKgy - ygCJp _ A{ii/ K){K'^5bipg + fj^e^Qi + 2K^ej5biol) 
2Kej{Kipg + KEjUjI) 2Kej{Kipg + KejUj"^) 

_ 2{iph/n)iK'^iPgda + K'^EjQn + 2n'^6f,gt + 2K2(5gtjg + 2K.^ejdaLjl) 

2Kej{Kipg + nejLol) 
by dU), (U), (1^, dHI), ( ^ ), ( |5.34bD , (HH) & ( ^.36aD 

2y?riyj + 4g^y, + 2pQy - cpg A^i{6bfg + e^g, + 2£j(5;,tjg) 



2Kej(93g +ejcj2) 



2Kej(v3g +ejw2) 



2KS-j{ip^ 



251 



+ = ^rn/n by dUi) 



(5.36b) 
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Sl 



2?7(so + 77^2) 



4s'i (?7So + ??s'o + 27??7cjg) 
277(so + Wo) 



2si(r?so + vs'o + 2?7.s'o + 2r)2tj2 ^ 27]fyw2) 



by (|5.36bD 



2f7(so + V^^) 

2r]{so + riujl)[2pa + Apa + 2pQ; - d^o]' - [2pa + 4pQ! + 2pa - dbJo][2ri{sa + 

_ 27?(so + 77u;g)[4si(?7So + ?7So + 2?7?7cjg)]' - [Asij-qsQ + 7?5o + 2r]'qujl)\[2'q{so + ryc^g)]' 

_ 27?(so + 77Cc;g)[2si(7;so + r^sp + 2?7So + 2rj^ujl + 2?7?7cjg)]' 

4772(50 + rjujlY 
^ [2si{i)so + ?7jo + 2r)sb + 27)2^^ + 2?7^cjg)][27](.so + 
4??2(so + ?7a;2)2 



by ( ^.36bD 



[2jOa + 4pd + 2pa - da;o]' _ s\[2ri{sQ + ?7^o)]^ _ [4.si(7?So + rysp + 2r]f]ojly\ 
2?7(so + Wo) 2?7(so + 77Lj2) 277(50 + 77^2) 

_ [25i(7?so + ysp + 2?)5b + 2rfujl + 2?7?/u;g)]' 
2?7(so + Wo) 

2 Pa + 2/9a + 4pd + 4pQ! + 2pd + 2pd - du)o 2si{f]SQ + 77S0 + 2rir]Lul) 

2r]{so + rjujl) 2r]{so + V^o) 

_ 4s'i(77So + 77S0 + 2rifiujl) + 4si(77So + ysa + T)g'o + ??sb + 2?7^a;g + 2t]t)ujI) 

2i]{so + 'quj'^) 

2si{Vso + 7/s'o + 7/sb + 7756 + 27/50 + 277sb + 47777^2 + 2777/tj2 -I- 2r/Vujl) 

2r]{sQ + 77a;2) 
_ 251(7750 + 7/50 + 27750 + 2f]^ujl + 27;7;cjg) 

277(50 + 7/^2) 



2Pa + 2pa + 6pa + 6pa — duJo 651(7750 + 77S0 + 2rjfjU}1) 



277(50 + 77^2) 



27/(50 + Wo) 



2si(''7'so + ?7s6 + 3t7So + 3?7sb + 67777a;; + 2r]'f]'uj^) 651(7/50 + 775b + 27750 + 2772^;; + 2riijujl) 

277(50 + 77Cj2) 277(50 + 7/^2) 

2Kej{Kipg + KSjUjI) 2Kej{K(pg + KSjOj'^) 

2Kej{Kipg + KEjLU^) 
6{^l/K){K^iPgda + n'^SjQn + 2K.^SbQi + 2k'^ SIujI + 2K?ej'i}aiol) 



2K£j{Kipg + K£j(jj2) 

by (U), (U), ( |5^ ), (1^), ( |53l| ), (|5.34c| ), ( Is^Sj ), ( |5.36a| ) & (|5.36h| ) 

2(|gd?:fc + 2/9g3 + &Qx^j + 6g^j:t - cy/, 6j:„i((5by'g + gjgi + 2(5b£ji:j2) 



2Kej {ifig + EjUjI) 2Kej {(pg + EjUjI) 

2iph{ipgdb + £jgo + Sgjdq + 3^f,gn + Gdb^qUjl + 2£jC)bCj2-) 

2K£j((pg +£jW2) 

6ri(<^gOQ + £jg„ + 2(5bgj + 2(5^u;2 _^ 2£jC)aWo) 



2K£^((/?g + £ja;2) 



y„/K by (|5.23jD 



(5.36c) 
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S2 = [sQSi]' by ( pd| ) 

= sqs'i + s'osi = 4 
= fgl^i + QiVh = lo by (|5.23k|) 



{KQi){^h/n) by (5.5), (5.28a) & (5.36a) 



(5.37a) 



S2 = [sqs'i + s'oSi]' by ( |5.37a| ) 

= s'os'i + sos'i + sbsi + s'os'i = 2s'os'i + sqSi + sosi 

= 2[KQi){jllK) + [K^g){l^lK) + [KQn)[^hlK) by (U), ( p8| ) & ( P^ ) 

= 2ftyi + (pgy™ + Qniph = Ip by ( ^.23kD 



(5.37b) 



S2 = [2soSi + sos'i - 
= 2sbsi + 2sqs\ 

= 3{gnn + Qihn, 



- sbsi]' by ( |5.37b| ) 

f s'osi + sos'i + s'bsi + sbs'i = 3sbs'i + 3.s'os'i + sqs{ + sqSi 

- i{nQ,){i^/K) + (K(^3)(y „/At) + (Kf?o)((p,,/K) by & ( p^ ) 

+ ^gln + ffotyS/i = Iq by ( |5.23k| ) (5.37c) 



S3 = [{?7(A • p) + 4^(0 • p)}si]' by (|L4|) 

= si [77(A • p) + 4^(11 • p)] + si [77(A • p) + 77(A • p) + 4^(n • p) + 4C(A • p)] 
= si(?7e» + 4Cec) + Sl{r]S^ + V^a + 4^ec + 4^6,) by (|1|) & ( |5.23a| ) 
= (?7Si + risi + 4^si)£i + (4^si + 4^si)ec + ?7Si<;a 

+ nej{^h/K)^a by (U), ( pb| ), (|5.25a| ), (Q & ( |5.36aD 

= ej(ejj;; + <^h<?a) + £tVh{Sb + 8ipe) + Sedipen + QaVh) 



= Ir by (|5.23k| ) 



(5.38a) 



S3 - [(^si + Tysi + 4esi)(A • p) + (4^51 + ^isi){Q. ■ p) + 7^s^{k ■ p)]' by ( ^.38aD 
= (?7s'i + r^s'i + ffsi + ?7s'i + 4^si + 4^s'i)(A • p) + (rys'i + r)si + 4^si)(A • p) 

+ (4^.si + 4fsi + 4^si + 4^si)(0 • p) + (4^si + 4^si)(A • p) 

+ (77S1 + ?7s'i)(A • p) + rysi(A • p) 
= (77S1 + fjsi + 2f]si + %isi + 8Csi)(A • p) + (2r/si + 2f]Si + 4^si)(A • p) 

+ (4es'i + 4^si + 8^51 )(0 • p) + rysi(A • p) 

= [Kej{lm/n) + KA)a{iph/>i) + 2K5b{li / k) + lQKQa{iph / 1^) + KLp e{ll / 1^)]^ i 

+ [2Kej(ll/K) + 2KSb{(ph/K) + 8K(pe{(ph/K.)]'^a + [Snifieihi / + ^KQb(iph/n) 



+ Kej{iphln)^f by (|5.1aD , (^.41) , (p.5b| ), (|5.23a| ), (|5.25|) , (|5.27D & ( ^.36|) 

+ 2<;a(£j};; + 5b<Ph + ■^VeVh) + S£c{Velra + QbVh + 2Qall) 

U by (^.23kD 



(5.38b) 
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S3 = [{vs'i + ^si + 2r]s\ + 8Csi + Sis\){A ■ p) + (2rysi + 2r]Si + 4^si)(A • p) 

+ (4^51 + 4^51 + Sis\)in ■ p) + 7/si(A • p)]' by 
= (77S1 + -q'si + 'iisi + iis\ + 2ijsi + 2r)si + S^si + 8^si + S^s'i + 8Csl)(A • p) 

+ {-qsi + ijsi + 2-qsi + 8^Si + 8Csi)(A • p) + (2?7Si + 2r/Si + 2i)si + 2r]s\ + 4^51 + 4^s"i)(A • p) 

+ (2rysi + 2?7Si + 4^si)(A • p) + (4Cs'i + 4^51 + A^'si + A^s\ + 8is\ + 8Csi)(r2 • p) 

+ (4^51 + 4|si + 8esi)(A • p) + {rjsi + 7?si)(A • p) + 77Si(A • p) 
= iv'si + 'tisi + Sfjsi + 3f]si + Ulsi + 2Ais\ + 12^51 ) (A • p) 

+ (3rysi + Sijsi + 6r]Si + 12^si + 12^si)(A • p) + (3rysi + 3r)si + 4^si)(A • p) 

+ (4Csi + 4'^ si + 12^Vi + 12^51 )(r2 • p) + r/si(A • p) 

= [KEjif^n/n) + Kdi,{iph/K) + "iniiaili/n) + 3K(5b(};,„/K) + 2AKgi,{iph/ k) + 48k£|q(};;/k) 
+ 2AKipe{r:m/K)]ei + [3Kej(};,„/K) + 3k0q((/3,i/k) + 6KSi,{f:i/K) + 24Kga{(ph/ k) 

+ 24K(/5e(yi/K)]^a + [SKEj^^l/n) + SKSbi^fh/n) + 8K(/3e (<y5/i 

■ [8Kipeihl/n) + 8KQd{iph/n) + 2AKQb{ll/K) + 2AKQa{lni/ l^)]£c + H£]{Vh/ 



by ( Islal) , Q, (|^), (|5.23a| ), (|5^ ), ( |5?27|) & ( p6|) 

= £j{^h^l + £iln) + £i{'Ob<Ph + BDay; + 356y,„ + 2Agtiph + 'iSga^l + 24(^e?m) 
+ SecC-^eyn + Qd'^h + ^QbU + iQalm) 

It by ( p3kD 



(5.38c) 



S4 = [{2ef^2 ^ • A)}si]' by ( pd| ) 

= \2kSl^ + 4C1]J7 + 77(0 • A) + 77(A • A) + t]{Q. ■ A)]si + p^fl^ + ry(r2 • A)]si 
= 2^2(^51 + Cs'i) + {^sx + ?7Si + 4esi)(f2 • A) + 77Si[(A • A) + • A)] 

= 2V?\2KQa{^yil k) + 2K.ipe{llln)\ + [KEj-fe/At) + K6b{(phln) + 8K(pe (((S/i/k)]^^ 

+ K£,(^h/K)(A2 + ^c) by ( p^ , ( pb| ), ( p3i| ), ( p5^ , ( p7| ) & ( p6^ 



: j:„ by (PH 



(5.39a) 



Si = [2r22(^s^ + ^s^) + [jjs\ + r)si + 4^si)(f2 • A) + 77Si(A • A) + Tjsi{n ■ A)] by (|5.39a| ) 

= 4f70(esi + es'i) + 2f72(esi + ^si + is\ + ^si) 

+ (77S1 + ?7Si + ijsi + -qsi + 4^51 + 4^si)(f2 • A) + (77.S1 + 77S1 + 4^si)[(A • A) + (r2 • A)] 
+ (r)si + rysi)(A • A) + 277Si(A • A) + (r)si + risi){Q, ■ A) + 'qsi[{A • A) + (^ • A)] 

= 2f72(^si + + 2^si) + (7?s'i + fjsi + 2?7.si + 8Csi + 8Csi)(0 • A) 
+ (2rysi + 2r)si + 4^51) [(A • A) + (O • A)] + 77Si[3(A • A) + (^ • A)] 

= 2Vt^[2KQl,{Lph/K) + 2K(^e(y„i/K) + 4K£la(yi/K)] + [Kej(y„/K) + Kdaifh/n) + 2K5b{u 1 1^) 
+ lQKQa{tphl H) + 16KV3e(ri/'«)]£g + [2Kej(y(/K) + 2Kdb{(ph/n) + 8K(^e ("^/i /'«)] (A^ + q) 

+ «;£,(^;,/ac)(3q + ?^) by (|5l|), (|;D, O, ( p3i| ), ( p5| ), ( p^ ) & O 



+ 2(A2 + ^c)(ejyi + 5b^h + 4(^e¥'/i) + Sj^hi'i^d + 9i) 



h by (5.231) 



(5.39b) 
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b'i = [2f]2(|si + Csi + 2^si) + (?7s'i + iisi + 2r]s\ + 8^si + 8Csi)(r2 • A) 
+ (2?7Si + 2?7Si + 4^si)(A • A) + (2?7Si + 2r)si + 4Csi)(r2 • A) 
+ 3rysi(A • A) + rjsi{n ■ A)]' by ( p9b| ) 
= 40f](|si + Csi + 2£_s\) + 2n^(^si + £_s\ + £_s\ + ^si + 2|si + 2£_s\) 

+ (??si + rj'si + v'si + iis\ + 2iisi + 2f]Si + SC'si + 8^si + S^s'i + ^is\){Q. ■ A) 
+ (r/si + i)si + 2r)si + 8^si + 8^si)[(A • A) + (fJ • A)] 

+ (2?7Si + 2?7Si + 2i)si + 2r)si + 4^si + 4Csi)(A • A) + 2{2risi + 2r)Si + 4^si)(A • A) 

+ (2r)si + 2r]s\ + 2i/si + 2ris\ + 4^si + 4^si)(f2 • A) 

+ {2rjs\ + 2fisi + 4esi)[(A • A) + • A)] + 3(?7Si + rjs\){A ■ A) 

+ 3rysi[(A • A) + (A • A)] + (r)si + rjsi){n ■ A) + r/si[(A • A) + (O • A)] 



= 2n^'^'si + ^si + S^Vi + 3isi) + 77Si[4(A • A) + 3(A • A) + • A)] 
+ iv'si + 'V'si + Sijsi + 3risi + 12^si + 24^si + 12^si)(r2 • A) 
+ (3?7s-i + 3iisi + 6fis\ + Ulsi + 12^si)[(f2 • A) + (A • A)] 
+ (3?7S-i + 3r)si + 4^51) [(O • A) + 3(A • A)] 

= 2n'^[2Kgd{(ph/K) + 2K(y5e(j:„/K) + 6Kgb{fi/K) + 6k£<q + Kej{iph/ K){'iqi + 3<Je + <;m) 

+ [KEjifn/K) + Kdb{(ph/K) + 3Kila{n/K) + inSbijm/K) + 24,^ Qb{^p h / n) + 48K£)a 
+ 24K(/3e(?m/'«)]£g + [^^.S ]{lva / 1^) + aiv h / 1^) + GuSb^^i/n) + 24Kga{(ph/K) 

+ 2AKipe{^i/K)]{A'^ + (^c) + [3Kej(y;/K) + SKSbitph/n) + 8Kipe{fh/K)]{<;h + i',d) 
by ( |5la| ), Q, ( |5^ ), ( |5^ ), ( |5^ ), ( |5^ & 

+ eg{£jin + ^bfh + 35ar; + iSbhn + '24:gt(ph + "iSgaPi + 2Aipehn) 

+ 3(A^ + Q)(£i?m + ^a^h + 25bll + Sgafh + SlfieU) 

+ {qi + 3^d)(3£jj:; + iSbiph + 8ipe(ph) 
= y„ by ( p3il ) (5.39c) 

in consequence of which the derivatives of r and e are computed as 

e = [s2(p X Jl) + ssfl - Sip]' by ( 1.4b ) 
= s'2(p X r2) + S2(p X A) + ssO + .S3 A - Sip 
= ^o{p X O) + (pg(ph{p X A) + y^O + ipiA - j:„p 



by (U), ( |5.37a| ), (|5.38aD & ( ^.39aD 



(5.40a) 



e = [s2(p X r2) + .S2(p X A) + s'^fl + S3A — s'^p]' by ( 5.40a ) 

= S2(P X O) + S'2(p X A) + .S'2(p X A) + S2(P X A) + Sjft + S3A + s'sA + S3A - S4P 

= 52 (p X Jl) + 2s'2(p X A) + .S2(p X A) + .ssfJ + 2.S3A + S3 A - sip 
= ^p{p X rZ) + 23:o(p X A) + ^Pgifhip x A) + y^^Z + 23:rA + ipiA - ^^P 
by (U), (|1|), (15^3^ ) & (l5.39b[) 



(5.40b) 



: [.S2(p X fj) + 2s2(p X A) + .S2(p X A) + s^Ct + 2.S3A + S3A - S4p]' by ( ^.40b| ) 
: S2(p X rZ) + .S2(p X A) + 2s2(p X A) + 2s'2(p X A) + S2(p X A) + S2(p X A) 
+ siCl + S3A + 2S3A + 2s'3A + S3A + S3A - s'ip 
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si{p xn)+ 3s2(p X A) + 3s2(p X A) + S2(p X A) + h'ifl + SssA + Ss'sA 
+ S3A - sip 

^q{p X r2) + 3yp(p X A) + 3yo(p x A) + (pg(ph{p x A) + yffl + By^A + Sy^A 



¥>,;A - y^p by (y), (y^), (|5^) & (|5.39cD 



(5.40c) 



7- = 2K-^[pa - rysa]' by (|0|) 
= 2K^^{pa + pa — r]S2 — r]S2) 

by (U), ( ^^5^ , (|^, ( ^.314 , ( ^.35aD & ( |5.37a| ) 

= 2K"^(£id};j + pg^ - Sbipgiph - Ej-yo) 
= 2{px/k) by (|5.23m| ) 



(5.41a) 



T = 2K^^[pQ! + — 7)s2 — r]S2]' by (5.41a) 
= 2K^'^{pa + pa + pd + pa ~ f}S2 — J)s2 — r]S2 ~ 1^82) 
= 2K^^{pa + 2pd + pd — 7)82 - 2riS2 ~ 77S2) 

= 2K.^'^{ljKQa + 2^^Kg^ + pKQy - KdaifigiPh - '^KSb^o ~ KEj^p) 



by (|J), (|^, (|^), ( |5:3lD , (MSD & ( MTD 
2K"^(yjgd + 2£i3;yi + - t}a(Pg(ph ~ 2(56yo - e^yp) 
2{fy/K) by ( |5.23mD 



(5.41b) 



T = 2K^^[pa + 2pd + pd — rys2 — 2?7s'2 — ?7S2]' by ( t3.41b ) 

= 2n^^{'pa + pd + 2pd + 2pd + pd + pd — ?) S2 — f?S2 — 27752 — 277S2 — fjS2 — 1^82) 
= 2n^'^{Pa + ipd + ipd + pd - V 82 - 3rjs2 — 3r)s2 — 1JS2) 

= 2K"^(yfcK93(J + iljKQx + iUI^Qy + PI^Qz - Kdh^Pgiph - ^Kda^o " SnSbf^p - K£j^q) 

by (0), dl^, (i;!?!), (g, (HI) & ( |53^ ) 

= 2K"\yfeV3d + 3yj£<x + 3yi£<y + pgi^ - dtipgifih - i^afo ~ ^St^p - £]lq) 

2{i,/n) by ( ^.23m| ). (5.41c) 



Art 22e. Development of equation ( 3.15a ) 
The quantities defined by ( ^.15a| ) evaluate as 



y = cd — KT by (3.15a) 
= cy/ - 2y, by ( p4^ & ( plip 



y = cd — KT by ( 3.15a ) 



cyg - 2y2, by ( ^.34b|) & (|5.41bD 



y = - KT by (3.15a) 



cy,, - 2y, by (|5.34cD & ( |5.41cD 



(5.42a) 
(5.42b) 
(5.42c) 



&i = p - 1 by ( |3.15aD 
= y, - 1 by (p5i) 



(5.43a) 
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&2 = 2/3 - 1 by ( p^ ) 



2j:, - 1 by (5.35a) 



(5.43b) 



63 = 3p ~ 1 by ^Jbsj ) 



3u - 1 by (5.35a) 



(5.43c) 



64 = - by (|3.15a| ) 

= j:,(cy/ - 2j:,) - (cj:^ - 2y,)(y, - 1) by (|5.35bD , (|I|) & ([sls^ ) 



(5.43d) 



65 = - pii by ( FTsj ) 

= (cy; - 2y,)(2y, - 1) - p(cr<, - 2yy) by (|1|) & ( [sls^ 



(5.43e) 



&6 = bib2 - pp by ( ^.15aD 



(y, - l)(2y, - 1) - py, by ( |5.43a| ), ( |5.43bD & ( ^.35bD . 



(5.43f) 



Art 22f. Development of equation (3.15b) 
The quantities defined by ( ^.15b ) become 



3a = K-x a hy (|3.15b| ) 

= Kx[{fl- r)n - f^^r + A X r] by (|l.4a|) 



: ef,(K X rj) - f7^(/? X r) + A{k ■ r) - r(K • A) by (5.1a) & (A.l) 



£{,(/$ X rj) - f72(K X r) + EdA - SaT by ( ^.la] ) & ( ^.13aD 



3b = X a by ( p5b| ) 



= /« X [2e/,.r2 - 3£gr + A x r - rj-^(0 x r) + SbA] by ( p.30a| ) 

= /« X [Zshfl - SSgV + SbA + A X r - 0^(11 x r)] 

= 2£;i(/? X fl) — 3eg{ii x r) + £;,(/? x A) + A(/t • r) — r(/t • A) 



fi2[f2(K.r)-r(K-r2)] by (A.l) 



(5.44a) 



2ehiK X ft) - 3£g(K X r) + £b(K x A) + £dA - - r2^(£dr2 - £ar) 



by ( |5la| ) & ( p3a| ) 

2£;i(/« X r2) — 3£g(K X r) + £b(K X A) + £dA — Ed^^^ + {^^Ea — <;b)^ 



2eh{K X r2) - 3£g(K X r) + £b(K x A) + £dA - Sd^^ + llai" by (p3.23i]| ) 



(5.44b) 



= « X a by ( |3.15bD 

= K X [3£ftA + £bA + £»fr2 + + 2£b(A X r2) - 3r2^(A x r) 

- 3£g(r2 X r) + (A X r)] by ( pOb| ) 

= 3£;i(/? X A) + £b(/i X A) + £if (/? X r2) + £!„(/? X r) + 2£b[/? x (A x fZ)] 

- 3ri^[/? X (A X r)] - 3£g[/? X (rZ X r)] + X (A X r) 

= 3£;i(/t X A) + £b(/i X A) + £i4(/« X rZ) + p.u(/? X r) + 2£b[A(/« • fZ) — r2(/? • A)] 



317^[A(k • r) - r(K • A)] - 3£g[fZ(K • r) - y{k ■ O)] + A{k ■ r) - v{k ■ A) by (A.l) 
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= 3e/i(K X A) + eb{n x A) + gt{K x fl) + Quiji x r) + 2efc(eaA - SaVl) 

- in'iedA - 5aY) - iegisdn ~ Eav) + Edk ~ ^gr by ( p^ , (|l3^ & 
= 3£/i(k x A) + X A) + pt(K X $7) + X r) + 2ea£5A — 2£f,(5ar2 

= 3£/i(k X A) + £h(/« X A) + gt{K x J7) + x r) + (2ea£6 — 3ri^£ci)A 

- (2£,,<5a + 3£d£g)J7 + {in^5a + 3£a£g - ^g)r + £dA 

= 3£/,(/« X A) + £h(/t X A) + X $7) + X r) 
+ l)fcA - ti^rj + t)dr + £dA by ( ^.23n| ) 



(5.44c) 



= K X e by ( |3.15b| ) 

= K X [yo(p X rj) + (^g(y5/i(p X A) + + (/3jA - y„p] by ( ^.404 
= K X [y^fl + fySjA - y„p + yo(p x fJ) + fg(ph{p x A)] 

= X fl) + ipi{k X A) - x p) + yo[/t x (p x fl)] + (pg(ph[K x (p x A)] 
= jrl't X $1) + (^j (/J X A) — X p) + fo[pi^ ■ ^) — ^^(^ • p)] 



ipg(ph[piK- ■ A) - A{k ■ p)] by (|AjJ) 



: X $7) + X A) - y„(/t X p) + yo(£aP - Eefl) + fgfhiSaP - £eA) 

by & ( |5l3a| ) 

: J:,.(k X $7) + X A) - X p) + ^SaP - To£e^ + (fgfhSaP - ifigifhSeA 

: X $7) + (pi{ii X A) - X p) + (£^^0 + iPgiphSa)p - £e^o^ ~ Ee^g^h^ 

: X $1) + (fiiji X A) — X p) 



- t)eP - £eyoJ^ - Ee^gH^h^ by ( |5.23nD (5.44d) 



= X e by (3.15b) 



K X [yp(p X rj) + 2yo(p x A) + ipgiphip x A) + y^O + 2y,.A + (p,A - y.„p] by (|5.40b| ) 

X [y^rj + 2yrA + i^jA - y^,p + yp(p x fJ) + 2yo(p x A) + (pgiphip x A)] 
ys (k X $7) + 2j:r (/« X A) + (y9i (/« X A) — (k X p) + [k X (p X $7)] 
+ 2^o[k. X (p X A)] + ipgtph[n X (p X A)] 

j:s(k X $7) + 2^riK- X A) + ipi{K, X A) — ?;„(/? x p) + j:p[p(/$ • fl) - fl(K ■ p)] 



2yo[p(^ • A) - A{k ■ p)] + ipgiph[p{K ■ A) - A{k ■ p)] by ( |A.l| ) 



^ X fl) + 2yr(K X A) + ipi{K X A) - yi,(K X p) + yp(£aP - £e^) 
+ 2^oiSaP - £eA) + ipgiph{%P " £eA) by ( ]5la| ), ( |5.13a| ) & ( |5.23a| ) 
= j:s(k X $7) + 2j:r(/$ x A) + (/?,:(/« x A) - ?:„(« x p) + j:p£aP - Vp£e^ 

+ 2^oSaP - 2j:o£eA + iPgiph%P - iPgiph£e-k 

= ^s{k X fl) + 2j:r(/$ X A) + (pi{K X A) - ?:„(« x p) + (j:p£a + 2^oSa + (Pgfh'^b)p 

- J.pEefl - 2j:o£eA - LpgifihEeA 

= ^si^ X fl) + 2^riK- X A) + (pt{K X A) — j:.u(k X p) 



t]/p - ^pEefl " 2yo£eA - ipgifhEeA by ( |5.23n[ ) 



(5.44e) 
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f = a X a by (|3.15bD 



[{n ■ r)n - f^^r + A X r] X [2eh^ - Se^r + A x r - n^{n x r) + e^A] by (1.4a) & (5.30a) 



[£bJl - il^r + A X r] X [2eh^ - Se^r + A x r - x r) + e^A] by ( ^.la| ) 



-3egeb(r2 x r) + eb[^ x (A x r)] - 172efc[rj x {n x r)] + eg(r2 x A) - 2eh^'^{r x n) 
-n'^[rx {Ax r)] + n^[r x {ft x r)] - Sb^'^ir x A) - 2e,,[rj x (A x r)] 
+ 3eg[r X (A X r)] + (A x r) x (A x r) - fi^[(A x r) x ($1 x r)] - eb[A x (A x r)] 
{2ehn^ ~ 3egeb){n x r) + eg(J7 x A) - Sbfl^ir x A) + eb[^ x (A x r)] 

- 172£b[rj X (rj X r)] - f72[r X (A X r)] + n*[r x (ft x r)] - 2eh[fl x (A x r)] 

+ 3eg[r X (A X r)] + (A x r) x (A x r) - f2^[(A x r) x ($1 x r)] - eb[A x (A x r)] 
(2£ftf72 - 3egeb){n x r) + eg(J7 x A) - Sbfl^ir x A) + e6[A(J7 • r) - r(J7 • A)] 

- n^Sb[nin ■ r) - f^^r] - n^[r^A - r(r • A)] + n'^[r^n - r(r • ft)] 

- 2eh[A{n ■ r) - r{fl ■ A)] + 3eg[r^A - r(r • A)] + A[r • (A x r)] - r[A • (A x r)] 

- n^n[r ■ (A X r)] + n^r[n ■ (A X r)] - e6[A(A • r) - A^r] by k (^ 



= {26,,^"^ - 3egeb){n x r) + el{n x A) - Sb^^ir x A) + eb{ebA - ^^^r) - n^eb{ebi^ - ^^r) 

- n^r^A ~ <;„r) + n\r^n - Ebv) - 2eh{ebA - e^r) + 3eg(r^A ~ £,,r) 

- c)/,r + n^e,nr - eh(ehA - A^r) by ( |5la| ), ( |5.23a| ), ( |5.23b| ) & ( |a1| ) 



(2£,,r2^ - 3egefc)(rj x r) + ei{n x A) - £6f7^(r x A) + e^A - eb^cr - fl-'sin + Sbfl r 

- n'^r^A + 17\„r + il'^r^n - f^^'sfcr - 2shebA + 2ehegV + 'iegr'^A - iegSh-r 

- t)/ir + f^2£,„r - £h£,jA + efcA^r 

(2e,Sl^ - 3egefc)(rj x r) + eg(rj x A) - ef,f72(r x A) + eg A - f^^r^A - e^^cr + efc^^^r 
+ il^^„r - Vt'^EbV + 2e,ie(,r - iegShV - Ii/jr + ri^£„ir + efcA^r 

- Vt^eln + n^r^n - 2£h£b^ + 3irgr2A - e,,e,,A 

(2£,,r22 - 3egefc)(rj x r) + el{Q. x A) - Sb^'^ir x A) - (f^^r^ - el)A 
+ [^^{^n + £m) + £b(A2 - q) - egSft - Ohir + n^i^^r^ - e^^j^ _^ 3(g^^2 _ 
l]g(J7 X r) + £^($7 X A) - ehfi^(r x A) - (^^A + l^^r + ^'^•^1^ + 'iipc^ 
by ( pb| ) & ( |5^23^ 



(5.44f) 



= a x a by (3.151) 



[(J7 • r)rj - f7^r + A X r] X [3e;,A + £f,A + gt^ + e„r 

+ 2£fc(A X rj) - 3f72(A X r) - 3£g(rj x r) + (A x r)] by ( ^.30b| ) & (ITial ) 

3e,,£fc(rj X A) + £^($7 X A) + e6e„(J7 x r) + 2£g[J7 x (A x Vl)] 

- 2,n'^eb[n X (A X r)] - 3£geb[fl x (n x r)] + £b[Vl x (A x r)] - i£h^'^{v x A) 

- Eb^'^iv X A) - n^gt{v X rj) - 2eb^^[Y x (A x Vl)] + 3f7''[r x (A x r)] 

+ 3£gf72[r X (rj X r)] - f72[r x (A x r)] - 2,£h[A x (A x r)] - £fc[A x (A x r)] 

- et[Jl X (A X r)] - Qy\Y X (A X r)] + 2£fc[(A x r) x (A x Jl)] 



3£g[(A X r) X (rj X r)] + [(A x r) x (A x r)] by (5.1a) 
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3sheb{n X A) + el{n x A) + (ebQu + n'^gt){n x r) - 3ehn'^{r x A) - ebn'^{r x A) 

+ 2el[n^A - fl{n ■ A)] - 3n^eb[A{n ■ r) - r(0 • A)] - 3egeb[fl{fl ■ r) - n^r] 

+ eb[A{^ ■ r) - r(n • A)] - 2sbn^[A{r ■ ft) - n{A ■ r)] + Sf^^pA - r(r • A)] 

+ 3egn^[r^n - r{n ■ r)] - n^[r^A - r(r • A)] - 3e/i[A(A • r) - A^r] 

- e6[A(A • r) - r(A • A)] - gt[A{n ■ r) - r(JI • A)] - g^r^A - r(r • A)] 

+ 2eb[A{n ■ (A X r)) - fl(A • (A x r))] - 3eg[n(r ■ (A x r)) - r{n ■ (A x r))] 



[A(r • (A X r)) - r(A • (A x r))] by (|AjJ) & (|AJ) 



: SehSbin X A) + elin x A) + (efcg„ + n^gt){n x r) - 3ehn^{r x A) 

- Sbfl^ir X A) + 2el{n^A - egCl) - 3n^eb{ebA - e^r) - SegSbiebfl - fl^r) 
+ EbietA - Q,r) - 2ebn\ebA - e^JI) + Sn^r^A - e,,r) + 'SSgn^r^n etr) 

- n^{r^A - i^or) - 3eh{ehA - A\) - e6(<;„A - ^ar) - gt{ebA - Sgv) 

- guir^A ~ ehv) + 2ebe„A + Se^e^r - O^r by ( ^.23aD & ( ^.23b| ) 



: SehSbift X A) + e2(rj x A) + {sbgu + n'^gt){^ x r) - 3e,,f72(r x A) 

- Ebfl^ir X A) + 2eln^A ~ 2el£gfl ~ ifi^elA + iVt^ebEgT ~ iegsln + ■iegSbfi^r 

+ elk ~ Eb^hV - 261^"^ A + 2efce,,f72rj + iO.'^r'^A - iV^^ehV + 3egf7V2j7 - ■iegebfl'^v 

- n'^r^A + f7\or - 3e^,A + 3e,,A2r - £bT«A + £t<rrfr - gtSbA + ete^r 

- Pnr^A + guShV + 2£f,£,„A + 3£ge,„r - O^r 

: 3£/iefc(n X A) + £^($7 X A) + [sbgu + ^'^gt){'^ x r) - 3£hf^^(r x A) - ebfl^ir x A) 
+ {2eln'' - Zn'el - 2eln^ + Sn^r^ - 3el ~ Sb^n ~ gt£b - gur^ + 2ebS,n)A 

+ (3n^£{,£g + 3£g£6ri^ - £fc<r/i - 3ri'*£/i - 3£g£bil^ + f^^^o + 3£hA^ + Sb^^d + gt£g 

+ guSh + 3£g£™ - t)i)r + (-2£b£s - 3£g£6 + 2ebeh^^ + Segn^r^)n + {el - n^r^)A 



3eheb{^ X A) + el{n x A) + {ebgu + n^gt){^ x r) - Seh^^ir x A) 

- eb^^ir X A) + [iil^in^r^ - el) - 3el - £&<;„ - gteb - gur^ + 2£b£,„]A 

+ (3ri^£6£g - ebQi - 3r2*£/i + il^^o + 3£hA^ + £h<rd + gteg + guen + 3£g£„ - di)r 

+ {Sr^n^eg + 2Q^ebeh - ^Sgsl)^ - - £l)A 



3£ft£b(rj X A) + £^($7 X A) + {ebgu + i^'^gt){^ x r) - 3ehn'^{r x A) 

- £hf^^(r X A) + (3f7Va - 3£^j - £6T„ - gtSb - gur'^ + 2£fc£™)A 

+ (3ri^£b£g - ebQi - 3r2*£/i + r2^<ro + 3£hA^ + eb^^d + gt£g + guSh + 3£g£,„ - di)r 



+ {Sr'^n'^eg + 2^febeh - 5£g£fc)rj - iplA by ( ]5lb| ) 
3£ft£6(rj X A) + £^($7 X A) + t)i(f2 X r) - 3£/ir2^(r x A) 



ebfl {r X A) + t)jA + tjjr + X)kft - Lp^A by (5.23n) 



(5.44g) 



a,, = a X e by ( p5b| ) 

= {{n ■ r)rj - f7^r + A X r] X [yo(p x fJ) + (^g(^/i(p x A) + + (/s^A - y„p] 



by (1.4a) & (5.40a) 
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: ro£6[f^ X (p X ^)] + (Pg(ph£b[^ X (P X A)] + ipiEbifi X A) - x p) 

- ^o^'^[r X (p X O)] - (pgiph^'^[r X (p X A)] - Pr^'^{r x ft) - ipiQ'^{r x A) 
+ j:„f^^(r X p) + yo[(A x r) x (p x ft)] + ipgiph[{^ x r) x (p x A)] 
~^r[^x (Ax r)] ~ ip,[A X {A X r)] +y„[p x (Ax r)] by ( |5.1a| ) 

: (i9i£b(r2 X A) — j:„efc(r2 x p) — ^r^'^i^ x $7) — (^iri^(r x A) + j:„ri^(r x p) 
+ Joehi^^'p - ^{p ■ f^)] + fg(ph£b[p{^ ■ A) - A{n ■ p)] - rof^'[p(r • fl) - f7(p • r)] 

- ^g^h^^[p{r ■ A) - A(r • p)] + u[p{fl ■ (A x r)) - n{p ■ (A x r))] 
+ <fgfh[p{A ■ (A X r)) - A(p • (A x r))] - y,[A(f2 • r) - r{n ■ A)] 
~ ¥>,;[A(A • r) - A^r] + y„[A(p • r) - r(p • A)] hy ^ k (p|) 



: ipiEbi^ X A) — ^u£b{^ X p) — };rf^^(r x fJ) — (/?ifJ^(r x A) + j:n^2^(r x p) 
+ fo£b{^^P - £c^) + (pg(ph£b{£gP - £cA) - Po^'^{£bP - £f^) 

- (pglfh^^{£hP - £/A) + yo(£mP - £o^) - ^g^h£o-^ - yr(ebA - £gY) 



- (pi{£hA - A^r) + j:„(e/A - e^r) by ( |5.1a| ) 

: (/?i£f,(r2 X A) — ^u£b{^ X p) — ij-Vt^^r X r2) — ipiVi^{v x A) + j:nri^(r x p) 
+ io£b^'^P - lo£b£c^ + ipg(ph£b£gP - (pg(ph£b£c-^ - j:oi^^£6P + yof^^£/J^ 

- (pgiphft'^ehP + (pgiph^'^£fA + j:o£,„p - fo£o^ - (pg(ph£oA ~ fr£bA + ^r£gr 

- fiEfiA + ipiA^v + j:„£ /A - iu£i^ 



- (pi£b{^ X A) — j;„£f,(f2 X p) — ir^'^{v X O) — ipiVt^{Y X A) + j;„f2^(r x p) 
+ {lo£b^'^ + (Pgfh£b£g - yof^^£6 - LpgLphVL^Eh + yo£m)p + (-yo£6£c + yof^^£/ - lo£o)^ 



+ {-ipg(ph£b£c + iPgifh^'^Ef - Vg^h£o - yr£fc " Vi£'i + lu£f)A + (^^£5 + <(5i A^ - j:„ 
: ipi£b{^ X A) — y„£6(r2 X p) — ^j.^'^{v X rj) — ipiVt^{Y X A) + lu^'^{v X p) 
+ yo(0^£/ - £b£c - £0)^ + (yr£g + </3iA^ - lu£%)v + (efcEg - £/iri^) + yo£m]p 

+ [lu£f - lr£b - fi£h + (pgfh{^'^£f - £b£c - £o)]A 

: (Pt£b{^ X A) - y„e6(Jl X p) - ^r^'^{r x ft) - tpiQ'^{r x A) + yufi^(r x p) 



Or 



+ yoOmJ^ + ri„r + tjoP + by (5.23n) 



(5.44h) 



3, = a X e by (3.15b) 



: [{fl ■ r)n - fi^r + A X r] X [j:p(p x fl) + 2j:o(p x A) + (pgiphiP x A) + y^Jl 

+ 2y,A + ip,A - hP] by (Oi) & ^AO^ 
■■ yp£6[rj X (p X fl)] + 2yo£h[J^ x (p x A)] + (pgtph£b[^ x (p x A)] + 2^r£bi^ x A) 
+ (/3j£b(r2 X A) - ^v£b{^ X p) - j:pf7^[r x (p x fl)] - 2^o^'^[ic x (p x A)] 

- ipgiph^'^[y^ X (p X A)] - ysfi^(r x $7) - 2^r^'^{r x A) - (pifl'^{r x A) + y„ri^(r x p) 
+ yp[(A X r) X (p X ft)] + 2yo[(A x r) x (p x A)] + ipgtphiiJ^ x r) x (p x A)] 

— X (Ax r)] — 23;r[A x (A x r)] - ipi[A x (Ax r)] + j:i,[p x (Ax r)] by (5.1a) 
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: 2^r£b{^ X A) + ipiEbi^ X A) — JCvEbi^ X p) — ^^^^^(r X $1) - 2^r^'^{r X A) 

- ip,n^{r X A) + X p) + j^pSblQ^p - f2(p • Q)] + 2yoeh[p(rJ • A) - A{n ■ p)] 

+ >fig^heb[p{^ ■ A) - A(p • ft)] - ypl^'[p(r • ft) - fl{p ■ r)] - 2^o^^[p{r ■ A) - A(r • p) 

- >fig^hn^[pir ■ A) - A(p • r)] + yp[p(f2 • (A x r)) - fl{p ■ (A x r))] 

+ 2yo[p(A • (A X r)) - A(p • (A x r))] + (^g</?/.[p(A • (A x r)) - A(p • (A x r))] 

- ^s[A{n ■ r) - rin ■ A)] - 2y,[A(A • r) - A^r] - (^,[A(A • r) - r(A • A)] 
+ y,[A(p • r) - r(p • A)] by (O) & (|r|) 



= 2^r£b{^ X A) + ifiSbi^ X A) - j:„eh(r2 x p) — ^s^'^{r x $7) - 2j:,.f7^(r x A) 

- ifiifl'^ir X A) + j:„fi^(r x p) + ^pSbi^'^p - ecCl) + 2^oSb{sgP - £cA) 
+ (pgifihSbi^cP - ScA.) ~ ^pil'^isbP ~ e/Jl) - 2}:ofl'^{ehP - e/A) 

- LPgiphn'^{<;nP - e/A) + yp(emp - So^) - 2yo£oA + fgiphi'i^hP - EoA) 

- ys(£bA - e^r) - 2^r{£h^ - A^r) - (^i((r„A - ^<jr) 
+ y„(£/A-£,r) by ([5la|), (l5.23a|) & (|5.23t|) 



= 2j:r£fc(J^ X A) + ifiSbi^ X A) — ^v£b{^ x p) — ^s^'^ir x $7) - 2j:rf^^(r x A) 

- ipifl'^ir X A) + j.yil'^ir X p) + ypefofi^p - fpSbSc^ + 2^o£b£gP - 2^o£b£c^ 
+ (pg(ph£b'^cP - fgiph£b£c-^ - jpri^EbP + ypfi^e/rj - 2^o^'^£hP + 2yori^e/A 

- ipgiphfl'^':,nP + ipgiphfl'^EfA + ypEniP - ^p£o^ - 2^o£o-^ + ^gVh^hP - iPgiph£o-^ 

- ysEfeA + ysE^r - 2^r£h-^ + 2^r^^r - (/Jj^„A + (/j^cr^r + y^e/A - y^e^r 

— 2]:r£bi^ X A) + ipiEbifi X A) — yi,eh(r2 x p) — ^s^^{r x fl) — 2^r^^{j^ x A) — ipifl'^{r x A) 
+ y„f^^(r X p) + {-^pEbEc + fpfi^e/ - ^p£o)^ + {-(pg(ph£b£c + (pg(ph^'^£f - fg(ph£o)^ 

+ (ypefcfi^ + 2^o£b£g + iPg^h£b'ic - ^p^^£b - 2^o^'^£h - (Pgifih^^Qi + lp£m + VgVh^h)P 

+ {is£g + 2yrA^ + <y9j^d - y^,£i)r + (-2yo£b£c + 2yof^^e/ - 2yo£o - i^Eb - 2ir£h - ^i^n + lv£f)^ 

= 2j:re6(J^ X A) + tpiEb{^ X A) - iv£b{.'^ X p) — X Jl) - 2j:,.n^(r x A) 

- V5iil^(r X A) + j:,„fi^(r x p) +ip{n'^Ef - Eb£c - £o)^ + (pgfh{^'^£f - £b£c - eo)A 

Ei)r + [^pEm + 2Yo{£b£g - ^'^£h) + •^giph{£b<ic - f^^^n + ^h)]P 

+ - is£b - 2ir£h - Vi^n + 2yo(17^e/ - e^ec - eo)]A 



= 2j:r£6(J^ X A) + LpiEb{^ X A) — iv£b{^ X p) — x rj) — 2j:rf^^(i" x A) 

- Lpi^l^iv X A) + y„f^^(r x p) + jptj^O + LpgiphX}^k + tj^r + X}rP + t)sA 
by (|5.23n|) & (|5.23o|) 



(5.44i) 



= a X a by ( |3.15bD 

= [2eftf2 - 3egr + A x r - f^^(r2 x r) + e;,A] x [Se^A + e^A + gt^ + e„r 
+ 2eh(A X J7) - 3f72(A x r) - 3eg(r2 x r) + (A x r)] by ( |530a| ) & ( |530b| ) 
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= Gelin X A) + 2efae,i(f2 x A) + 2gueh{ft x r) + Aetehi^ x (A x n)] ~ 6n'^eh[n x (A x r)] 

- 6£g£ft[r2 X (O X r)] + 2£/i[Jl x (A x r)] — 9eh£g{r x A) — 3ef,eg(r x A) — 3gteg{r x $7) 

- 6ebeg[r x (A x ft)] + m^eg[r x (A x r)] + 9e^[r x (J7 x r)] - 3eg[r x (A x r)] 

- 3eh[A X (A X r)] - efc[A x (A x r)] - gt[fl x {A x r)] - e„[r x (A x r)] 

+ 2eh[(A X r) X (A X fl)] - Sfl'^HA x r) x (A x r)] - 3eg[(A x r) x (J7 x r)] 

+ [(A X r) X (A X r)] + 3eh^'^[A x {n x r)] + et^'^iA x {fl x r)] + gtn'^[n x {fl x r)] 

+ gn^'^ir X {fix r)] - 2ebfl^[{fl x r) x (A x fl)] + 3n'^[{fl x r) x (A x r)] 

- n'^[{fl X r) X (A X r)] + sl{A x A) + gteb{A x fl) + guSb{A x r) + 2eg[A x (A x fl)] 

- 3n^et[A x (A X r)] - SsgEbiA x {fl x r)] + eb[A x (A x r)] 



: {6el - gteb){fl x A) + 2ebSh{fl x A) + {2gueh + 3gteg){fl x r) + {9eheg + guSb){A x r) 

- 3ebSg{r X A) + eg(A x A) + Asbehi^^A - fl{fl ■ A)] - 6Q^eh[A{fl ■ r) - r{fl ■ A)] 

+ {gtfl^ ~ 6sgeh)[fl{fl ■ r) - Q\] + 2eh[A{fl ■ r) - r{fl ■ A)] ~ 6sbSg[A{r ■ fl) - fl{r ■ A)] 
+ 9n'^eg[r^A - r(r • A)] + {Qe^ + g^n^)[r^fl - r(r • fl)] - 3eg[r^A - r(A • r)] 

- 3£/,[A(A • r) - r(A • A)] - £fc[A(A • r) - A'r] - gt[A{^ ' r) - r{fl ■ A)] - g4r^A - r(r • A)] 
+ 3{ehn^ ~ egeb)[fl{A ■ r) - r(A • fl)] + ebn^[fl{A ■ r) - r(A • fl)] + 2el[A{A ■ fl) - A^fl] 

- 3n^eb[A{A ■ r) - A^r] + efc[A(A • r) - r(A • A)] + 2eb[A{fl ■ (A x r)) - fl{A ■ (A x r))] 

- m'^[A{r ■ (A X r)) - r(A • (A x r))] - 3eg[fl{r ■ (A x r)) - r{fl ■ (A x r))] 
+ [A(r • (A X r)) - r(A • (A x r))] - 2ebn^[A{fl ■ {fl x r)) - fl{A ■ {fl x r))] 

+ 3f7''[A(r • {fl X r)) - r(A • {fl x r))] - n^[A{r ■ {fl x r)) - r(A • {fl x r))] by (O) & (|A^ 



: {6el - gtSb){fl X A) + 2ebSh{^ x A) + {2gueh + 3gteg){fl x r) + {QshSg + £'„eb)(A x r) 

- 3e6£g(r X A) + eg(A x A) + 4,ebeh{n'^A - Sgfl) - &n'^eh{ebA- - Sgv) 

+ {gt^"^ - &egeh){ebn - fl^v) + 2£,,(ehA - ^,,r) - 6£6£g(£6A - enfl) + 9n'^eg{r^A - euv) 
+ {9el + e„r!2)(r2f2 - Sbv) - 3eg{r^A ~ ^^r) - 3£,,(£,,A - ^^r) - £6(^„A - A'r) 

- gt{ebA - Qr) - 6i„(r^A - ^„r) + 3{£h^'^ - £g£b){£h^ - Sg^) + £b^'^{^n^ - Qr) 

+ 2el{£gA - A^fl) - 3n^£b{£hJ^ - A^r) + £fc(£,,A - ^r) + 2£b(-c);A + X)h^) - 3nHhr 



- 3£g()/r - X)jV + 2£bO^0fcf^ + 30*£^r + l^^S^r by (5.1a), (5.23a), (5.23b) & (A.4) 



: {Qel - gt£b){^ X A) + 2£b£h{^ x A) + {2gueh + 3gt£g){fl x r) + {9eh£g + gu£b){^ x r) 

- 3£6£g(r X A) + £ft(A X A) + AsbSh^^^ - 4,£b£h£g^ - 6fl^£h£b^ + 6n^£h£gr 

+ £b{gt^'^ - 6£g£h)fl - fl'^{gt^'^ ~ 6£g£/i)r + 2£,,£bA - 2£hqyj: - 6£fc£gA + G£b£g£h^ 

+ 9fi'£gr^A - 9V?£g£hr + r^{9£l + gu'^^)^ - £b{'^e\ + gufl^)v - 3£gr2A + 3£g^or - 3£^A 
+ 3£y,<^dX - ebZ.nA + £hA^r - gt£bA + gt^ci" - Qur^ 'j^ + Pu^ni" + 3£h{£h^^ - eg£b)fl 

- 3£g{£h^^ - £g£b)v + £6l7\„rj - £bfl^^c'r + 2£g£gA - 2£lA^fl - 3V? £b£h^ + 3fl^£bA^Y 

+ £b£/iA - £{,Qr - 2£b'^iA + 2£b'Qh^ - 3V?'iihV - 3£„c)/r - O.r + 2£bflHk^ + 3f^**£„ir + fl^'^^v 
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{Gel - 0t£b){^ X A) + 2ebShi^ x A) + {2gueh + 3gt£g)i^ x r) + {9eh£g + gu£b){A. x r) 
- SebEgir x A) + £^(A X A) + (-3e^ - eb<^n ~ et£b - £'n7'^)A + {2eh£b - Se^r^ + £b£h)^ 
+ (4efc£ftJ72 - en'^ehEb ~ Geleg + m'^Sgr'^ + 2egeg - Sn'^ebSh ~ 2ebdi)A 
+ [~4:Sb£h£g + £b{gt^'^ - Q£g£h) + 6£b£g£h + r'^{^£l + Qu^'^) + 3£h{£h^'^ - £g£b) 
+ £6f7\„ - 2e2A2 + 2ebQh + 2ebnHk]^ 

+ [Qn'^£h£g - ^^{Qt^^ - &£g£h) - '^.Eh^h - 'dn'^£g£h " efc(9eg + Qu^'^) + "&£ g^o + ^fcA^ + gt?c 

+ Qu^n - 3eg(£/iJl^ - eg£b) - Eb^l^Q + Sri^EfcA^ - efcQ - iVL^Xfh - 3egl); - J)j 



= (6e^ ~ (?t£b)(J^ X A) + 2£b£h{^ X A) + (2e„e,, + 3(?t£g)(rj x r) + {%£h£g + Qu£b){-^ x r) 

- i£b£g{v X A) + el{K X A) - (3^ + £b^n + Qt£b + tiMT-^jA + 3(£,i£6 - £gr^)A 
+ [hn^ir'^Eg - £b£h) + 4£g(r2r!2 _ _ 2ebM^ 

+ [7£g(r2£g - £fc£^) + n^EbiQt + 2J)fe + <r„) + f72(r2p„ + 3£^J + 2eb{^h - ^•^£b) + 2r2£2]n 
+ [r!4(3£,„ - Qt) + r!2(c)„ - 3^),,) + n^EbiiK^ -Qu- q) + £b(A' - 6£2 - q) 
+ £h(i^d - 2(,h) + 3£g(^o - f;) + fi'tTc + Qu<,n - Ojlr 

= {QeI - Qt£b){^ X A) + 2£f,£/i(rj X A) + {2gu£h + 3git£g)(rj x r) + (9£h£g + e„£6)(A x r) 

- 3£h£g(r X A) + £^(A X A) - (3£^ + £6^„ + gt£b + Qur"^)^ ~ 3(£gr^ - £/i£6)A 
+ [5f72(r2£g - EbEh) + 4£g(r2r!2 _ ^g) _ 2ebM^ 

+ [7£g(r2£g - £fc£^) + n^EbiQt + 2i)fe + <r„) + f7^(r2e„ + 3£^J + 2eb{X>h - A^Eb) + 2r2£2]J2 
+ [174(3£,„ - gt) + r!2(c),„ - 3^,0 + n'sbiik^ -Qu- + £b(A' - 6£2 - 

+ £h{i'^d ~ 2^,,) + 3£g(<ro - I);) + PtQ + Qu'^n " 5j]r 

= (6£?j - Qt£b){^ X A) + 2£h£/i(f2 X A) + {2Qu£h + 3£»t£g)(ri X r) + (9£/i£g + 6i„£6)(A X r) 

- 3£6£g(r X A) + £g(A X A) + (5^2 Vc + '^£gvl - 2£fc^;)A - (Se^ + £b<in + Qt£b + £'«J'^)A 

- 3(^cA + [7£g(y9c + n^EbiQt + 2^fc + <r„) + n^ir'^Qu + iel) + 2£6(c)h - A^£b) + 2r2£2]rj 
+ [r!^(3£™ - ft) + _ 3i,^) + r!2£fc(3A2 - e„ - q) + £fc(A' - Qe^ - 

+ eh(3^<i - 2^,j) + 3£g(^o - X>i) + Qt<;c + Qu'in - f j]r by ( |5.1b| ) 



t)t(fl X A) + 2£f,£ft(JI X A) + t]„(JI X r) + ti„(A X r) - 3£b£g(r X A) + £2(A X A) 

(5.44j) 



t)^A - i]a;A - 3v3cA + tiyfJ + t)^r by ( |5.23oD 



3fc = a X e by (|3.15b| ) 



[2£hn - 3£gr + A X r - r2^(r2 X r) + £fcA] x [j:o(p x + (/3g(^/i(p x A) + + lyS^A - j:„p] 
by ( ^.30aD & ( ^.40a| ) 



2yo£ft[rj X (p X rj)] + 2</?g</?,i£/i[n x (p x A)] + 2Lpi£h{^ X A) - 2iu£h{^ x p) 

- 3yo£g[r X (p X Q,)] - ZipgLphEg[r x (p x A)] - 3yr£g(r x rj) - 3(^,£g(r x A) 

+ 3y„£g(r X p) + yo[(A x r) x (p x Vl)] + (pg(/3,,[(A x r) x (p x A)] - ^^[$7 x (Ax r)] 

- (^4^ X X I")] + j:„[p X (A X r)] - io^'^[{^ x r) x (p x $7)] - LpgLphn^[{n x r) x (p x A)] 
+ ir^^[n X (n X r)] + ipiVt^lA X ($7 X r)] - j:„ri^[p x ($7 x r)] + j:o£6[A x (p x $1)] 

+ Lpg^phEb[^^ X (p X A)] + yr£fc(A X J7) - y„£6(A x p) 
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: i2Lpieh - Tr£b){^ X A) - 2y„e/i(f2 x p) - 3yreg(r x n) - 3(pieg{r x A) 
+ 3y„£g(r X p) - y„£6(A x p) + 2yoe,,[17^p - r2(p • n)] + 2ipgipheh[p{fl ■ A) - A(f2 • p) 

- 3yo£g[p(r2 • r) - fl{p ■ r)] - SifgiphSglpir ■ A) - A(r • p)] - yr[A(0 • r) - r(r2 • A)] 

- ip^[A{-^ ■ I") - • A)] + ?„[A(p • r) - r(p • A)] + ^r^^[Ct{n ■ r) - n^r] 

+ if,n^[n{A ■ r) - r{n ■ A)] - h^^[n{p ■ r) - r(p • O)] + j;oeb[p(A • O) - ^(A • p)] 

+ ipgifhEbiA'^p - A(A • p)] + u[p{^ ■ (A X r)) - 0(p • (A x r))] 

+ (^g^4p(A • (A X r)) - A(p • (A x r))] - yof^'[p(0 • x r)) - rj(p • {ft x r))] 

- ipgiphfl^ipiA ■ {n X r)) - A(p • {n X r))] by ^ & (O) 



: {2ipieh - Tr£b)i^ X A) - 2y„eft(r2 x p) - 3y,.eg(r x r2) - 3ipieg{r x A) 
+ 3y„eg(r x p) - y„e6(A x p) + 2^o£h{^'^P - £c^) + 2ifgifh£h{£gP - £cA) 
- 3^o£g{£bP - £f^) - SifgifhEgiehP - £fA) - ^r{£bA - c^cr) - ipi{£hA - c^dr) 
+ y„(e/A - c^ar) + ^M'^{£bn - n'^r) + ip^n'^{ehn - e^r) - y„172(e/r2 - e^r) 

+ ^o£b{£gP - £i^) + ipgifh£b{A^P - £iA) + yo(-5(P - ^n^) + ipgifh{~'QhP - fnA) 

+ £ii:o^^n - ^g^hn\-e„S - £iA) by (pS), (p3^ & (p3b|) 



= {2(fiieh - ?r£6)(f^ X A) - 2y„e,i(r2 x p) - 3^r£g{r x fl) ~ 3ipieg{r x A) 
+ 3y„eg(r x p) - y„£6(A x p) + 2^o£h^'^P ~ 2yo£ft£cf^ + 2ipgiph£h£gP - 2ipgiph£h£cA 

- 3^o£g£bP + 3^o£g£f^ - 3LpgLph£g£hP + 3LpgLph£g£fA - lr£bA + y^Qr - LpiShA + tpii^dr 

+ j:„e/A - lu'^aX + ^M'^£b^ - fM'^r + ipiil'^ehft ~ •ft^'^£gY - y^fi^e/Jl + Iu^^£cY 

+ lo£b£gP - lo£b£i^ + ^g'^h£bJ^^P - Vg'f>h£b£iA - lo^ip ~ yoC)„rj - ipgLph^hP - •^g^h^inA 

+ ezyoil^rj + ipgiph^^EmP + ^Pg(ph^'^£iA 



= {2tpieh - Tr£b)i^ X A) - 2y„£h(J^ x p) - 3y,.£g(r x ft) - 3ipieg{r x A) + 3y„£g(r x p) 

- y„£6(A X p) + (-j:,.£fc - (pi£h + ?ue/)A + (jrQ + f i'id - fu^a " fr-f^^ " ^i^'^£g + ^u^^£c)r 
+ {2^o£h^'^ + 2ipgiph£h£g - 3^o£g£b - 3(pg(ph£g£h + lo£b£g + (Pgiph£bA^ - lo^l - (figiph^h 

+ ipgiphfl'^e„i)p + {-2po£h£c + iU£g£f + ^r^^£b + (Pi^'^£h ~ ?ufi^e/ - ^o£b£i ~ fof n + £llo^^)^ 

+ {-2lo£h£c + 3j:o£g£/ + lr^^£b + V'if^^'^/i " " lo£b£i ^ U'^n + £llo^^ 

- 2ipg<^h£h£c + 3<^g(^h£g£/ " If gif h£b£ i " </5g</5/l5„ + (/Jg (/3ft fi^ £( ) A 



: (2(^i£/i - yre6)(f^ X A) - 2y„£ft(r2 x p) - 3yreg(r x rj) - 3</jj£g(r x A) 
+ 3yu£g(r X p) - y„£b(A x p) + - ^'^) + ViC^d - ^^^£3) + lu{^^£c - ^o)]i 

+ \V?{2ehlo + £m<^g<^/i) - ro(3/ + 2£6£g) + (pgiph{A^£b -'Oh- £g£h)]p 

+ [^'^{£110 - £/y« + £blr + £hfi) + ?o(3£/£g - 2ec£h - £b£i - ^n)]^ 

+ Vgfh{-2ec£h + 3£/£g - £b£'i. - fn + ^'^£i)A + (y„£/ - ^r£b " fi£h)A 

}€a{^ X A) ~ 2y„£/i(rj X p) - 3y^r£g{r X $7) - 3(/3i£g(r x A) + 3y„£g(r x p) 
- j:„£6(A X p) + Xfcr + x^p + Xf^l + ipg(phXdA + x^A by ( ^.23pD 



(5.44k) 
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5, - a X e by ( p5b| ) 

= [2e^f2 - 3egr + A x r - fi^(r2 x r) + e^A] x [j:p(p x $1) + 2j:o(p x A) + (pg(ph{p x A) 

+ y^rJ + 2y^A + ip.A - y„p] by ( ^.30a| ) & ( |5.40bD 
= 2yp£/i[J7 X (p X + 4yoe/i[rj x (p x A)] + 2tpgtpheh[fl x (p x A)] 
+ 2y,.eh(J^ xfl)+ i^rShi^ x A) + 2(^,eft(rj x A) - 2y„eft(rj x p) 

- 3ypeg[r x (p x ft)] ~ 6yoeg[r x (p x A)] - 3ipgipheg[r x (p x A)] 

- 3^s£gir X rj) - 6y,.eg(r x A) - Sip^Egir x A) + 3y„eg(r x p) 

+ yp[(A X r) X (p X fl)] + 2yo[(A x r) x (p x A)] + ipgiph[{A x r) x (p x A)] 

- j:s[J7 X (Ax r)] — 2j:r[A x (A x r)] — ipi[A x (Ax r)] + j:„[p x (Ax r)] 

- ^p^f[{n X r) X (p X n)] - 2yof}2[(J7 x r) x (p x A)] - ipg(phQ'^[{n x r) x (p x A)] 
+ ^s^'^i^ X (fix r)] + 2y^fi2[A x (f2 x r)] + (p.,n'^[A x {n x r)] - h^'^iP x {n x r)] 
+ yp£6[A X (p X fl)] + 2yo£6[A x (p x A)] + ipgtpheb[A x (p x A)] + yse6(A x fl) 

+ 2yr£b(A X A) + iptEbiA x A) - yi,£b(A x p) 



= {4^r£h ~ ^s£b){^ X A) - 2^,,eh{fl X p) - 3^s£g{r x fl) - 6^r£g{r X A) 
+ 3y„eg(r x p) - y„eb(A x p) + 2ip,eh{fl x A) - 3ipieg{r x A) + (p^eb{A x A) 
+ 2^peh[fl X (p X fl)] + 4yoe/i[rj x (p x A)] + 2tpgiph£h[^ x (p x A)] 

- 3yp£g[r X (p X fl)] - 6^o£g[r x (p x A)] - 3tpg(ph£g[r x (p x A)] 
-3:s[r2 X (A X r)] - 2j:r[A x (A x r)] - (pi[A x (A x r)] + ^v[p x (A x r)] 

+ X (f2 X r)] + 2^^^^^^^ x ($7 x r)] + <^^fi^[A x (f2 x r)] - y„f72[p x (f2 x r)] 

+ fp£b[A X (p X ft)] + 2j:oefc[A x (p x A)] + (pgiph£b[A x (p x A)] 

+ j;p[(A X r) X (p X fl)] + 2yo[(A x r) x (p x A)] + tpgiph[{A x r) x (p x A)] 

- ^pfl'^[{fl X r) X (p X ft)] - 2^o^'^[i^ X r) X (p X A)] - ipgiphfl'^[{fl x r) x (p x A)] 



= {i^r£h - ^s£b){^ X A) - 2y^,£/i(r2 x p) - 3y^.eg(r x fl) ~ 6yr£g(r x A) 
+ 3h£gir X p) - y„e6(A x p) + 2ip,ehifl x A) - Sip^Egir x A) + ipiSbiA x A) 
+ 2^pSh[n^p - flifl ■ p)] + Au£h[pif^ ■ A) - A{fl ■ p)] + 2ipgiph£h[pii^ ■ A) - A{fl ■ p)] 

- 3yp£g[p(r • fl) ~ fl{r ■ p)] - 6^o£g[pir ■ A) - A(r • p)] - 3v3g(/7/ieg[p(r • A) - A(r • p)] 

- ?,[A(rj • r) - r{fl ■ A)] - 2y^[A(A • r) - r(A • A)] - ipi[A{A ■ r) - a\] 

+ y.JA(p • r) - r(p • A)] + y.r^^jfij-j^ . j.) _ ^^2^.] _^ 2y,.172[rj(A • r) - r(A • fl)] 

+ ip,n^[fl{A ■ r) - r(A • fl)] - h^^[fl{p ■ r) - r(p • fl)] + ypefc[p(A • fl) - fl{A ■ p)] 

+ 2^o£b[A^P - A(A • p)] + ^g(ph£b[p{^ ■ A) - A(A • p)] + ^p[p{fl ■ (A x r)) - fl{p ■ (A x r))] 

+ 2j:„[p(A • (A X r)) - A(p • (A x r))] + ^gif h[p{A ■ (A x r)) - A(p • (A x r))] 

- ^pfl'^lpifl ■ {fl X r)) - fl{p ■ {fl X r))] - 2^o^'^[p{A ■ {fl x r)) - A(p • {fl x r))] 

- iPg^bn^[p{A ■ {fl X r)) - A(p • {fl X r))] by (^ & (0) 
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: (Aj^rSh - rseh)(f^ X A) - 2y^,e/i(r2 x p) - S^sSgir x n) ~ 6y,.eg(r x A) 
+ SfyEgir X p) - y.„eb(A x p) + 2ipieh{fl x A) - 3(pieg{r x A) + ipiSbiA x A) 
+ 2ype,i(f]^p - Ec^) + i^EhiegP - EcA) + 2Lpgtfheh{^3 - £cA) - 3ypeg(£6p - e/fi) 

• 2 

- 6yo£g(e;iP - e/A) - 3(/3g(^;i£g(<;„p - £/A) - ys(ebA - Qr) - 2y,.(e/iA - ^^r) - (/3i(<;„A - A r) 
+ j:i,(e/A - (,aY) + - fi^r) + 2j:rf^^(£hr2 - e^r) + ipi9?{(;n^ - Qr) - i^Vt^{efrt - £^1") 
+ yp£b(effP - e-i^J) + 2yo£(,(A^p - e^A) + </7g(/3h£6(<rrfP - £iA) + yp(-c)/p - c)„rj) 

+ 2yo(-c),,p - t)„A) + (^g(^,j(-^„A) - ypf72(-£,J7) - 2yof^2(-£,„p - £,A) 

- ^g^h^''{X)S - Elk) by (|;23^ & ( p3b| ) 



= {AirSh ~ ls£b){^ X A) - 2y„£^(rj x p) - 3y5£g(r x J7) - 6yr£g(r x A) 
+ 3y„£g(r X p) - y„£fc(A x p) + 2ipiEh{^ x A) - 3</7,£g(r x A) + ip,Eb{A x A) 
+ 2yp£hl72p - 2yp£,j£crj + 4yo£,j£gP - 4yo£,j£cA + 2(^g(^,i£,j^cP - "^VgVh^hecA 

- 3yp£g£6P + 3yp£g£/J7 - &lo£gehV + 6yo£g£/A - iipgiphSg^nP + 3(^g(^h£g£/A 

• 2 

- isEbA + y^^cf - 2j:re/iA + 2j:r';dr - </5i^nA + ifiA r + j:„£/A - y^^af + j:sf^^£6ri - Is^'^y 
+ 2j:rri^£/irj - 2j:,.ri^£gr + ipiVL^c.^^ - ipiVt^^cY - iv^'^EjSl + j:„f7^£cr + j:p£h£gP - ipEbEi^ 
+ 2yo£fcA^p - 2yo£fc£iA + Lpg(ph£b'idP ~ ifgiphSbSiA - ypO/p - ypl)„f2 - 2yoC),,p - 2yoC)„A 

- <y9g<y9/jC)„A + ip^^EiO. + 2yof^2£„p + 2io^'^£iA - Lpgtphflhip + tpgiph^'^EiA 

: (4yr£h - rseb)(f^ X A) - 2^yEh{fl X p) - 3ys£g(r x fJ) - 6y,.£g(r x A) 
+ 3y.t,£g(r X p) - y„£6(A x p) + 2ip,Eh{fl x A) - 3(/3i£g(r x A) + tpi£b{A x A) 

+ [2yp£ftl7^ + 4yo£/i£g + 2Lpgiph£h^c - 3^p£g£b - QU£g£h - 3ipgiph£g<^n + lp£b£g + 2yo£bA^ 

+ ipgiph£b<id - 2^o^h - fpt" + 2j:ori^£m - v3g(/?/iSl^c)/]p 
+ [-4^o£h£c + G^o£g£f - 2j.o£b£i - 2j:ot)„ + 2j:of^^£;]A 
+ [js^c + Sy^^d + VzA" - ^y<;a - ys^^** - 2^r^'^£g ~ (^^ri^^c + j:.„ri^£c]r 

+ [-2j:p£;,£c + 3j:p£g£/ + ysf^^£fc + 2j:,.ri^£/i + (piil'^'^n ~ h^^£f ~ lp£b£i - Fp<^n + ^pi^^El]^ 

+ [-2(pgiph£h£c + 3(pgiph£g£f - ^s£b - '^lr£h - Vi^n + - (Pgiph£b£i - Vgfh^n + 'fgfh^'^£l\A 

= (4yr£/i - r^s£b)i^ X A) - 2^^£h{fl X p) - 3ys£g(r x ft) ~ 6yr£g(r x A) 
+ 3yi,£g(r X p) - yt,£h(A x p) + 2ip^£hifl x A) - 3(^i£g(r x A) + ipiEbiA x A) 
+ [2f7^(yp£/i + yo£„i) + 2yo(£f,A^ - £g£/i - 0^) + Lpgiph{-n'^di + 2Eh';c - 3£g^„ + £b<,d) 

- lp{2Eg£b + C)/)]p + 2yo[f^^£/ - 2£ft£c + 3£g£/ - £b£i ~ f „]A 
+ [VL'^{ls£b + 2yr£ft + - lyEf + IpEi) + yp(3£g£/ - 2£,i£c - £fc£i - 

+ ['Pgiph{i£g£f - 2£,,£c - £b£i - fn + f^^£/) - ys£fc - 2yr£ft - LpiC,n + yt,£/]A 

+ [is{^c - + 2y^(<^d - n^Eg) + ^i{A^ - + ?«(f^^ec - ^a)]r 
= Kg{n X A) - 2y„£/i(rj X p) - 3ys£g(r x Vl) ~ Qir£g{v x A) 
+ 3yt,£g(r X p) - i^Eb{A x p) + 2ipi£h{Q. x A) - 3(^i£g(r x A) + (^i£6(A x A) (5.441) 



+ 2j:o^f,,A + + ^<feA + xir by (5.23p) 
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: e X a by ( pl5b| ) 

: [fo{p X n) + ipg(ph{p X A) + y,.!! + ip.,A - j:„p] x [3e/iA + etA + gtfl + QuV 
+ 2eb(A X n) - 317^ (A x r) - ieg{n x r) + (A x r)] by ( ^.30b| ) & (|5.40a| ) 

: -3£hyo[A X (p X $7)] - ehyo[A x (p x O)] - ftyo[rj x (p x Q.)] - ftjo[r x (p x 
+ 2e6yo[(p X rj) X (A X - 3f72y4(p x J7) x (A x r)] - 3egyo[(p x rj) x (f2 x r)] 
+ yo[(p x n) x (A X r)] - "ieh^Pg^hl-A x (p x A)] - £bipgiph[k x (p x A)] 

- git(^g(^ft[J7 X (p X A)] - gu(pgiph[Y X (p X A)] + 2ef,</7g(/5ft[(p x A) x (A x Q.)] 

- ?,n^ipgLph[{v X A) X (A X r)] - iSgipgiphliv X A) X (f2 X r)] + </?g(^h[(p x A) x (A x r)] 
+ iShTri^ X A) + ehh-{^ X A) + Quiri^ X r) + 2£i,lr['^ X (A X n)] 

- X (A X r)] — iegir[^ x (Jl x r)] + y^i^^ x (Ax r)] + eb^i{A. x A) + Qt(pi{A. x Jl) 
+ Qu^ii-A X r) + 2eb^i[A. X (A X Jl)] — 'i^'^ipi[K x (A x r)] — 'ieg(pi[A x (fJ x r)] 

+ (^.[A X (A X r)] - 3e/j„(p x A) ~ SbUiv x A) - Qtlu{^ x $7) - £»„y„(p x r) 

- 2e6y„[p X (A X + 3f22y„[p x (A x r)] + 3egy„[p x x r)] - y„[p x (A x r)] 



= (3e,,y,. - Qt'^i){^ X A) + Qulr{^ x r) + QuVii^ x r) - £»ty„(p x f2) 

- Quluiv X r) - ishluiv X A) - ehy„(p x A) + £blr{^ x A) + £bVi{K x A) 

- 3£,iyo[A X (p X n)] - ehyo[A x (p x n)] - gt^o[^ x (p x $7)] - £»„yo[r x (p x n)] 

- Sehfgiphl^ X (p X A)] - ebtpg(ph[k x (p x A)] - gttpgiph[^ x (p x A)] 

- gi„(p£,(/3h[r X (p X A)] + 2eb^r['^ x (A x $7)] — 3Q^^r['^ x (A x r)] — 3eg^r['^ x ($7 x r)] 
+ j;r[J^ X (Ax r)] + 2eb(pi[A x (A x $7)] - 3n'^(pi[A x (A x r)] - 3egipi[A x ($7 x r)] 

+ ipi[Ax (Ax r)] - 2£6y„[p x (A x ft)] + 3n'^^u[p x (A x r)] + 3egy„[p x (rj x r)] 

- y„[p X (A X r)] + 2£6yo[(p x fJ) x (A x fl)] - Sfl'^r^olip x J7) x (A x r)] 

- 3egyo[(p X f2) X (rj X r)] + yo[(p x rj) x (A x r)] + 2ebipg(ph[{p x A) x (A x ft)] 

- Sn'^ipgiphiip X A) X (A X r)] - 3egipgiph[{p X A) X (J7 X r)] + (pgiphiip x A) x (A x r)] 



= {Seh^r ~ gt'Pz){^ X A) + QnJri^ X r) + QufiiA X r) - QtTuiP X fl) 

- QuhiP X r) - 3£,ir„(p X A) - EbhiP X A) + SbTri^ x A) + SbfiiA x A) 

- 3£,,yo[p(A • fl) - fl{A ■ p)] - etj:o[p(A • fl) - fl{p ■ A)] - gtui^^p - flifl ■ p)] 

- (?«?o[p(r ■ ^) - ■ P)] - 3sh^giph[A^p - A(A • p)] - Sb(PgiPh[pik ■ A) - A(p • A)] 

- gtipgiph[p{^ ■ A) - A{fl ■ p)] - gu(pgiph[p{r ■ A) - A(r • p)] + 2eb^r[^'^^ - ■ A)] 

- 3n\r[A{fl ■ r) - r{fl ■ A)] - 3eg^r[^{fl ■ r) - fl^r] + y^[A(n • r) - r{fl ■ A)] 
+ 2ebiPi[A{A ■ fl) - A^fl] ~ 3f7V^[A(A • r) - A^r] - 3egipi[fl{A ■ r) - r(A • fl)] 

+ ip,[A{A ■ r) - r(A • A)] - 2efcy„[A(p • fl) - n{p ■ A)] + 3r!2y„[A(p • r) - r(p • A)] 

+ 3egy„[rj(p • r) - r(p • fl)] - y„[A(p • r) - r(p • A)] + 2ebU[M^ ' (P x O)) - fl{A ■ (p x O))] 

- 3n^fo[A{r ■ (p X nj) - r(A • (p x O))] - 3egu[^{r ■ (p x O)) - r{fl ■ (p x fl))] 
+ yo[A(r • (p X fl)) - r(A • (p x fl))] + 2ebV>giph[A{fl ■ (p x A)) - fl{A ■ (p x A))] 

- ifl^^g^hiM-r ■ (P X A)) - r(A • (p X A))] - 3£g(^g^ft[f2(r • (p x A)) - r{fl ■ (p x A))] 
+ <fg^h[Mr ■ (P X A)) - r(A • (p x A))] by (0) & (p|) 
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: (Se/iy^ - gm){^ X A) + guhi^ x r) + £»u(^,j(A x r) - £»ty„(p x n) 

- QuhiP X r) - 3ehy„(p x A) - e6y„(p x A) + efcyr(J^ x A) + efc(^i(A x A) 

- 3ehiPgiph{J^^P - e^A) - eb'Pgiphi'idP ~ ^aA) - gtipgiphisgP ~ ^cA) - Qu^g'PhishP ~ £/A) 
+ 2ef,j:r(f^^A - £gJ7) - SJl^yrlefoA - e^r) - 3egj:r(efcJ^ - f^^r) + yr(£hA - ^;,r) 

+ 2ef,<y9i(egA - A^Jl) - 2iVt^ip^{eh^ - A^r) - 3£g</jj(ehr2 - e^r) + ipi{ehA. - Qr) 

- 2eby„(ecA - £^$7) + 3f^^y„(£/A - £,t) + 3£gy„(£/J7 - Ecv) - y„(£/A - ^/r) 

- 2£5j:oDor2 - 3ri^j:o(£/A - i)or) - 3£gj:oe/J^ + ro(e/A - i),r) - 2eb'^g^h^o^ 

- 2,n^ipgipheoA - iegLpgiphieofn + Dor) + ^pgiphiso'^ - D^r) by (|5la| ), ( |5.23a| ), ( ^.23b| ) & (|a1 ) 



= (3£/iyr - QtVi)[^ X A) + Qulr{^ X r) + ^^(/^^(A x r) - gtlu{p x rj) 

- Quluip X r) - 3£hy„(p X A) - £6y„(p x A) + SblA^ x A) + £6(^9^ (A x A) 

- iShloSgP + 3£/iyo£jrj - £hyo<rcP + EfcyoTaJ^ " Qtlo^'^P + QtloSc^ - QuloSbP + QuTo£ 
~ 3£/i(pg(^ftA^P + Zeh^giphSiA. ~ eb(Pg(ph<idP + et'PgVh^a-^ ~ Qtfgfh£gP + Qt^gifhl^c^ 

- gufg(Ph£hP + Qufg^PhSf^ + 2ebTr^'^ A - 2ebTr£g^ " 3n'^^r£bA. + Sfl'^^rEgr 

- Ssg^rSb^ + Ssgfr^'^r + yr^fcA - jr^^r + 2£6(^i£gA - 2£fc(piA^J7 - 3Q'^(piShA + Sfl'^ipiA^r 

- 3sgipieh^ + "iegLpiSgV + ipiShk - ^iQr - 2£6j:„£cA + 2£&j;„£iJ7 + 317^j:„£/A - 3ri^j:„£ir 
+ 3£gj:ne/J^ - 3£gj:„£cr - ynC/A + y^^/r - 2sb^o^o^ - 3ri^yoe/A + 3ri^yoC)or 

- 3£gyo£;rj + yo£/A - yoO^r - 2eb(pgiph^oA. - iil'^ipgiphSoA 

-- {?>£hlT - Qt^i){^ X A) + Qulri^ X r) + Qu^iiA X r) - 6ity„(p x n) 

- QuUiP X r) - 3£;,y„(p X A) - £hy„(p X A) + £blr{^ X A) + £h<y9j(A X A) 

+ [-3£hyo£g - £byoQ - Qtlo^^ ~ QiiloSb - iSh^g^hA^ ~ ebfgVh'^d - gtVgfhSg - e„(Pg(^h£/i]p 

+ [3ri^yr£g + 3£gyril^ - yr^h + m^ifitA^ + 3£g(^i£g - ifiiQ - 3f7^yu£i - 3£gy„£c 

+ y«<r/ + 3il y o^o ^o^q 
+ [3£;iyo£i + £byo^a + QtloSc + Qulo^ f " 2£hyr£g - 3£gyr£6 - 2eb^iA^ - 3£g</Jj£ft 

+ 2£by„£i + 3£gy„£/ - 2£bio'Qo - 3£gyo£/ - 3£g(^g(p/i£o]rj 

+ [ieh^PgtphSi + eb^Pgiph^^a + gt^PgifhSc + Qu<PgVh£f + 2£hyrr2^ - iU^frEb + 2£b<Pi£g 

- Z^l^ipiSh - 2£{,y„£c + 3fi^y„£/ - 30^yo£; - 2eb(Pg(fhi^o - 3fl'^ipg(phSo]A 



= {SshTr - gtipi){^ X A) + QuTri^ X r) + QuifiiiA X r) - gtuiP x ^) 
- QuTuip X r) - 3£/iy„(p x A) - £6y„(p x A) + eb^r{^ x A) + £6^5^ (A x A) 
+ [-yo(3£h£g + £fcQ + Qt^^ + Qu£b) + ipgiphi-'SehA'^ - eb<;d - Qt£g ~ Qu£h)\p 

+ [3ri^(2yr.£g + ipiA^ - lu£l + yoOo) + 'Pl(3£g - q) + lu{^f - 3£g£c) 

- ipgiphiieg^o + f s) - lo^q ~ IrQiV + [lr£b + Vi£h " lu£ f + yoE/ + ((5g(/9/i£o]A 
+ [yo(3£;i£i + £6^a + Qt^c + + 2£6(y„£i - lo^^o - lr£g ~ ^iA^) 

+ 3£g(y„£/ - yo£; - ipgifihSo - £bfr ~ Vi^h)]^ 
+ [ipgiphii£h£i + £b'ia + Qt£c + Qu£f) - 3ri^(yr£6 + (/3i£/i - y„£/ + lo£l + iPg(ph£o) 

+ 2eb{(pi£g + yr-f^^ - y„£c - y^g^JhOo)] A 
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X A) + QuTri^ X r) + £'„V5i(A X r) - ^^^(p x n) 
- QuTuip X r) - 3ehh{p X A) - ethiP x A) + Sbh-i^ x A) + ebtpi{A x A) 



(5.44m) 



XoP + XpV + ^fT^rj + XrA. + >ir„A by (5.23q) 



= e x e by ( |3.151j ) 

= [yo(p X rj) + (^g(^/i(p X A) + + ip^K - y„p] x [yp(p x fJ) + 2yo(p x A) 



+ fgi^hiP X A) +^5^ + 2yrA + if^A - y^,p] by (5.4C) 



= 2y^[(p X O) X (p X A)] + ifgifhUlip X O) X (p X A)] - ^sU[n x (p x fl)] - 2^rU[A x (p x O)] 

- </?.jyo[A X (p X ft)] +r-vTo[p X (p X r2)] + yp<^g(p,j[(p x A) x (p x fl)] + (fliplUp x A) x (p x A)] 

-^s'^g'Phi^ X (p X A)] - 2^r'Pg(Ph[A X (p X A)] - (p,(pg(ph[A X (p X A)] + hfg'^hiP X (p X A)] 

+ Pp}:r[^ X (p X O)] + 2f:oTr[^ X (p X A)] + 99gi^hj:.r[r2 X (p X A)] + 2j;^(0 x A) + (pi):r{^ x A) 
-y^,yr(f^ X p) +^pip,[A X (p X O)] + 2yoV5j[A x (p x A)] + ipgiphiPi[A x (p x A)] 
+ ys<^j(A X r2) + (y3j^(A X A) -y„(^,(A x p) - ypy„[p x (p x O)] - 2yoy„[p x (p x A)] 

- fg'fhhiP X (p X A)] - ^sU{p X r2) - 2^rh{p X A) - (piy„(p X A) 



= (2y2 - X A) + ip^-fr{^ x A) + - x p) + (y„(^, - 2y^y„)(p x A) 

- ^iTuip X A) + ipf{A X A) + (ypfr - ysyo)[f^ x (p x O)] + (yp^?, - 2^rTo)[A x (p x O)] 

- <^jyo[A X (p X fl)] + (y^yo - ypy„)[p x (p x O)] + (2yoyr - Ts'Pg'^h)[^ x (p x A)] 

+ 2(yo(^i - yri^g(/?,i)[A x (p x A)] - ipiipg(ph[A x (p x A)] + {^vfgiph - 2yoy„)[p x (p x A)] 
+ ipgiph^ri^ X (p X A)] + ipgiphipi[A X (p X A)] - ¥'gV'ftr«[P X (p X A)] 
+ 2y2[(pxO)x(pxA)] + [(p X r2) X (p X A)] + ypv?gi^/i[(p X A) X (p X O)] 

+ V>^[(P X A) X (p X A)] 



= (2y^ - X A) + X A) + {psh - Mr){^ X p) + (y,„^, - 2yry„)(p x A) - (y5,y„(p x A) 

+ ip'f{A X A) + (ypy-r - y^yo)[f^^P - • p)] + i^p^t - 2y^yo)[p(A • O) - n{p ■ A)] 

- Vs^yo [p(A • fl) - 0(A • p)] + (y„yo - ypy„) [p(P • - fi] + {2^o^r - ^s'Pg'fh)[p{^ ■ A) - A{fl ■ p)] 
+ 2{-^ofi - fr'Pg'fh)[A'^P - A(A • p)] - if,Lpgiph[p{A ■ A) - A(A • p)] 

+ ijvfg^h - 2yoy„)[p(p • A) - A] + Lpg^JhlApi^ ' A) - A(0 • p)] + LpgLph^i[p{A ■ A) - A(A • p)] 

- ^g'Phhlpip • A) - A] + 2y2[p(A • (p X fl)) - A(p • (p x fl))] 

+ ipgifhTolpiA ■ (p X fl)) - A(p • (p X fl))] + ^p^giph[p{fl ■ (p X A)) - fl{p ■ (p X A))] 
+ ^l^^lipiA ■ (p X A)) - A(p • (p X A))] by Q & Q 



: (2y^ - YsVi){^ X A) + iptf:r{fl x A) + (y^yi, - Mr){^ x p) + {j:^ip, - 2yry„)(p x A) 

- ipiUiP X A) + ^^(A X A) + (ypjr - Mo){^'^P - £c^) + ijp^i - 2y.ryo)(£gP - £ifl) 

- 'Pil^oi.^cP ~ ^a^) + (?t,?o - ?py«)(£cP - ^2) + {2loTr ~ ls^g^h){£gP " £cA) 

+ 2(yo.^i - ir^gifh){A^P - £iA) - ipiifgiphi'.dP - ?aA) + {iv^gifh - 2yoy«)(eiP - A) 

+ VgVhlri^cP - £cA) + (pgiphipi{(,dP - £iA) - ipg(phhi'^aP - A) + 2y^0oP + (pg(phfoi)pP 

- ^pipgifh^oP + ^Ifl^rP by jslil ), ( |5.23a| ) & ( |5.23b| ) 
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: (2y^ - jsV'OC^ X A) + ifii^ri^ X A) + (ysy„ - y„yr)(rj x p) + - 2y,.y„)(p x A) 

- fihiP X A) + ipf{A X A) + n'^i^p^r - ?s?o)P - £c{^ph- - Ts^o)^ + Sgi^pfi - 2^rTo)P 

- ^d^iVg^hV + (.a^Pi^g^h^ + Siifv^g^h - 2j:oj:«)p - i^v^Pg^h - 2j:orn)A 

+ 'Pg^hlri^S ~ £cA) + ^dPg^h^iP " ei(pg(/3h((9i A - ^a<;5g¥'/i?«P + (fig'^h'^u^ 

+ 2y^c)oP + (^gt/J/ijoSpP - Ip^Pg^h'^oP + <^g(/?^5rP 

= {2il - is'Pi){^ X A) + X A) + (y^fu - ?i,rr)(^^ x p) + {^^ip^ - 2irPa){v X A) 

- (pjy«(P X A) + (A X A) + [ri^fojr- - fsfo) + eg(?p</'-i - 2yr?o) - ^cPilo 
+ ec(?i,?o - Ipiu) + £g{2lolr - Is^g'Ph) + 2K^{lo^i - fr'^SffV'/!) " 'idPiPgVh 

+ SiilvVg^h - 2lolu) + ^d^gPhPi " 'ia^gPhlu + ^cPg^hlr + "^-fo^o + Vg'/'/iyofp 

- ^p^Pglfh'Oo + iplipldr]p + [iPgPh^u - ^PgifhSch- " IfgifhSi^ijA 
+ [^aViVgVh - Sci^lolr " Is^g^h) - 261(^0^1 " ^rVgVh) " {hVgVh " 2j:oj:„)]A 
+ ['iafiU - Sci^p^r - ?s?o) - £i{^p(Pi - 2yr?o) " {TvTo " fpyiJlJ^ 

= X A) + X A) + }iti^ x p) + >ir„(p x A) - ipi^u{p x A) + (^.^(A x A) , , , 

I . (5.44n) 

+ >fu,p + LpglfhXv^ + >^a;A + KyVl by ( ^.23q|) . 



Art 22g. Development of equation (3.15c). 
Having the foregoing derivations in view, we have that 



3p = hi3a + hdb + P^3c - ^3d + + 66^/ + phidg by ( ^15^ ) 
= 54[£6(/t X rj) — r2^(/? X r) + e^A — Sav] 
+ 65[2eft(K X Jl) — 3eg(K x r) + x A) + e^A — edVl^^ + t)ar] 
+ py[3eh(/t X A) + £b{K y. k) + Qt{K X n) + Qu{k x r) + t)hA - t^c^J + ri^r + SdA] 

- X n) + ipi{K X A) - j:„(^ X p) + rieP - SeU^ - Ee^Pgifh^] 

+ ^[ysl/t X $7) + 2j:,.(k x A) + (^^(k x A) - x p) + ri/p - ypSgJ^ - 2j:oeeA - ipgiphSeA] 

+ 66[t)g(f^ X r) + el{n X A) - efcf^2(r x A) - (^^a + ^^r + f^Va^^ + 3(/3cA] 

+ p6i[3£/i£6(J7 X A) + eft(rj x A) + t].j(rj x r) - 3e/if7^(r x A) - efcf^^(r x A) + t)jA + t);r 



• tjfcfi - (/j;;A] by (5.44) 



: {b^Sb + 255£/i + p^Qt - ^Ir + X J7) + (-64f]^ - 365£g + p^Qu){^ X r) 

+ {hsb + 3pyeh - y^^i + 2yy^)(/$ x A) + {p^eb + '^^i){K x A) + (yy„ - yy„)(^ x p) 
+ (66i]g + p6it]0(^^ X r) + (66£b + 3p5i£,^£f,)(J7 x A) + pbieUft x A) - p6i£hfi2(r x A) 
- {beSbn^ + 3p5i£,,f72)(j. x A) + (b^ea + p%b + y£e 

+ (-64<5a + b^<C}a + pyt)d + bQ<C}h + pbl'C}l)v + (55£d - ^iPgifhSe " &6</5a)^ + (^9/ " ^tje)? 
+ (-55£df^^ - P%c + y£eyo - yyp£e + ^e^^Va + p6lt]fc)^^ + (P^Erf - pfel¥'a)A 

(5.45a) 
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3q = -p3h + bl3^ + p'dj - b23k + p3i + p3n + 3o by ( p5^ 

= —p[(piSb{^ X A) - j:„eb(f2 x p) — ^r^'^(r x $1) — (pifl'^{r x A) 
+ y„f^^(r X p) + ^o^m^ + t]„r + DoP + t]pA] 
+ bi [2f:rSbi^ X A) + ipiEbi^ X A) - j;„£6(0 x p) - y^^^^Cr x Jl) - 2^r^'^{r x A) 

- (/3ifi^(r X A) +y„f^^(r x p) + jpOmrj + ifgiphr),n-^ + Ogi" + ^IrP + Os^] 
+ p^[t)t(r2 X A) + 2£6£/,(r2 X A) + t]„(0 X r) + r)„(A X r) - 3ebeg{r x A) 

+ £g(A X A) + X)^A - X)^A - 3(y5cA + t)yn + t)^r] 
- h2[>ia{^ X A) - 2y„£ft(r2 x p) - ?,ir£g{Y x Vl) - 3ipieg{v X A) + 3y„£g(r x p) 

- j:„£6(A X p) + KbV + >teP + Xffl + (fgiphXd^ + >CcA] 

+ p[>Cg{fl X A) - 2j:„£h(r2 X p) - 3j:s£g(r x O) - 6preg{r x A) + 33:„£g(r x p) - j:„£b(A x p) 

+ 2ipieh{^ X A) — 3(y5i£g(r x A) + (pi£b(A x A) + x,p + 2io>Ch^ + + ><feA + xiv] 
+ p[xm(f^ X A) + X r) + £»„(y5j(A X r) - Qtlu{p X O) - £»„y„(p x r) - 3e,,y„(p x A) 

- £6y«(p X A) + £63:.r(0 X A) + eb(y3j(A x A) + >^oP + ><pr + + x^A + ><„A] 
+ [xs{VL X A) + (ySjfrCf^ X A) + ><i(r2 X p) + >f„(p x A) - y'lfulP x A) + ipl{A x A) 

+ ><tuP + (fgiph^Cv-f^ + >^xA + XyQ] 

= {-p^M'^ + h^s^'^ + P^Ou - 362rr£g + 5p^s£g + pguPr)i^ X r) 
+ {-pifiieb + 2bi]:rSb + p'^XJt - 62><a + /0><g + PXm + Xs)i^ X A) 

+ {biipiEb + 2p^ebeh + '^P^iSh + psblr + 'Pilr)(^ X A) 

+ {piuSb - bi^vSb + 2&2y«eft - 2py„£h 4- pgtTu + xt){^ x p) 

+ {-biifin'^ ~ Zp^EbEg - 3p<^,;£g)(r X A) 

+ [p^i^^ ~ 2bxlr^^ - p^X)^ + ihl^iEg - Gpf^rEg - PQu^i){Y X A) 

)(r X p) - {pEblu + filu){v X A) 

+ {-b2lu£b + Pyi-Efc - 3p£;iy„ + >^„)(p X A) + {p^sl + p^jEft + p£6^i + )(A X A) 
+ [-'mp + blt)s + p^^w - b2'Pg(ph>Cd + "^Plo^ih + PXr + >Cx)-^ 

+ {~P^n + blt\q + p^Xjz - b2Xb + PXl + /0><;,)r + {-pX)o + &lt).r - 62><e + P>fi + P><o + ><tu)P 
+ (-pyoOm + bxlpX)m + /O^Oy - &2>^/ + P>ij + /3>^g + >^y)^ 

(5.45b) 

3p + 

= {b^Eb + 265£,, + p^g-t - 9y^ + ^y,)(;? x fi) + {-b^^^ ~ Zb^Eg + x r) 

+ {b^Eb + ipViEh - + 2yy^,)(K X A) + [p^Eb + x A) + (yy„ - yy,„)(K x p) 

+ (&6t)g + p&it)j)(f^ X r) + (b^El + 3p6i£,ieb)(r2 x A) + pfei£b(r2 x A) - pbiEb^^iv x A) 

- {b(,Eb^^ + 3p6ie;ir2^)(r X A) + (64ed + p%b + y£e¥'g<y5ft - 2yyo£e + 366'^c + 

+ {-b^ba + &5t)Q + p%d + ^'etlh + P&it);)r + (^5£<i - ^'/'gV'/i.ee - b^ip^^A + (^1)/ - i)Oe)p 
+ {-b^EdV? - + i)£eyo - yyp£e + ^e^^Va + Pbx'^k)^ + (p^Ed - pbx^}\)A 
+ (-pyrf^^ + 6iysf^^ + p^X)u - 362yreg + "ipisSg + p£i„yr)(r2 x r) 

+ {-pipiEb + 26iyr£b + p'^i)t - b2Xa + PXg + PXm + ><s){^ X A) H 



Classical Aberration And Obliquation 



Page 86 



March 2001 



OAS-2001-03A 



+ (bicpieb + 2p^efc£h + 2p(pieh + peblr + ipiir){^ x A) 

+ {piuEb - biivSb + 2&2j:«eft - 'i.pivSh + PQtlu + xt)(r2 x p) 

+ {-biLpiVL^ - ip^SbEg - 2>p(pieg){v X A) 

+ [pipiVi^ - 2feij:rf^^ - P^'^v + ihfiSg - Qpf^rSg - pgu>fii){'r X A) 

)(r X p) - {psblu + filu){v X A) 
+ (-62?«eb + PlvSb - "ipshlu + >Cu){v X A) + {p^el + pip.Eb + peb<y3j + y'- )(A x A) 

+ (-POp + blt)s + P^lliu - b2iPgiph^d + "^PU^h + P^T + >^x)A 

+ (-prin + folOg + p^\)z - hi>Cb + pXl + /3>i-p)r + (-/5t]o + 6it)r " 62><e + P^i + P>^o 4 

+ (-pyot)™ + ^lypOm + p^O;^ - h2ycj + p>tfj + pyc^ + >tf;^)J7 



p t)x - b2>Cc + pxk + ^g^hXv)^ + (-3p (pc + p>^„)A by ( |5.45a| ) & ( |5.45bD 



: {hiEb + 2656,, + py^ - + yy,)(;$ X + - S&sEg + py^?„)(/$ x r) 

+ {h^Eb + ip^Eh - y^Pt + 2yy,.)(K X A) + {p-^Eb + i^'P^){K X A) + (i)y„ - yy,„)(K x p) 

+ {be^g + Pbl1)i - Pfr^'^ + biPsil'^ + p^X)u - S^ay-rEg + '^PTs^g + Peiilr){^ X r) 

+ {b^sl + ipbiEhEb - P^PiEb + 2bilrEb + P^'Cjt - b^^Ca + P^g + P^m + >Cs){^ X A) 

+ (pfoiEfe + b^^iEb + 'i'P^EbEh + 2p(pieft + pefcy^ + ^PilT){^ x A) 
+ (py„eb - 6iyt,ef, + 262y«e/i - 2py„£,i + pQtiu + >^t)(f^ x p) 
+ {-pbiEbV? - biipiil'^ - ip^EbEg - 3p(pi£g)(r X A) 

+ {-bQEb^"^ - SpbiEh^"^ + p(Pi^'^ - 2biPr^'^ - p^<C)y + 2,b2ipiEg - &plr£g " PP«'Pi)(r X ^) 

+ (-py„rj^ + &iy„rj^ - ib2iu£g + 3py )(r X p) - (peby„ + 'Piyu)(p x A) 

+ (-&2y«eb + pyi,£6 - 3pe/iy„ + x A) + (p^e^ + ptp.Sb + pe6(pi + <p- )(A x A) 

+ {biEd + p^^b + ^Sefgfh - S^yoEe + S&eV'c + pbl^j - pt)p + &it)s 
- b2ipgfh>fd + 2ploXh + P><r + >Cx)^ H 



b2Xb + p>*( + P><p)r 

m 



+ (-biSa + &5t)a + pyt)d + b^Xjh + P&llli - pX)n + &ltlg 
+ (yt)/ - yt)e - pOo + biX)r - b2>Ce + pKi + pKo + 
+ {-b^EdP? - P^Oc + iiseyo - yypEe + ^e^^Va + P&ltlfe 

+ p^t)y - 62></ + PX] + P><g + Xy)^ 
+ {b5£d - '^'Pg^h£e - bglfil + biipgiphX)rn - P^t)x ^ &2>^c + P^k + ipg(phXv)A. 
+ {p^Ed - pblifil - ip^^Pc + pXn) 'k 



(5.45c) 



3r =yi^ + biSL + pa + e by (|3.15q ) 



= (cy/ - 2yj;)/? + (yi - l)a + pa + e by ( p.42aD & ( |5.43a| ) 

= (cy/ - 2^^)k + (y, - • r)0 - f^^r + A x r] + p[2£/ir2 - Se^r + A x r - f^2(r2 x r) 

+ EbA] + yo(p X J7) + ipgiphip X A) + y,.0 + (p^A - y„p by ( ^.30a)) & ( |5.40a| ) 

= (cy/ - 2y^)K + Ebi^i - l)n - f7^(yi - l)r + (y^ - 1)(A x r) + 2p£,,rj - 3p£gr + p(A x r) 
- pn'^{fl X r) + pefcA + yo(p x $7) + tpgiph{p x A) + y,.rj + ipiA - y„p by ( |5.1aD 

= (y^ - 1)(A X r) + p(A x r) - pn'^{fl x r) + yo(p x J7) + <Pg(ph(p x A) + (cy/ - 2ya;)/« 



+ [e6(yi - 1) + 2pe,, + y,.]f2 - - 1) + 3peg]r + (pej, - 

VbK + Vcfl - Odr + OeA - y„p + Oa(A X r) + p(A x r) 
- pn'^{n X r) + yo(p X J7) + (pg(ph(p x A) by ( ^.23i] ). 



(pi)A - y„p 



(5.45d) 
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Equations ( |3.42a ), (5.43a) and ( [3.23i ) together give 



Oh, 



Ok, 



Ol 



(5.46) 



on account of which (5.45c) becomes 



: {VjEb + 20fc£/i + pVbQt - O/Jr + Ofcj;s)(K X n) + (-OjT2^ - SVkSg + p06£»„)(/? X r) 

+ (Ofeefc + 3pt)fceh ~ t)/(^i + 206j:r)(/$ x A) + (pObefc + Ofc<^i)('^ x A) + (o/y^, - 06yu)(K x p) 
+ (t)/t)g + pOatii - yj?rf^^ + Oaysfi^ + p^i]« - 30/,j:r£5 + 3pj:seg + pguTr){^ X r) 

+ {Oiel + 3pOaeft£b - 0/¥'ieh + ZOay^Sb + p^t)t - OhXa + PXg + P>im + >is){^ X A) 

+ {pOael + Oa^PiSb + ip^ebSh + "^PfiSh + peblr + •filr){^ X A) 

+ (OfluSb - OalvEb + "^OhluSh - ^p^yEh + PQtlu + ><t)(^ X P) 

+ (-pOaSbf^^ - Oa^i^"^ - ip^Sbeg - 3pv3ieg)(r x A) 

+ (-0;efcf^^ - 3pOa£/if^^ + 0/(^if7^ - 2Valr^'^ - P^t)„ + 3t);i(/3ieg - QpirSg - pguVi){r X A) 
+ (-yj-y^f^^ + OaJuf^^ - SVhTuSg + SpfyEg + PQulu){r X p) - {pSblu + ¥'iy«)(p X A) 

+ (-<Oh'^u£b + PU^b - ipshlu + >f«)(p X A) + {p^el + p(^i£6 + pSb^Pt + </3- )(A X A) 

+ (OjEd + pDbt)fc + <Of£eiPg^h - 20{,yo£e + 3D;(/7c + pOa'Cjj - f<C}p + <Oa'()s + P^'Cjw 

- Ofi^giph^d + '2pUXh + P^r + >i'a;)A 
+ (-Oj(5a + OfetJa + pX)bX)d + + pOal)/ - D/t)„ + Oat]g + p^t)^ - O,^*!:;, + pKi 

+ (Ofcl)/ - 0/t)e - 0/t)o + Oal]r " Oh>fe + P>fi + P>*o + Xw)V 

+ (-OfcEdf^^ - pOfotJc + O/ffeyo - Ofcyp^e + OlVi}if\ + pOatlfc - jlo'^m + OaJpUm 

+ P^t)i/ ~ Oh>t:s + P>*j + pXq + >*y)^^ 
+ (Ofeed - t)fcV3gV3h£e - + Oa'^g^hS)m ~ P^^x - OhXc + P^k + (Pg',5/,>f«)A 

+ (pObSd - pOa</?^ - 3p^(^c + P>*n)A 



p>Cp)\ 



[OjEb + 2VkehQt - 0/y-r + Ob(p + ys)](« x $7) + {p'ObQu - OjVL^ - 30feeg)(K x r) 

+ [OfcEb -OfLpi + Db(3pe;i + 2yr)](/? x A) + x>b{p£b + <^i)('« x A) + (t)/y„ - D(,yi,)(K x p) 

+ [0iX)g + OQ(pr)j + y^fi^) + p(pt)„ + 3yseg) + ir{pQu - ~ 3Vheg)]{fl x r) 

+ [Xs - OhXa + £b{Ol£b [ipeh + 2yr)) + p{>ig + P^tM^ X A) 

+ [pe6(yr + OaEb + 2p£h) + ^^(,lr + Oa£b + 2p£h)]{^ X A) 
+ [Xt + PQtlu+ £b{TjU - Oalv) + 2£h{0hU - PlvM^ X p) 

- [Oa^'^ipeb + Vt) + Spsgipsb + 'PiMr X A) 

+ [<^,(30/ieg +yjl7^) - rJ^(D;£b + 0Q(3peh. + 2yr)) - p(pt]„ + Gy^^g + gu'Pi)]{r x A) 

+ [pfiiuyu + f^^(Oa?t, - yjy«) + 3eg(pyt, - D/iy„)](r x p) - y„(peb + ipi){p x A) 

+ [xu ~ OkU£b + p{Tv£b - 3e/,.y„)](p x A) + [p£b(peb + ^pi) + <y5i(peb + V'OK^ x ^) 

+ [^i'x - Ij^p + 30i<^c + OjEd + Obipt^b - 2yo£e) + Oa(t)s + POj) 
+ p(>f:r + ptjju + 2yo></i) + (pg(phiOf£e - OhXd)]A H 
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+ P(0al]fc - Vbt)c + >Cj + Hq+ pt)y) + ^p{Oat)m ~ VtEe)]^ 
+ [VkEd - Vl(pl - X)hXc + ^gifihiXv - H£e + OaOm) + " P^x)]A 

+ p{Vb£d - Vafl - ipVc + >fn)A 



= O^^A + XlyV + K>zV + Oa^ + OfcA + OcA + X $1) + D„(/? X r) + Oo(/t X A) 

+ ObOe(/« X A) + Op(K X p) + tig(J7 X r) + Or(rJ X A) + (Jl X A) + t)t(r2 X p) 
" Oet)<i(r X A) + o„(r x A) + Ot,(r x p) - y„Oe(p x A) + Ou,(p x A) + o^(A x A) 
by ( |5^ ), ( |5^ ) & ( |5^24al ). 

Consequently, we derive 



A -(3^ + 3,) 
• [OrcA 

Of,Oe(/? X A) + Op(K X p) + X r) + Or(J^ X A) + Os(r2 X A) + Ot(Jl X p) 



= A • [o-cA + Oj^r + o^p + OaJl + OfcA + OcA + t)m(/t X rj) + o„(k X r) + Oo(k x A) 



(5.47) 



- OeOd(r X A) + On(r X A) + o^,(r x p) - y„Oe(p x A) + 0^(p x A) + 0^(A x A)] by (5.47) 



= t)^(A • A) + t)y(A • r) + o^(A • p) + Oa(A • Q,) + Ofc(A • A) + Oc(A • A) + u,„[A • {k x f2)] 
+ 0„[A • (k X r)] + Oo[A • (k X A)] + OhOe[A • {k x A)] + Op[A • (/$ x p)] + o,[A • {Vt x r)] 
+ o,.[A • ($7 X A)] + oJA • [n X A)] + Ot[A • (rj X p)] - Oei3d[A • (r x A)] + o„[A • (r x A)] 
+ o4A • (r X p)] - j;„Oe[A • (p x A)] + Ou,[A • (p x A)] + ^^[A • (A x A)] 



- Vs^v - OtOo - OcOdS/i + VvSo + ?«OcC)r by ( jslal ), ( |5.13a| ), ( |5.23a| ), ( |5.231:| ) & ( ^.23cD 

Od by (|5.24a|) (5.48a) 



^■{dp+dq) 

= r • [OajA + Oj,r + Ozp + + OfcA + OcA + Om(^ X Jl) + 0„(/$ X r) + Oo('5 x A) 
+ Of,Oe(/« X A) + Op(K X p) + Og(Jl X r) + Or(rJ X A) + 0^ ($7 X A) + Ot(Jl X p) 



OeOd(r X A) + 0„(r x A) + o,„(r x p) - y„Oe(p x A) + Ou,(p x A) + 0^(A x A)] by (5.47) 



= 0^(r • A) + Oy(r • r) + 0^(r • p) + Oa(r • fJ) + Ob(r • A) + Oc(r • A) + o„Jr • [k x J7)] 
+ 0„[r • (/i X r)] + Do[r • (k X A)] + 060e[r • (/t x A)] + Dp[r • (/t x p)] + o^[r • ($7 x r)] 
+ Or[r • (J7 X A)] + Os[r • (J7 X A)] + 0([r • (fJ x p)] - OeO<i[r • (r x A)] + 0„[r • (r x A)] 
+ D„[r • (r X p)] - y„Oe[r • (p x A)] + t)u,[r • (p x A)] + Og[r • (A x A)] 



'OxSh + 'Oyr + O^e/ + OaEb + Ofc<r„ + Oc^o + OmSfc + 'Oo£n + OfcOefc - Opf* + Or-En 

- 0,1), - Ote/ - y„Oe^„ + o^£o - o^o^ by ( p^ ), ( |5.23a| ), ( |5.23b| ) & ( ^.23cD 
Oe by (|5.24aD 



(5.48b) 
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P-{dp+ dg) 

= P • [Vx-A + VyV + X)zP + OaO + OfcA + OcA + Om('« X Jl) + t)„(Ai X r) + Oo(k X A) 
+ Vb^eiK, X A) + Vp{K X p) + Vq{fl X r) + t)r(J^ X A) + (O X A) + t)f(r2 X p) 



OeDd(r X A) + 0„(r x A) + o,„(r x p) - y„Oe(p x A) + V^{p x A) + t)-(A x A)] by (5.47) 



Ox{p ■ A) + Vy{p • r) + 0;,(p • p) + Oa{p ■ + Oh(p • A) + Oc{p ■ A) + o,„[p • x rj)] 
+ t)„[p • X r)] + Oo[p • X A)] + ObOe[p • {k. X A)] + t)p[p • {k x p)] + t)q[p • (O x r)] 
+ 0,.[p • (O X A)] + 0,[p • (r2 X A)] + Ot[p • {n X p)] - OeOd[p • (r x A)] + 0„[p • (r x A)] 
+ o„[p • (r X p)] - y„Oe[p • (p X A)] + D^[p • (p x A)] + o2[p . (A x A)] 



+ 0^I)o + 0s5p + OeOdOn - 0„£o + Oe^r by ( ^.13aD , ( ^.23a| ), ( |5.23bD & ( ^.23c) ) 



0/ by ( p.24b| ) 



(5.48c) 



= n • [Vx-A + OyT + OzP + Oa^ + O5A + OcA + X $7) + 0„(/« X r) + Vo{k X A) 

+ VbVeiK X A) + Vp{K X p) + Vq{fl X r) + 1)^(^2 X A) + Os(r2 X A) + Ot(Jl X p) 



- OeOd(r X A) + 0„(r X A) + o^,(r x p) - y„Oe(p x A) + 0^(p x A) + 0^(A x A)] by ( |5.47D 



03;(s^ ■ A) + t)j,(rj • r) + D^(J7 • p) + 0Q(r2 • n) + Obift ■ A) + Oc(rj • A) + Om[rj • (k x rj)] 

+ 0„[r2 • (k X r)] + Do[r2 • (k X A)] + Vb^d^ ■ (/« x A)] + Op[n • (/? x p)] + t)g[r2 • (O x r)] 
+ Or[r2 • (Jl X A)] + t)s[r2 • (n X A)] + Vt[n- {fix p)] - OeOd[r2 • (r X A)] + 0„[r2 • (r X A)] 
+ ty[n ■ (r X p)] -y„Oc[ri • (p X A)] + V^[n ■ (p x A)] + ttl[n ■ (A x A)] 

+ by ( ^lal ), ( ^.234 , (HH) & ( |5.23c| ) 
= Og by ( |5.24bD (5.48d) 



A-{dp+dq) 

= A • [VxA + VyV + VzP + OqO + OfcA + OcA + Om(K X O) + D„(/« X r) + Vo{k x A) 
+ Vb^eiK X A) + Vp{K X p) + X)q{n X r) + 0^(5^ X A) + (O X A) + Of(r2 X p) 



VeVdir X A) + t)u(r X A) + D^(r X p) - y„Oe(p x A) + o„,(p x A) + of (A x A)] by (|5.47D 



= Ox(A • A) + Dy(A • r) + o^(A • p) + Oa(A • U) + Ob(A • A) + Oc(A • A) + o„i[A • {k x n)] 
+ 0„[A • (k. X r)] + Oo[A • (/? X A)] + 060e[A • (k x A)] + Op[A • (k x p)] + Vq[A ■ (fl x r)] 
+ o,.[A • (r2 X A)] + Ds[A • (O X A)] + Of [A • (O X p)] - VeVdi-A ■ (r x A)] + o„[A • (r x A)] 
+ 0„[A • (r X p)] - y„Oc[A • (p x A)] + o,„[A • (p x A)] + D^[A • (A x A)] 



Oi^d + Oy^n + O^^a + Oq^c + Ob'ie + Oc^j + 0„iO/ - 0„0c + 0o5« + Op^a + Og^i 



tr'Ov - OtOp - o„fi/i + 0„fi„ + 0„0r by (5.23a), (5.23b) & (5.23c) 



= 0^ by (5.24b) 



(5.48e) 
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A • (gp + dq) 

= A • [VxA + HyV + HzP + Oa^ + ObA + OcA + tJm(K X Jl) + 0„(/« X r) + Oo(k X A) 

+ VbVeiK, X A) + t)p(/« X p) + Vq{fl X r) + t)r(J^ X A) + (O X A) + t)t(r2 X p) 



OeOd(r X A) + 0„(r x A) + o,„(r x p) - y„Oe(p x A) + t)u,(p x A) + 0-(A x A)] by (5.47) 



Vx{A ■ A) + Vy{A • r) + t)2(A • p) + Oa(A • O) + Oh(A • A) + Oc(A • A) + D,„[A • (/? x $7)] 
+ o„[A • (k X r)] + Oo[A • {k X A)] + Oht)e[A • {k x A)] + Op[A • {k x p)] + tiq[A ■ {fl x r)] 
+ o,.[A • {n X A)] + Vs[A ■ (ft X A)] + o^A • (rj X p)] - VeVd[A ■ (r x A)] + o„[A • (r x A)] 
+ D„[A • (r X p)] - y„t)4A • (p x A)] + t)^[A • (p x A)] + Og[A • (A x A)] 

= 0:eQ + Vy(^o + 0^^/ + OaQi + Ob<;j + OcTfc + 0„iC)„ - Vn^d + Oofx + OfeDeOy + OpI)& 



by ( ^.23aD , ( ^.23b| ) & (^.23c| ) 



Oi by (|5.24bD 



(5.48f) 



X J^) • iSp + 3q) 

= (/« X $1) • [Oj.A + VyT + VzP + Oa^l + OfcA + OcA + t)m(/? X Jl) + 0„(/« X r) + Oo(/i X A) 

+ 060e('« X A) + Op{K X p) + Vq{n X r) + t)r(0 X A) + 0^(0 X A) + Oi(r2 X p) 



- OeOd(r X A) + 0„(r x A) + o„(r x p) - y„Oe(p x A) + 0^(p x A) + 0^(A x A)] by (5.47) 



= iix[A ■ {k X n)] + Oy[r • (K X $7)] + o^[p • (k x fl)] + Oa[J^ • {k x $7)] + Ob[A • (/$ x 
+ Oc[A • {k X $7)] + o„i[(^ X $7) • (/t X r2)] + 0„[(^ x $7) • (/$ x r)] + Ooil/? x ft) ■ {k x A)] 
+ t)fct)e[('« X $1) • (k X A)] + Op[(/t X $7) • (/t X p)] + Oq[(/t X $7) • ($1 X r)] 
+ t)r-[(/? X $7) • (Jl X A)] + X J7) • (n X A)] + \:it[{K x n) ■ {ft x p)] 

- DeOd[(/$ X $7) • (r X A)] + 0„[(/? X $7) • (r X A)] + 0.t,[('? x $1) • (r x p)] 

- j:uDe[(/$ X J7) • (p X A)] + X J7) • (p X A)] + x J7) • (A x A)] 

+ v„,[n^ - {k ■ nf] + o„[(J7 • r) - • r)(rj • k)] + • A) - (k • A)(J7 • k)] 

+ Vb^eii^ ■ a)-{k- A){n ■ k)] + Vp[{n ■p)-{k- p){k ■ n)] + oJ(k ■ n){n ■ r) - {k ■ r)n^] 
+ t>r[{K • rj)(j7 • A) - (/? • A)fi^] + Vs[{k ■ fi){fi • A) - (k • A)fi^] + ot[(K • n){fi • p) - (k • p)n^] 

- i)eOd[{K ■ r)(n • A) - (k • A)(r • ft)] + o„[(k • r)(rj • A) - (k • A)(f2 • r)] 
+ • r)(n • p) - (k • p)(f2 • r)] - y„Oc[(K • p)(f2 • A) - (^ • A)(J7 • p)] 
+ o.„[(k • p)(fl • A) - (?J • A)in ■ p)] + . A){n • A) - (k • A)(fl • A)] 
by dslal ), (|^), ( |5^23c| ) & ( |a1| ) 



Obdf + Ocdni + 0,„(f^^ - el) + VniSb - £d£a) + OolSff - &a£a) 



Op(ec - £e£a) + 'Oq{ea£b ~ £d^^) + 'Or{£a£g 



+ 'Os{£a<ic - %^'^) + 'Ot{£a£c ^ £e^'^) ^ 'Oe'Od{£d^c ^ %£b) + 'Ou{£d£g ^ 5a£b) 
+ Vy[ed£c - £e£b) - y«Oe(ee^c " ^b£c) + 'Ow{ee£g - 5a£c) + Oe(<5a'?c " ^feEg) 

by ( p^ , ( ^.13a| ) & ( |5.23a| ) 
Oj by dm) 



(5.48g) 



Classical Aberration And Obliquation 



Page 91 



March 2001 



OAS-2001-03A 



(k X r) • {3p + 3q) 

= (/t X r) • [o^A + VyV + VzP + + OfcA + OcA + X n) + 0„(k X r) + Oo('« X A) 

+ Vb^eiK, X A) + Vp{K X p) + Vq{fl X r) + t)r(J^ X A) + (O X A) + t)f(r2 X p) 



VeVdir X A) + t)„(r x A) + o,u(r x p) - y„Oe(p x A) + t)u,(p x A) + Og(A x A)] by (5.47) 



= 0^[A • {k X r)] + Vy[r ■ (k x r)] + ^^[p • (k x r)] + Oa[^ ■ (« x r)] + Ob[A ■ {k x r)] 
+ Oc[A • (k X r)] + D„i[(/? X r) • (k X $7)] + 0„[(/t x r) ■ {k x r)] + t)o[(K x r) • (k x A)] 
+ VbVe[{k X r) ■ (k X A)] + Vp[{k x r) ■ {k x p)] + Vq[{k x r) • ($1 x r)] 
+ t}r[{k X r) • (Jl X A)] + Vs[{k x r) • (Jl x A)] + Vt[{k x r) • ($7 x p)] 

- OeOd[('S X r) • (r X A)] + x r) • (r x A)] + tiy[{k x r) • (r x p)] 

- y„tie[(^ X r) • (p X A)] + x r) • (p x A)] + \}l[{k x r) • (A x A)] 



V^dt - OaEk - 06t)c - OcOd + Om[(r ■ - [k ■ n){k ■ r)] + 0„[r^ - {k ■ r)^] 



+ Oo[(r • A) - (k • A)(r • k)] + OfcOe[(r • A) - (k • A)(^ • r)] 

+ tip[(r • p) - (k • p)(k • r)] + Vgiik ■ ny - • r)(r • Q)] 

+ Vr[{k ■ n){r ■ A) - {k ■ A)(r • O)] + t)4(/$ • 0)(r • A) - (/$ • A)(r • 

+ tit[(K • rj)(r • p) - (/? • p)(r • rj)] - V>eVd[ik • r)(r • A) - (/? • A)r2] 

+ 0„[(k • r)(r • A) - • A)r2] + o„[(k • r)(r • p) - (k • p)r2] 

-y„Oe[(K •p)(r • A) - (/$• A)(r -p)] + ti„[(K • p)(r • A) - (k • A)(r • p)] 

+ vl[{k • A)(r • A) - (/$ • A)(r • A)] by KU), (|5^) & (O) 



+ Or{ea£h - SaSb) + OsiSa<^n - ^fc£b) + Ot(ea£/ " £e£b) ~ t'et'd(ed<rn - ^hT^) 
+ t)„(ede;, - 8ar^) + t)i,(ed£/ - e^r^) - y„Oe(£e^„ - ^66/) + Ou,(£e£h - (^aS/) 

+ 0^(<5a^n - ^b£h) by (IH) & (|5.23a| ) 

: Ofe by ( |5.24cD (5.48h) 



(/$ X A) • (gp + g,) 

= (k X A) • [Oj.A + Dyr + o^p + OaJl + Ob 'K + OcA + o„i(/? x Jl) + o„(/? x r) + Oo(/i x A) 
+ Vb'Oeik X A) + \3p(k X p) + X r) + t)r(J^ X A) + Os(r2 x A) + t)t(Jl x p) 



OeOd(r X A) + 0„(r X A) + o^,(r x p) - y„Oe(p x A) + t)^(p x A) + t)^(A x A)] by (5.47) 



= X3,j\K - [kx A)] + Oy[r • (/t x A)] + ^^[p • (/i x A)] + Oa[Jl • {k x A)] + Ob[A • (k x A)] 
+ Oc[A • (/i X A)] + Xir,i\i^ X A) • (/i X $7)] + x A) • (/i x r)] + Oo[(/i x A) • (k x A)] 

+ Ofct)e[(/? X A) • (k X A)] + K)p\(k X A) • (k X p)] + x>q\{k X A) • ($1 X r)] 
+ t),.[(K X A) • ($1 X A)] + xis\{k X A) • (Jl X A)] + xit\{k x A) • ($7 x p)] 

- Oelid[(K X A) • (r X A)] + X>u{[k x A) • (r x A)] + x>^{{1k x A) • (r x p)] 

- y„Oe[(K X A) • (p X A)] + o^[(/? X A) • (p X A)] + K>l\[k x A) • (A x A)] 
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o„[(A-r) 



(/?-r)(A-K)] + 0o[A'-(/$-A)2] 



Op[(A ■p)~{k- p)(A • k)] + dJ(k • 0)(A • r) 



tJ6De[(A • A) - (k • A)(/« • A)] 
(K-r)(A-r2)] 



- • n)A^ ~ {k ■ A)(A • n)] + v,[{k ■ r2)(A • A) - • a)(a • n)] 

- • f2)(A • p) - (k • p)(A • n)] - • r)(A • A) - (/$ • A)(A • r)] 

- VuiiH ■ r)A^ - • A)(A • r)] + V^[{k ■ r)(A •?)-(/$• p)(A • r)] 

■ iCui>e[iK ■ p)(A • A) - (k • A)(A • p)] + v^[{k, ■ p)A2 - (/J • A)(A • p)] 
vI[{k ■ A)(A • A) - (k • A)A2] by (^.13aD, (I^H^), (|5.23c|) & (IaJ) 



+ 0o(A2 - Sj) + DbDe(?d - ^6<5a) + X>p{ei - EeSa) + Og(ea£/i " £d£g) 

+ Or(£aA^ - SaEg) + VsiSa'id ~ g) + Vt{£a£i ~ £e£g) - OeOd(£d^d - %£h) 



+ ^liSa^d - by dslsj ) 

: Oi by ( p4d| ) 



(5.23a) 



(5.48i) 



(k X A) • (3p + dg) 

= (/« X A) • [0:rA + D^r + + + OfeA + OcA + 0„i(/? X r2) + D„(/? X r) + Oo(k x A) 
+ Of,Oe(/« X A) + Op(/? X p) + Oq(r2 X r) + X A) + Ds(0 X A) + Ot(r2 x p) 



DeOd(r x A) + ttuir X A) + D^(r X p) - y„De(p x A) + Ou,(p x A) + o^(A x A)] by (5.47) 



= Oj;[A • (k X A)] + X)y[r ■ (k X A)] + ^^[p • (/? x A)] + Oa[ri • (/« x A)] + Ob[A • {k x A)] 
+ Oc[A • (k X A)] + Vm[{K X A) • (/? X O)] + d„[(k X A) • (k X r)] + Oo[(k x A) • (k x A)] 
+ Of,Oe[(/? X A) • (/? X A)] + <Op[{K X A) • (k X p)] + Dg[(K X A) • (fJ X r)] 
+ Vr[{K X A) • (O X A)] + Ds[(k X A) • (Jl X A)] + Dt[(/t X A) • (r2 X p)] 

— tJeOd[(« X A) • (r X A)] + D„[(k X A) • (r X A)] + Vy[{K x A) • (r x p)] 

- y„Oe[(/« X A) • (p X A)] + X A) • (p X A)] + ^^[(k x A) • (A x A)] 



: -tla:Vu + Oyfc - OzOq - Oaf/ + 0c5y + 0„i[(A • O) - (/« • r2)(A • /«)] 

+ 0„[(A • r) - (k • r)(A • «)] + Oo[(A • A) - (?? • A)(A • k)] + ObOe[(A • A) - (k • A)^] 

+ Op[(A ■p)-{k- p)(A • fi)] + X)q[{K ■ 0)(A • r) - (k • r)(A • O)] 

+ Vr[{K. ■ 0)(A • A) - (k • A)(A • n)] + d,[(k • n)A^ - (k • A)(A • n)] 

+ Ot[(/$ • 0)(A •?)-(«• p)(A • O)] - teVd[{fi ■ r)A^ - (k • A)(A • r)] 

+ 0„[(k • r)(A • A) - (/? • A)(A • r)] + 0„[(k • r)(A ■ p) - {k ■ p)(A • r)] 

■ 2 • ■ 

- y„Oe[(K • p)A - (k • A)(A • p)] + ■ p)(A ■ A) ~ {k ■ A)(A • p)] 

+ vliifi ■ A)A^ - (k • A)(A • A)] by (|5|23b|), ( p3^ ) & (| 
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+ Vo{<.d - Sa'^b) + ObOe(Q - ^b) + Op(<;Q - £e^b) + Og(£a?n " ^dQ) 



+ viiSa^e ~ ^h^d) by (|5l^), drnj ) & ( |5:23a| ) 
by (|5.24clD 



(5.48j) 



(k X p) • + gg) 

= (/? X p) • [Oj;A + D^r + o^p + OaJl + OfeA + OcA + 0„i(/« x fJ) + 0„(/$ x r) + Do(k x A) 
+ ObOe(/? X A) + Op(/? X p) + Oq(r2 X r) + X A) + 0s(O X A) + Ot(r2 x p) 



DeDd(r X A) + 0„(r X A) + D„(r x p) - y„De(p x A) + 0,u,(p x A) + of (A x A)] by (5.47) 



= 02,[A • (/? X p)] + Dy[r • (k X p)] + D^g • (k X p)] + Oa[r2 • (/« x p)] + Ob[A • (k x p)] 
+ Oc[A • (k X p)] + 0„i[(k X p) • (k X O)] + D„[(k X p) • (k X r)] + Oo[(k x p) • (k x A)] 
+ 060e[('« X p) • (/t X A)] + Op[(K X p) • (k X p)] + o,[(k X p) • (Jl X r)] 
+ Or[(K X p) • (Jl X A)] + Os[(k X p) • (r2 X A)] + Dt[('? X p) • (r2 X p)] 

- OeOd[(K X p) • (r X A)] + D„[(k X p) • (r X A)] + D„[(k x p) • (r x p)] 

- y„De[(K X p) • (p X A)] + D^[(/« X p) • (p X A)] + Og[(K X p) • (A X A)] 



0„[(p • r) - • r)(p • k)] 



Op[l 



(/?-p) 



Og[(K-n)(p-r) 



0„i[(p • - (/« • 0)(p • /?)] 
Oo[(p • A) - (/? • A)(;$ • p)] + DbOe[(p • A) - (k • A)(p • k)] 

(/?.A)(p.f2)] 



(/? • r)(p • n)\ + Or[(K • r2)(p • A) 
o4(/$ • f2)(p • A) - (k • A)(p • r2)] + Oi[(/? • r2) - (/? • p)(p • 
OeOd[(/$ • r)(p • A) - (k • A)(p • r)] + 0„[(/$ • r)(p • A) - (k • A)(p • r)] 
0,„[(/« • r) - (k • p)(p • r)] - u'^e{^ ■ p)(p • A) - (k • A)] + 'oJ^k ■ p)(p • A) - (k • A)] 
o2[(/J • A)(p • A) - (k • A)(p • A)] by (^la]), (^.ISal), (^.23b|), (|5.23cj) & (|a1|) 



: O^r^f, - Oj^Ot + Oa£j + 0&3a + OcOb + 0„i(ec " EaEe) + On(£/ " EdEe) + Oo(£i - ^a£e) 
+ 060e(<?a - *£e) + Op(l - E^) + 0,(£aE/ - EdEc) + Or(Ea£i - <5aEc) + Os(Ea'^a " "^fcEc) 
+ Ot(Ea - EeEc) - OeOd(Ed<?a ^ *E/) + 0„(£dEi - (5q£/) + 0^, (e^ - EgE/) 

- rnOe(Ee<;a - ft) + Ou, (EeEj - 8a) + Oe((5aft - ft£i) by ( |5.1a| ), ( |5.13a| ) & (|5.23a| ) 



On by (5.24e) 



(5.48k) 



(n X r) • (gp + 5,) 

= (O X r) • [Oj;A + X)yV + o^p + OafJ + ObA + OcA + 0„i(/$ x fJ) + 0„(/? x r) + Do(k x A) 
+ ObOe(/? X A) + Op(/? X p) + o,(ri X r) + 0r(O X A) + Ds(0 X A) + Ot(r2 X p) 
- OeOd(r X A) + 0„(r X A) + 0^,(r x p) - y„De(p x A) + 0„(p x A) + 0^(A x A)] by (|5.47|) 
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= V4A ■ {ft X r)] + Oy[r • {ft X r)] + \:i,[p-{ftx r)] + Oa[ft ■ {fl x r)] + Ob[A • {ft x r)] 
+ Oc[A • {ft X r)] + Om[(r2 X r) • (/$ X ft)] + 0„[(r2 x r) • (k x r)] + Xio[{ft x r) • (k x A)] 
+ t)6t)e[(r2 X r) • (k X A)] + Op[(rJ X r) ■ {k X p)] + Og[(Jl x r) • (fJ x r)] 
+ Vr[{ft X r) • (rj X A)] + Vs[{^ X r) • ($7 X A)] + Ot[(rj x r) • (J7 x p)] 

- VeOd[{ft X r) • (r X A)] + x r) • (r x A)] + x r) • (r x p)] 

- y„0e[(rj X r) • (p X A)] + \}^[{ft x r) • (p x A)] + \}l[{ft x r) • (A x A)] 



= -Vx£m + Vz£i + Ob^i + Oct)„i + Om[(rJ ■ K){r ■ ft) - fl (r • /?)] + 0„[(rJ • /?)r - ($7 • r)(r • /i)] 
+ Vo[{ft ■ n){r ■ A)-{ft- A)(r • ii)] + VbVe[{fl ■ K){r ■ A) - {ft ■ A){ii ■ r)] 
+ Vp[{n ■K){r-p)-{n- p)(r • k)] + Vqp^r'^ - {n ■ r)2] 
+ Vr[n^{r -A)- {ft- A)(r • ft)] + Vs[^^{r ■ A) - {ft ■ A)(r • ft)] 
+ Vt[n^r • p) - (f^ • p)(r • ft)] - V>eX>dm ■ r){r ■ A) ~ {ft ■ A)r^] 
+ Vu[{n ■ r)(r ■A)~{n- A)r^] + o4(fl ■r){r-p)-{n- p)r^] 
~ y„Oe[(fl • p)(r -A) -{ft- A)(r • p)] + 0^[{fl ■ p)(r ■ A) - {ft ■ A)(r • p)] 
+ o2[(f2 . A)(r -A) -{ft- A)(r • A)] by {Kl^, (|5.23b|) & ^jk^ 



: -t)a;£m + OzS; + Ob^l + Ocf)„i + Om{£a£b - ^'^Sd) + On{£ar'^ " £b£d) 
+ Vo{£a£h ~ £g£d) + 'Ob'Oe{£a^n ~ <ic£d) + Vp{ea£f ~ £c£d) + Vq{fl'^r'^ 
+ Or(f^^£/i - £g£b) + " ^cEfc) + Ot(17^e/ - EcSb) - OeOrf(£b^n 



X)u{£b£h 



Ear 



') + t)„(£6e/ - Ect'^) ~ lu'Oe{Ec<,n " Q^/) + 'Ow{EcEh 



+ t)2(eg<;„ - Qe^) by & ( |5.23a| ) 

: Oo by ( p4^ ) 



-£?) 



(5.481) 



(f2 X A) • {dp + gg) 

= ($7 X A) • [t)2;A + Oyr + o^p + Oaft + OfoA + OcA + Om(K X $7) + t)„(K X r) + K>o{^ x A) 
+ 060e('« X A) + Op(K X p) + X r) + X A) + Os(r2 X A) + Ot(Jl X p) 



- OeOd(r X A) + 0„(r X A) + o^,(r x p) - y„Oe(p x A) + t)^(p x A) + t)^(A x A)] by (5.47) 



= x>:,[A-{ftx A)] + Oy[v ■ {ft X A)] + o^[p • ($7 X A)] + Oa[fl-{ftx A)] + Ofc[A • {ft x A)] 
+ Oc[A • {ft X A)] + o„J(n X A) • (k X $1)] + D„[(n X A) • (k X r)] + Oo[(r2 x A) • (k x A)] 
+ ObOe[(n X A) ■ {nx A)] + Dp[(n X A) • (/$ X p)] + xiq[{fl X A) • ($7 X r)] 
+ o^[(rj X A) • (rj X A)] + o4(J7 X A) • (J7 X A)] + Ot[(rj X A) • (n X p)] 

- x>e'Od[{ft X A) • (r X A)] + Ot,[(rj X A) • (r X A)] + 0u[(J7 x A) • (r x p)] 

- y„tie[(n X A) • (p X A)] + xs^[{ft X A) • (p X A)] + xsl[{fl x A) • (A x A)] 
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+ t>n[{n ■ k){A • r) - (O • r)(A • k)] + Oo[(f2 • k)A^ - (O • A)(A • k)] 

+ ObOe[(J^ • k)(a • A) - (rj • A)(A • k)] + Op[{n ■ k){a • p) - (rj • p)(a • k)] 

+ ^^[^^(A . r) - (rj • r)(A • n)] + Vrp^A^ - (f2 • A)^] + o,[172(A ■ A) - {n ■ A)(A • r2)] 

+ • p) - (J^ • p)(A • Jl)] - v>,Vdm ■ r)(A • A) - (Jl • A)(A • r)] 

+ 0„[(f2 • r)A2 - {n ■ A)(A • r)] + • r)(A • p) - (J^ • p)(A • r)] 

- y„0e[(f2 • p)(A • A) - (fl • A)(A • p)] + • p)A2 - (f2 • A)(A • p)] 



vi[{n ■ A)(A ■A)-{n- A)A^] by (5.1a), (5.23b), (5.23c) & (A.2) 



+ Oo(£aA^ - EgSa) + OhOe(£a'?rf - Tc^a) + t)p(ea£i - £c(5a) + tl5(ri^£/i - £fc£g) 



2 a2 



ti^(17^A 



Os(ri^<;d - Q£g) + t)t(f^^£i - £c£g) - t)etlrf(£6';<i - ^c£/i) 



+ ti„(£6A^ - egSh) + v^iebSi - ScSh) - yut'e(£c<rrf - Q£i) + o«>(£cA^ 



+ of (£g^d - ^cA") by (^, ( ^.13aD & ( |5.23a| ) 
Op by (pg) 



(5.48m) 



(f2 X A) • (gp + 3q) 

= ($7 X A) • [OajA + Oyr + o^p + OaJ^ + OfcA + OcA + D„i(/« X $1) + t)„(K X r) + Oo('J X A) 
+ ObOe('S X A) + t)p(K X p) + tig(f2 X r) + t)r(J^ X A) + Ds(r2 X A) + t)t(Jl X p) 



OeOd(r X A) + t)„(r x A) + tii,(r x p) - y„Oe(p x A) + t)u,(p x A) + Og(A x A)] by (5.47) 



= o^[A • (rj X A)] + \}y[v ■ {VI X A)] + o^[p • ($7 X A)] + Oa[J^ • (rj x A)] + Ofc[A • [Q, x A)] 
+ Oc[A • {n X A)] + o„i[(Jl X A) • (k X $7)] + D„[(J7 x A) • (k x r)] + Oo[(r2 x A) • (k x A)] 
+ 060e[(rj X A) • (/i X A)] + Dp[(n X A) • (k X p)] + Og[(Jl X A) • ($7 X r)] 
+ Or[(rj X A) • (rj X A)] + o,,[(J7 X A) • (J7 X A)] + Dt[(rj X A) • (rj X p)] 

- Oetirf[(rj X A) • (r X A)] + 0„[(rj X A) • (r X A)] + 0i,[(J7 x A) • (r x p)] 

- u^em X A) • (p X A)] + o^[(n X A) • (p X A)] + X A) • (A X A)] 



-o^rft, - M; + f^''p + "cpa + Om[(rj • k)(A • n) - f72(A • k)] 

- o„[(rj • /?)(A • r) - (J7 • r)(A • k)] + Do[(rj • ^)(A • A) - ($7 • A)(A • k) 



- 060e[(J^ • k)a - ■ A)(A • k)] + Op[(fi • k){a • p) - (rj • p)(A • k)] 

- Vqin^ik • r) - (J7 • r)(A • Vl)] + t)^[f72(A • A) - (fJ • A)(A • Q,)] + o^f^^^^ _ . ^)2j 

- VtP'iA • p) - (fl • p)(A • f2)] - x>,K>dm ■ r)A' - {'^ ■ A)(A • r)] 

- ■ r)(A • A) - (fl • A)(A • r)] + 0,[(JI • r)(A • p) - (J^ • p)(A • r)] 
UX>,m ■ p)a' - (fl • A)(A • p)] + o^[(fl • p)(A • A) - (n • A)(A • p)] 
■ ■ A)A^ ~ ■ A)(A • A)] by (|5|23b|), ( p3^ & (^) 
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= -Vxdy - Vydl + OxOp + OcpQ + V.m{Sa^c - SI ft) + t)„(£Q<r„ - Efeft) + t)o(£a<rd " £gft) 
+ t)ht)e(£Qft - ftft) + 'Op{ea<;a - £cft) + Og(ri^<;„ - efcft) + Or(Sl^^d - Sgft) 

+ t)s(Sl^ft - <^c) + ^ti^^^a - Ecft) - OeO<i(£h'^e " Q-^n) + ^uiSb^d ~ Sg^n) + ^vi^b'^a " £c^n 



- ynOe(ecQ - ftft) + o«,(ecft - £gft) + Oe(eg<re " TcTd) by ( |5.1aD & ( ^.23aD 
0, by (pig) 



(5.48n) 



X p) . (gp + 3,) 

= (Jl X p) • [0:rA + D^r + tJ^p + Oafl + O5A + OcA + D„i(/? X Jl) + d„(k X r) + Do(k X A) 

+ DbOe(/« X A) + X p) + Dg(r2 X r) + t)r(i^ X A) + Ds(r2 X A) + Of(r2 x p) 



OeDd(r X A) + tJ„(r x A) + o„(r x p) - y„De(p x A) + Ou;(p x A) + of (A x A)] by (5.47) 



= o^[A • {n X p)] + \}y[r-{nx p)] + ti^[p • (n X p)] + Oa[n ■ {n x p)] + 06[a • {n x p)] 

+ Oc[A • (Jl X p)] + o„j[(r2 X p) • (k X $7)] + o„[(r2 x p) • (k x r)] + Do[(r2 x p) • (k x A)] 
+ Of,De[(rj X p) • (k X A)] + Vp[{n X p) • (k X p)] + Xig[in x p) • (n x r)] 
+ Or[{^ X p) • (O X A)] + Ds[(r2 X p) • (r2 X A)] + Df[(r2 X p) • (r2 X p)] 

- OeOd[(f^ X p) • (r X A)] + 0„[(f2 X p) • (r X A)] + Vy[{n x p) • (r x p)] 

- y„0e[(f2 X p) • (p X A)] + 0i„[(O X p) • (p X A)] + vl[{n x p) • (A x A)] 



-o^jOo - Vy£i - OfeSp - 0c3g + Om[(r2 • /4)(p • Jl) - 0^(p • /?)] 

- 0„[(f2 • k)(p • r) - (n • r)(p ■ «)] + Oo[(n • k)(p • A) - (^ • A)(p • k)] 

- 060e[(f2 • ?J)(p • A) - (n • A)(p • k)] + ttpiin ■K)-{n- p)(p • k)] 

- Vq[n^{p ■r)-{n- r)(p • n)] + Vr[n^{p • A) - (o • A)(p • o)] 

- Vs[n^{p • A) - (O • A)(p • n)] + x>t[n^ - (O • p)^] - vMi^ ■ r)(p • A) - (O • A)(p • r)] 

- 0„[(O • r)(p • A) - (rj • A)(p • r)] + o„[(f2 • r) - (O • p)(p • r)] 

- y,0e[(f2 • p)(p • A) - (rj • A)] + D^[(rj • p)(p • A) - (rj • A)] 



of [(f2 • A)(p • A) - (O • A)(p • A)] by (5.1a), (5.23b) & (A.2) 



= -Oj;^o - VySl - 06t)p - OcOg + Om(eQ£c - f^^£e) + I3n(£a£/ ^ £h£e) + Oo(£a£i " £g£e) 
+ 06De(£aft - ft£e) + t'p(£a ^ £c£e) + Oq{^^£f - £6£c) + t)r(f^^£i - £g£c) 

+ Os(n^<;a - ft£c) + Ot(^^^ - £c) - OeOrf(£b';a ^ ft£/) + t'«(£6£i - £ff£/) + t'u(£b - £c£/) 
- ?«t'e(£cft - ft) + Ou;(£c£j " £3) + ^li^g'^a - fc£j) by ( |5.1a| ) & ( |5.23a| ) 
= 0,. by ( p4i^ ) (5.48o) 



(r X A) • {3p + 3g) 

= (r X A) • [Dj;A + Oi^r + OzP + + ObA + OcA + o,„(/« x $7) + o„(^ x r) + Oo(/5 x A) 
+ ObOe(K X A) + Op(/« X p) + Vg{fl X r) + o,.(r2 x A) + Os(r2 x A) + Ot(f2 x p) 



OeOd(r X A) + 0„(r x A) + o,u(r x p) - y„Oe(p x A) + Ou,(p x A) + 0-(A x A)] by (5.47) 
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= 0^[A • (r X A)] + Vy[r ■ (r x A)] + O^p • (r x A)] + Oa[ft ■ (r x A)] + Ob[A • (r x A)] 
+ Oc[A • (r X A)] + D„i[(r x A) • (k x fl)] + 0„[(r x A) • (k x r)] + Oo[(r x A) • (k x A)] 
+ 060e[(r X A) • (/? X A)] + Op[(r x A) • (k x p)] + Og[(r x A) ■ {fl x r)] 
+ 0^[(r X A) • (O X A)] + D,[(r x A) • (fi x A)] + Dt[(r x A) ■ {fl x p)] 

- OeBd[(r X A) • (r X A)] + o„[(r x A) • (r x A)] + D„[(r x A) • (r x p)] 

- y„Oe[(r X A) • (p X A)] + o„[(r x A) • (p x A)] + o^[(r x A) • (A x A)] 



Vx^h - Vzdn + Oaf; - OcOj + 0„i[(r • k)(A • Jl) - (r • r2)(A • /?)] 
+ 0„[(r • k)(A • r) - r2(A • /$)] + Oo[(r • k)(A • A) - (r • A)(A • k) 



VbVe[{r ■ k)A - (r • A)(A • k)] + Op[(r • ;$)(A • p) - (r • p)(A • /$)] 
t)J(r • n)(A • r) - r^{A ■ O)] + Dr[(r • 0)(A • A) - (r • A)(A • n)] 
0j(r • n)A' - (r • A)(A • O)] + X,t[(r ■ 0)(A • p) - (r • p)(A • n)] 
OeOdir'A' - (r • A)2] + D„[r2(A • A) - (r • A)(A • r)] 
K[r\A • p) - (r • p)(A • r)] - y„0,[(r • p)a' - (r • A)(A • p)] 
o„[(r • p)(A • A) - (r • A)(A • p)] + o^[(r • A)a' - (r • A)(A • A)] 



by ( |5.23b| ) & (|A.2D 



+ Vv{r'^(;a - £f^n) - j:«Oe(e/'?e - ^n'ia) + ^wisf^d - £/i^a) + ^liSh'ie - 'in^d) 

by ( |5la| ) & ( |5^ ) 

: 0, by ( plj ) (5.48p) 



(r X A) • (3p + a,) 

= (r X A) • [Oj;A + Dj^r + o^p + OaJ^ + ObA + OcA + o,„(/t x Jl) + d„(k x r) + Oo(k x A) 
+ Of,Oe('? X A) + t)p(K X p) + Vq{fl X r) + t)r(J^ X A) + 0^ (O X A) + Ot(r2 X p) 



OeDd(r X A) + t)„(r x A) + tii,(r x p) - y„De(p x A) + t)^(p x A) + t)e(A x A)] by (5.47) 



= Ox[A • (r X A)] + Oy[r • (r x A)] +X>,[p-{rx A)] + Oa[n ■ (r x A)] + Ob[A ■ (r x A)] 
+ Oc[A ■ (r X A)] + D„i[(r x A) • (k x $7)] + 0„[(r x A) • (/? x r)] + Do[(r x A) • (/? x A)] 
+ t)60e[(r X A) ■ (kx A)] + t)p[(r x A) • (k x p)] + Og[(r x A) • (fJ x r)] 
+ 0,.[(r X A) • (rj X A)] + D,[(r x A) • (J7 x A)] + Df[(r x A) • x p)] 

- OeOd[{r X A) • (r X A)] + 0„[(r x A) • (r x A)] + o^,[(r x A) • (r x p)] 

- y„Oe[(r X A) • (p X A)] + o^[(r x A) • (p x A)] + ^^[(r x A) • (A x A)] 
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- -OzEo - OaSm " OfeDft - Oc^i + Om[(r • k){A • f2) - (r • ( A • k)] 
+ 0„[(r • k)(A • r) - r\A ■ k)] + x>o[{r ■ ii)A^ - (r • A)(A • k)] 
+ DbDe[(r • k){A • A) - (r • A)(A • k)] + Op[(r • ^)(A • p) - (r • p)(A • k)] 
+ Vg[{r ■ n){A ■ r) - r^{A ■ fl)] + 0^[(r • n)A^ - (r • A)(A • n)] 
+ 0,[(r • n){A • A) - (r • A)(A • n)] + O^lr • n){A • p) - (r • p)(A • n)] 

- t)eOdP(A • A) - (r • A)(A • r)] + O^pA^ - (r • A)^] + v^r^A • p) - (r • p)(A • r)] 

- y„t,e[(r • p)(A • A) - (r • A)(A • p)] + o^[(r • p)A2 - (r • A)(A • p)] 
+ ol[{r ■ A)(A • A) - (r • A)A2] by Kl^, (|5.23h|) & 



r £o 



t)r(ehA^ 



+ Vv{r'^£i - £f£h) - y«Oe(£/^d " <.ix£i) + 'o^isft^ - ehS^) + Xs\{eh^d - ■fnA^) 
by ( Islal) , ( ^.13aD & ( ^.23aD 



Ot by (5.24i) 



(5.48q) 



(r X p) . (^p + g,) 

= (r X p) • [Oj.A + XiyV + t)^p + OaJ^ + ObA + OcA + t)m(/« X $1) + o„(k X r) + Ool/t X A) 

+ 06t)e('? X A) + Op(/« X p) + X r) + t)r(J^ X A) + 0^ ($7 X A) + t)t(Jl X p) 



OeOd(r X A) + o„(r x A) + Oi,(r x p) - y„Oe(p x A) + t)^(p x A) + t)e(A x A)] by (5.47) 



= 02;[A • (r X p)] + o,y[r • (r x p)] + o^[p • (r x p)] + 0a[J7 • (r x p)] + Ob{A ■ (r x p)] 
+ Oc[A • (r X p)] + o,„[(r x p) • (k x U)\ + o„[(r x p) • (k x r)] + Oo[(r x p) • x A)] 
+ OfcOe[(r X p) • (k X A)] + Op[(r x p) • (k x p)] + Og[(r x p) • (J7 x r)] 
+ 0,.[(r X p) • (fl X A)] + o,[(r x p) • (fl x A)] + Ot[(r x p) • (fl x p)] 

- OeOd[(i- X p) • (r X A)] + 0„[(r x p) • (r x A)] + 0^,[(r x p) • (r x p)] 

- y„t)e[(r X p) • (p X A)] + o^[(r x p) • (p x A)] + ^^[(r x p) • (A x A)] 



Oj^eo + Oa£i + OfcOn + Ocpb + o„i[(r • k)(p • $7) - (r • J7)(p • k)] 
+ 0„[(r • k)(p • r) - r2(p • /?)] + Oo[(r • ^)(p • A) - (r • A)(p • k)] 
+ 06t)e[(r • k)(p • A) - (r • A)(p • k)\ + Op[(r • k) - (r • p)(p • 
+ 0j(r • f2)(p • r) - r2(p • fl)] + t),[(r • fl)(p • A) - (r • A)(p • U)\ 
+ 0,[(r • J^)(p • A) - (r • A)(p • n)\ + Ot[(r • J^) - (r • p)(p • O)] 

- OeOdP(p • A) - (r • A)(p • r)] + 0„[r2(p • A) - (r • A)(p • r)] + O^p - (r • p)^ 

- y„Oe[(r • p)(p • A) - (r • A)] + 0^[(r • p)(p • A) - (r • A)] 

+ o2[(r . A)(p . A) - (r • A)(p • A)] by (||23|), ( p3^ ) & 
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+ OslEb'Ja - T«£c) + Ot(£6 - £/£c) - OeOdlj-^^a " ^n£/) + 0«(r^£i - £ft£/) 
+ 0„(r^ - - y„Oe(£/'?a - + 0«,(£/£i ~ £/i) + ^^(E/i^a - WSi) 

by (Islal) & ( ^.23aD 

: o„ by (|5.24iD (5.48r) 



(p X A) • (^p + a,) 

= (p X A) • [OajA + Oyr + O^p + OaJ^ + OfoA + OcA + Om(K X Jl) + 0„(/t X r) + K)o{k, X A) 

+ Obt)e('? X A) + t)p(/« X p) + Og(r2 X r) + t)r(J^ X A) + Os(r2 X A) + t)t(r2 x p) 

- OeOd(r X A) + t)„(r X A) + Ot,(r x p) - y„Oe(p x A) + t)^(p x A) + t)e(A x A)] by (|5.47D 



= 0^[A • (p X A)] + Oy[r • (p X A)] + ti2[p • (p X A)] + Oa\^ ■ (p x A)] + Ofc[A • (p x A)] 
+ Oc[A • (p X A)] + 0,„[(p X A) • (k X $7)] + 0„[(p x A) • (/? x r)] + Oo[(p x A) • (/? x A)] 
+ Of,Oe[(p X A) • (k X A)] + Op[(p X A) • (k X p)] + 0,[(p X A) • (r2 X r)] 
+ tir[(p X A) • (O X A)] + Os[(p X A) • (r2 X A)] + Ot[(p x A) • (O x p)] 

- Oetirf[(p X A) • (r X A)] + t)„[(p X A) • (r X A)] + o^,[(p x A) • (r x p)] 

- y„t)e[(p X A) • (p X A)] + Oj„[(p X A) • (p X A)] + t)^[(p x A) • (A x A)] 



= -Oajfr + O.yOrj - Oafp + Ocpc + Om[(P • k) ( A • O ) - (p • 0)(A • /t)] 

+ t)„[(p • /$)(A • r) - (p • r)(A • k)\ + Oo[(p • k)(A • A) - (p • A)(A • /$)] 

+ 060e[(p • /$)A^ - (p • A)(A • k)] + Op[(p • /$)(A • p) - (A • k)] 

+ 0,[(p • rj)(A • r) - (p • r)(A • O)] + w[(p • 0)(A • A) - (p • A)(A • 

+ o4(p • f2)A' - (p • A)(A • + Dt[(p • f2)(A • p) - (A • O)] 

- Oet)d[(p • r)A' - (p • A)(A • r)] + 0„[(p • r)(A • A) - (p • A)(A • r)] 

+ 0„[(p • r)(A • p) - (A • r)] - y„De[A' - (p • A)^] + ti,„[(A • A) - (p • A)(A • p)] 



of [(p • A)A - (p • A)(A • A)] by (|5.23b| ), (|5.23cD & (|A.2D 



: -Xix^r + t)yO„ - OaOp + Ocpc + Om(£e?c - £c'^b) + On(£e'^n " £/?b) + Oo(£e^d " £ift) 
+ DbOe(£eQ - ^a?b) + Op(£e?a " + Og(£c^« " £/?c) + OrlEc-^d " £1^) 
+ Ds(£c?e - ?aQ) + Ot(£c?a " ?c) " DeOd(£/^e " "^a^n) + 0«(£/'^d " Ei-^n) 
+ Ot)(£/'^a - - y«Oe(?e " ?q) + Otu(?d " £i^a) + Oe(£i^e " "^a^d) 

by ( |5la| ) & ( |5^23a| ) 

: o„ by (|5ll ) (5.48s) 



(px A)-(ap + a,) 

= (p X A) • [Oa^A + o^r + o^p + Oa^J + ObA + OcA + D„i(/« X r2) + d„(k x r) + Oo(k x A) 
+ DbOe(/« X A) + Op(/« X p) + Dg(r2 X r) + Or(r2 X A) + Ds(r2 X A) + Of(r2 x p) 



DeDd(r X A) + 0„(r X A) + D„(r x p) - y„De(p x A) + 0,u,(p x A) + Og(A x A)] by (5.47) 
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= V^A ■ (p X A)] + Vy[r ■ (p X A)] + 0;j[p • (p X A)] + Oa[ft ■ (p x A)] + Ob[A ■ (p x A)] 
+ Oc[A • (p X A)] + o,„[(p X A) • (k X rt)] + 0„[(p X A) • (k X r)] + Oo[(p x A) • (/« x A)] 
+ Df,De[(p X A) • ( K X A)] + Dp[(p X A) • (k X p)] + Dq[(p X A) • (r2 X r)] 
+ Vr[{p X A) • (O X A)] + Os[(p X A) • (r2 X A)] + Dt[(p x A) • (O x p)] 

- OeOrf[(p X A) • (r X A)] + Vu[{p X A) • (r X A)] + 0„[(p x A) • (r x p)] 

- j:„Oe[(p X A) • (p X A)] + o„[(p X A) • (p X A)] + o^[(p x A) • (A x A)] 



■ "OySo - OaDo + Ofefr + Oct's + Om[(P ' '«)(A • fj) - (p • Vl){A ■ k)] 

+ o„[(p • ;?)(A • r) - (p • r)(A • k)] + Oo[(p • k)A^ - (p • A)(A • k)] 
+ DbOe[(p • k){A • A) - (p • A)(A • k)] + Dp[(p • k)(A • p) - (A • k)] 
+ 0,[(p • n)(A • r) - (p • r)(A • n)] + o,,[(p • ^l)A^ - (p • A)(A • n)] 
+ 0,[(p • f2)(A • A) - (p • A)(A • n)] + Ot[(p • n)(A • p) - (A • n)] 
- t)eO<j[(p • r)(A • A) - (p • A)(A • r)] + o„[(p • v)K^ - (p • A)(A • r)] 
+ 0„[(p • r)(A • p) - (A • r)] - y„Oe[(A • A) - (p • A)(A • p)] + ^^[A^ 
+ D^[(p • A)(A • A) - (p • A)A2] by dsl^), ([5^23b|) & (O) 



(p. A) 



+ Os(ec<;<i - "^aEg) + Of(ec£i - Eg) - OeO<i(£/Q " "JaE/i) + 0«(£/A^ - EiE/i) 

+ <Oy{efe, - Eh) - h'Oei^d - ^ae») + 0»(A^ - £?) + Ogfe^d - ^aA^) 
by dslal ), ( |5l3a| ) & (|^23^ 
= 0^ by (pi) (5.48t) 



(A X A) • idp + dq) 

= (A X A) • [tJ^A + Oj^r + VzP + OaO + ObA + OcA + o„i(k x fi) + tJ„(K x r) + Oo(« x A) 
+ Of,Oe(/« X A) + Dp(/? X p) + 0,(r2 X r) + <0r{^ X A) + Ds(0 X A) + Ot(r2 x p) 



- OeOd(r X A) + 0„(r X A) + 0^,(r x p) - y„De(p x A) + 0„(p x A) + 0^(A x A)] by (5.47) 



= X>4A ■ (A X A)] + o.y[r • (A x A)] + D^[p • (A x A)] + Oa[^ ■ (A x A)] + Ob[A ■ (A x A)] 
+ Oc[A ■ (A X A)] + o„i[(A X A) • (k X O)] + D„[(A x A) • (k x r)] + Do[(A x A) ■ (U x A) 
+ D(,De[(A X A) • (k X A)] + Op[(A X A) • (k X p)] + D,[(A x A) • (O x r)] 
+ o^[(A x A) • (O X A)] + ^^[(A X A) • (r2 X A)] + Dt[(A x A) • (O x p)] 

- OeOd[(A X A) • (r X A)] + o„[(A x A) • (r x A)] + D„[(A x A) • (r x p)] 

- };„De[(A X A) • (p X A)] + o„[(A x A) • (p x A)] + ^^[(A x A) • (A x A)] 
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^Vydh + OzSr + Oa<^v + Ocpd + Om[(A ■ k){A ■ ft) - (A ■ f2)(A • k)] 

- 0„[(A • ^)(A • r) - (A • r)(A • k)] + Do[(A • k)(A • A) - A2(A • k)] 

- DbDe[(A • k)A^ - (A • A)(A • k)] + Op[(A • ;$)(A • p) - (A • p)(A • k)] 

- dJ(A • r2)(A • r) - (A • r)(A • O)] + D^[(A • 0)(A • A) - A'^{A ■ Q)] 

- D,[(A • n)A^ - (A • A)(A • n)] + Df [(A • n){A • p) - (A • p)(A • n)] 

- OeOd[(A • r)A' - (A • A)(A • r)] + D„[(A • r)(A • A) - A2(A • r)] 

- 0,[(A • r)(A • p) - (A • p)(A • r)] - y„tie[(A • p)a' - (A • A)(A • p)] 
■ t,„[(A • p)(A • A) - A2(A • p)] + t^llA'A' - (A • A)^] 



by (5.23b), (5.23c) & (A.2) 



'X)y()h + O^fr + 0a5^. + OcPd + Om(5a^c - £g%) + On('5a?« - Sh'^b) + Oo('5a'?d " %) 

- tsieg'^e - ^d^c) + Vtieg^a ~ £i'^c) ~ t)eVd{£h^e - ^dQi) + 0„(£/i<^(i - A^<;„) 

- Ot,(e/i'?a - Ei'Jn) - y«l'e(£i^e ^ ^d^a) + 0«,(ej^d - A\a) + Oe(A\e - ^d) 



by ( p.laD , ( ^.13aD & (|5.23a| ) 



= 0, by (|5.24k|) . 

Similarly, we derive 

^- (^p + a,) 

= K ■ [VxA + VyV + VzP + Oafi + OfcA + OcA + Dm(K X Jl) + 0„(k X r) + Oo('? X A) 
+ ObOe(/« X A) + Op(/« X p) + X)q{fl X r) + Or(J^ X A) + (O X A) + Of(r2 X p) 



(5.48u) 



DeOd(r X A) + tJ„(r X A) + D„(r x p) - j:„De(p x A) + 0^,(p x A) + 0^(A x A)] by (5.47) 



VxiK ■ A) + Vy{K ■ r) + Vz{k ■ p) + Oa(« ■ rZ) + Ob(K • A) + Oc{k ■ A) + Vq[K ■ (Jl X r)] 

+ ■ (J^ X A)] + • (rZ X A)] + Df • (O X p)] - OeOd[K • (r X A)] + • (r x A)] 
+ 0.„ • (r X p)] - j:„De [k • (p X A)] + Oi^, • (p x A)] + [k • (A x A)] 



- 0„e„ + O^Ot - y„De3a + Ou.'^b + O^Ou by (|5l|), ( |5.13a| ), ( |5.23a| ), ( |5.23b| ) & ( |5.23cD 



by (5.24k) 



(5.49a) 



(A X p) • (gp + g,) 

= (A X p) • [03;A + Oyr + o^p + Oafl + ObA + OcA + D„(/« x fZ) + d„(k x r) + Oo(« x A) 
+ DbOe('? X A) + Op(/t X p) + D5(r2 X r) + Or(J^ X A) + Ds(r2 X A) + Of(r2 x p) 



DeDd(r X A) + 0„(r X A) + D„(r x p) - y„De(p x A) + 0,„(p x A) + of (A x A)] by (5.47) 



: D^[A • (A X p)] + Oj,[r • (A X p)] + D;,[p • (A X p)] + ■ (A x p)] + Ob[A • (A x p)] 
+ Oc[A • (A X p)] + Om[(A X p) • (k X O)] + D„[(A x p) • (k x r)] + Do[(A x p) • (k x A)] 
+ DbDe[(A X p) • (k X A)] + Dp[(A X p) • (k X p)] + X)q\{A X p) • (r2 X r)] 
+ Or[(A X p) • (f2 X A)] + Ds[(A X p) • (r2 X A)] + Df[(A x p) • (f2 x p)] 

- OeOd[(A X p) • (r X A)] + 0„[(A X p) • (r X A)] + Dt,[(A x p) • (r x p)] 

- y„Oe[(A X p) • (p X A)] + o,u,[(A X p) • (p X A)] + of [(A x p) • (A x A)] 
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Vx^s - OyPh + Oa^q 

+ 0„[(A-/$)(p-r)- 



h Obpc + Om[(A • k)(p • r2) - (A • n){p ■ k)] 
(A • r)(p • k)] + o„[(A • k)(p • A) - (A • A)(p • k) 



060e[(A • /$)(p • A) - (A • A)(p • k)] + Op[(A • /?) - (A • p)(p • k)] 
o,[(A • n)(p • r) - (A • r)(p • O)] + o,[(A • 0)(p • A) - (A • A)(p • U)] 
o,[(A • 0)(p • A) - (A • A)(p • O)] + x,t[{A • O) - (A • p)(p • O)] 
OeOd[(A • r)(p • A) - (A • A)(p • r)] + o„[(A • r)(p • A) - (A • A)(p • r)] 
0„[(A • r) - (A • p)(p • r)] - y„0,[(A • p)(p • A) - (A • A)] 



+ t-„[(A.p)(p.A)-(A.A)] 
by (|5 23b|), (|5.23cD & (O) 



t,^[(A.A)(p.A)-(A.A)(p.A)] 



by & ( ^.23a| ) 

: 0^ by (^.24|) (5.49b) 



(Axr).(gp + g,) 

= (A X r) • [<OxA + VyV + + + OfcA + OcA + 0„i(/? x r2) + d„(k x r) + Oo(k x A) 
+ ObOe(/? X A) + Op(/? X p) + Vq{fi X r) + Ori^l X A) + (O X A) + Vt{fl X p) 



VeVd{r X A) + tJ„(r x A) + o„(r x p) - y„De(p x A) + 0^(p x A) + of (A x A)] by (5.47) 



= 0^[A • (A X r)] + Vy[r ■ (A x r)] + ^^[p • (A x r)] + Oa[ft ■ (A x r)] + Ob[A • (A x r)] 
+ Oc[A • (A X r)] + D,„[(A X r) • (k X O)] + 0„[(A x r) • (k x r)] + Do[(A x r) • (k x A)] 
+ 060e[(A X r) • (/« X A)] + Op[(A x r) • (k x p)] + D,[(A x r) • (r2 x r)] 
+ 0^[(A X r) • (O X A)] + D,[(A x r) • (O x A)] + Dt[(A x r) • (^ x p)] 

- OeOd[(A X r) • (r X A)] + 0„[(A x r) • (r x A)] + D„[(A x r) • (r x p)] 

- y„Oe[(A X r) • (p X A)] + o„[(A x r) • (p x A)] + of [(A x r) • (A x A)] 



= -<Oxdi + O^pb - OaO„i - ObOj + 0,„[(A • K)(r • O) - (A • 0)(r • /?)] 
+ D„[(A • - (A • r)(r • /?)] + D„[(A • ;?)(r • A) - (A • A)(r • k)] 
+ DbOe[(A • /?)(r • A) - (A • A)(r • k)] + Dp[(A • K)(r • p) - (A • p)(r • k)] 
+ dJ(A • ny - (A • r)(r • n)] + X>r[{A • f2)(r • A) - (A • A)(r • n)] 
+ 0,[(A • n)ir • A) - (A • A)(r • n)] + Ot[(A • n){r • p) - (A • p)(r • U)] 
- OeOd[(A • r)(r • A) - (A • Ay] + 0„[(A • r)(r • A) - (A • A)r^] 
+ 0,[(A • r)(r • p) - (A • - y„Oe[(A • p)(r • A) - (A • A)(r • p)] 
+ 0,„[(A • p)(r • A) - (A • A)(r • p)] + of [(A • A)(r • A) - (A • A)(r • A)] 
by ( p3b| ), ( |5^ ) & ( |a1| ) 
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by & ( |5.23a| ) 



= U by (5.24m) 



(5.49c) 



(A X r) • (3p + g,) 

= (A X r) • [OajA + o.yr + t)^p + + ObA + OcA + t)m(K X r2) + ti„(/« X r) + Oo('« x A) 
+ Of,t)e('« X A) + t)p(/« X p) + Og(Jl X r) + t)r(r2 X A) + Ds(r2 X A) + Ot(Jl X p) 



- OeOd(r X A) + 0„(r X A) + o^,(r x p) - y„Oe(p x A) + 0^(p x A) + t)^(A x A)] by (5.47) 



0^[A • (A X r)] + Oj,[r • (A X r)] + o^[p • (A x r)] + Oa[^ ■ (A x r)] + Oh[A • (A x r)] 
+ Oc[A • (A X r)] + o„i[(A x r) • (/t x Q,)] + 0„[(A x r) • (/t x r)] + Oo[(A x r) • (k x A)] 
+ t)fcOe[(A X r) • (/? X A)] + Op[(A x r) • (/t x p)] + Og[(A x r) • (r2 x r)] 
+ 0^[(A X r) • (J7 X A)] + o4(A x r) • x A)] + Ot[(A x r) • x p)] 

- OeOd[(A X r) • (r X A)] + o„[(A x r) • (r x A)] + o„[(A x r) • (r x p)] 

- y„t)e[(A X r) • (p X A)] + d„[(A x r) • (p x A)] + ^^[(A x r) • (A x A)] 



■ 'O^pe + O^p/ + OaPg + ObPh + OcPj + Om [( A • K)(r • fJ) - (A • 0)(r • k)] 
+ 0„[(A • K)r2 - (A • r)(r • k)] + Oo[(A • ;$)(r • A) - (A • A)(r • k)] 
+ 06t)e[(A • ?J)(r • A) - (A • A)(r • k)] + Op[(A • K)(r • p) - (A • p)(r • k.)] 
+ Og[(A • n)r2 - (A • r)(r • n)] + o^[(A • n)(r • A) - (A • A)(r • O)] 
+ 0,[(A • f2)(r • A) - (A • A)(r • VL)] + Ot[(A • rj)(r • p) - (A • p)(r • fJ)] 
- 0,Od[(A • r)(r • A) - (A • A)r2] + o„[(A • r)(r • A) - (A • A)r2] 
+ 0„[(A • r)(r • p) - (A • ^)r^] ~ j;„0,[(A • p)(r • A) - (A • A)(r • p)] 
+ 0„[(A • p)(r • A) - (A • A)(r • p)] + ^^[(A • A)(r • A) - (A • A)(r • A)] 



by (|5.23c] ) & (|A.2D 



'OxPe + O^p/ + Oapg + Obph + Ocpj + Om(?p£6 " "^mEd) + 0„(<;pr^ - i^qSd) 
+ "Ooi^pEh - ^r£d) + Of,Oe('^p'?n " ^sEd) + Op('?p£/ " QErf) + 0<}('?m?'^ " "JgEb) 
+ Or(<;"me/i - ^r£b) + ^^(^m^n - ^s^b) + ^ti^niSf ~ Q£b) ~ ^e^di'^q^n - ^s^^) 
+ Vu{^q£h - ^r^^) + Oi)(^e/ - Qr^) - ?nOe(Q'?« " '^s£ f) + VniiQ£h " TrE/) 



+ vli^r^n - ?«£/.) by (Islal) & (|5.23aD 
fb by ( I5.24H ). 



(5.49d) 



As a consequence of the foregoing derivations, we get 

= {dp + 3q) ■ [OiA + VyV + VzP + + OfcA + OcA + v„i{k X r2) + d„(k X r) + Do(k X A) 
+ DbOe(/« X A) + Op(/« X p) + Dg(r2 X r) + Or(i^ X A) + Ds(r2 X A) + Ot(r2 x p) 



DeDd(r X A) + 0„(r X A) + D„(r x p) - j:„De(p x A) + 0,u,(p x A) + Og(A x A)] by (5.47) 
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^ 0,[A • {3p + dq)] +Oy[r- {3p + dq)] + 0.[P • {dp + 3q)] + Oa[J^ ' {3p + 3 q)] 
+ Ob[A ■ {3p + 3g)] + Oc[A • {3p + 3q)] + Vrn[{3p + 3q) ■ (/? X n)] 

+ 'On[{3p + 3q) ■ {fi X r)] + Oo[(ap + 3q) ■ (« X A)] + i>bt>e[{3p + 3q) ■ (k X A)] 

+ Vv[{3p + 3q) ■ (/$ X p)] + K,q[{3p + 3q) ' X r)] + K>r\{3p + 3 q) ' X A)] 

+ ^s[[3p + 3q) ■ {n X A)] + ot [{3p + 3q) ■ {'^ X p)] - 0e0d[(3p + 3q) ■ (r X A)] 
+ 'Ou[[3p + 3q) ■ (r X A)] + 0„[(gp + 3q) ■ (r x p)] - iu'0e[{3p + 3q) ■ (p X A)] 
+ 0„ [{3p + g,) • (p X A)] + x>l [{3p + 3,) • (A X A)] 



+ VqOo + VrOp + VsOq + VtOr - DeOdOs + 0„0f + 0^0„ - ^u^eOv + OiuOu, + 0^0^; 

by ( p9|) 

~ (5.50a) 



\3p + 3q\=U by (5.24n) 



= [OfeK + DcO - Odr + OgA - y„p + Oa(A x r) + p{A x r) - pr22(0 x r) + yo(p x O) 
+ 933^h.(p X A)]2 by ( ^.45d| ) 



: + 20c0b(K • r2) - 2VdVb{K ■ r) + 20e06(/? • A) - 2y„D(,(/? • p) + 2X)aVb[K ■ (A x r)] 
+ 2ptib[K ■ (A X r)] — 2pn'^tib[K, ■ (O X r)] + 2^o'0b[^ ■ (p x + 2ipgiphVb[K ■ (p x A)] 
+ vlil'^ - 20d0c{^ ■ r) + 2DeDc(f^ • A) - 2y„tJc(r2 • p) + 20aOc[^ ■ (A x r)] 
+ 2pOc[fl • (A X r)] + 2ipgiphVc[n ■ (p X A)] + vjr^ ~ 2DeDd(r • A) + 2y„Dd(r • p) 

- 2yoOd[r • (p X n)] - 20dipgiph[r ■ (p x A)] + O^A^ - 2y„De(A • p) + 2p0e[A • (A x r)] 

- 2pn^V,[A ■ {n X r)] + 2yoOe[A • (p x O)] + _ 20a?„[p • (A x r)] - 2py„[p • (A x r)] 
+ 2pf]2y„[p . (O X r)] + vl[{A X r) • (A X r)] + 2pD„[(A x r) • (A x r)] 

- 2pn'^X>a[{A X r) • (O X r)] + 2yoOa[(A x r) • (p x O)] + 2ipgiphVa[(A x r) • (p x A)] 
+ p^[{A X r) • (A X r)] - 2p^n^[{fl x r) • (A x r)] + 2yop[(A x r) • (p x fl)] 

+ 2ipgifihp[{A X r) • (p X A)] + p'^n'^[{n X r) • (r2 X r)] - 2yopfi2[(0 x r) • (p x n)] 

- 2(pgiphpn^[{n X r) • (p X A)] + y^[(p x fJ) • (p x fJ)] + 2ipgiph^o[{p x fj) • (p x A)] 
+ <P>'[(PX A)-(px A)] 



: Vl + 2VcVbea - 20dOf,e<J + 2X)eVbSa - 2hVb£e + 2<0aVb£n + 2p0f,0c - 2pn'^Vbek + 2^oVb£j 
+ 2ipgiphVbSb + O^fi^ - 20dOc£6 + 20e0ceg - 2j:„0c£c + 2VaVc£r,i - 2p0c5i - 2(pg(phVci:)o 

+ o^r^ - 20e0d£/i + 2y„o<j£/ - 2yoO<je; - 2\Jdfg(pheo + O^A^ - 2y„Dee,; - 2pOedh 

+ 2pn'^Vee,n + 2yoOe5o + - 20Qy„£o - 2py„0„ + 2p9?i^ei + 0^[(A x r) • (A x r)] 

+ 2pOa[(A X r) • (A X r)] - 2pfi^0a[(A x r) • (O x r)] + 2yoOa[(A x r) • (p x O)] 

+ 2LpgLphX>a[{A X r) • (p X A)] - 2p^n^[{'a x r) • (A x r)] + p^rj*[(r2 x r) • (fJ x r)] 

- 2yopr22[(r2 X r) • (p X Q,)] ~ 2ip gtphP^'^[{'^ x r) • (p x A)] + p^[{A x r) • (A x r)] 

+ 2yop[(A X r) • (p X Vl)] + 2^g^hp[{A x r) • (p x A)] + y2[(p x n) • (p x Vl)] 

+ 2^g^hlo[{v> X f2) • (p X A)] + X A) • (p X A)] by ( ^.ISal) , ( F^ ) & (|5.231j) 
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: U + 0a[AV2 - (A • rf] + 2po4(A • A)r^ - (A • r)(r • A)] 

- 2pnha[iA ■ - (A • r)(r • O)] + 2y„0,[(A • p)(r • fl) - (A • f2)(r • p)] 
+ 2ipgiphX>a[{A ■ p)(r • A) - A2(r • p)] - 2p^n^[{n ■ ky - {VL ■ r)(r • A)] 

+ p2f)4[^2^2 _ . j.)2] _ 2up^^[{^ • p)(r • rj) - . p)] 

- 2^g^hP^\'^ ■p){v-K)-{n- A)(r • p)] + p2[AV2 _ . ^)2] 

+ 2y„p[(A • p)(r • fl) - (A • n){Y ■ p)] + 2(^g(^^p[(A • p)(r • A) - (A • A)(r • p)] 

by ( p4^ & 



_ . f^)2] + 2^g^,y„[(JI • A) - (p • A)(n • p)] + ifl^l[K^ - (p • A)^] 



: U + 'oliK^r^ - el) + 2pOa(?<ir^ - £/i<r„) - 2pr22o<,(egr2 - eneb) + 2yoOa(£j£b - £36/) 
+ 2ipgiphX>a{ereh - A^£/) - 2p^a'^{<;y - £b^„) + ^^^^'^(f^^r^ - el) - 2up^'^{eceb - ^^ej) 

- 2ipgiphP^'^{£c£h - £g£f) + P^i'^er^ - ^n) + 2loP{^a£b ~ ^c£f) + 2ipgiphP{^a£h - ^dSf) 

+ - el) + 2^g^hU£g - £,£,) + vl^liK^ - ei) by & ( p3^ 

(5.50b) 



la.l = fe by (5.240) 



Art 22h. Development of equation (3.15d) 
The quantities defined by ( [3.15d ) evaluate as 



Hi = ii-{3p + 3q) by (3.15d) 



Oy by (5.49a) 



(5.51a) 



N2 - a • (3p + dg) by (|3.15d| ) 

= (^p + dq) ■ [Sb^ -n^Y + Axr] by ( p^ ) & (|I^ 



= £b[n • (gp + g,)] - . (g^ + 2g)] + (A X r) • (3^ + 3,) 
^ ebOg - n'^Oe - Ot by (|5.48|) 



(5.51b) 



H3 = a • (gp + g,) by ( p5d| ) 

= (gp + 3q) ■ [2ehn - 3£gr + A x r - n^{n x r) + ebA] by (|30§) 
= 2£„[n • (dp + 3g)] - 3eg[r ■ (gp + g,)] + [(A x r) • (gp + g,)] 
- n'^m X r) • (gp + g,)] + £b[A • (gp + g,)] 
2£/iOg - 3£gOe -Os- f^^Oo + £bOrf by (|5.48|) 



(5.51c) 



H4 = a • (gp + 3g) by ( |3.15d| ) 

= (gp + gg) • [3£hA + £f,A + Qtfl + Qur + 2eb{A xQ.)~ i^^iA x r) - 3£g(f2 x r) 
+ (A X r)] by !^m\ ) 

= 3£4(gp + 3g) ■ A] + £6[(gp + dg) ■ A] + Qt[{3p + 3g) ' ft] + [(gp + 3 q) ' r] 

+ 2£fc[(gp + 3q) ■ (A X n)] - 3r!2[(gp + gj . (A X r)] - 3£g[(gp + 3g) ■ x r)] 
+ [(gp + g,).(Axr)] 

= 3ehOd + ebOh + QtOg + QuOe ~ 2£b0p + 3^2^04 - 3£gOo + fa by ( |5.4S| ) & ( |5.49cD (5.51d) 
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H5 = a • {3p + 3,) by ( pSdl ) 

= {3p + 3q) ■ [{gt + 3<;„)A + AshA + SbA + g„ft + 5g„,r - 5eb{n x A) - 6rJ^(A x r) 

+ 5eh{A X rj) - 12£g(A x r) + g^in x r) + A x r] by (|30^) 
= {Qt + 3<;n)[{3p + 3q) ■ A] + Aeh[{3p + 3q) ■ A] + eb[[3p + 3q) ■ A] + Q,[{3p + 3q) ■ ^] 

+ ^qA{3p + 3q) ■ r] - heb[{3p + 3q) ■ (n X A)] - Gfl^iiSp + 3q) ■ (A X r)] 

+ ^eh[{3p + 3q) ■ (A X n)] - 12eg[{3p + 3q) ■ (A x r)] + g„[(0p + 3q) ■ x r)] 

+ [(ap + a,).(Axr)] 
= (ft + 3'?„)0rf + AshOh + SbOi + g^Og + 5g^0e - 5£{,o, + 60^0^ - BshOp 

+ UegOt + guOo + fb by ( p8|) & ( ^.49d| ) 



(5.51e) 



He = e • {3p + 3g) by ( ^.15dD 

= (3p + 3q) ■ [?g(p X rj) + 3yp(p X A) + 3yo(p x A) + (^g(^h(p x A) 

+ ytfl + 3ysA + 3yrA + </j,A - y^.p] by ( ^.40c| ) 
= h[{3p + 3g) ■ (P X n)] + 3TCp[i3p + 3q) ■ (P X A)] + 3TCo[i3p + 3q) ' (p X A)] 

+ ^g^h[i3p + 3g) ■ (P X A)] + u[{3p + 3g) ■ ^] + iu[{3p + 3g) ■ A] 
+ ih\{3p + 3g) ■ A] + ip,[{3p + 3q) ■ A] - jc.4{3p + 3g) ■ P] 



+ ViO^-ln,Of by (5.48) & (5.49t) 



(5.51f) 



y Hi + PH2 + 3pH3 + 53H4 + pHg + He 

= OgHi + ffeHs + 3y,H3 + + pHg + He by (g & (|||) 



OgOy +j:fc(£60g - VL^Oe - Ot) + 3j:j(2eftOg - 3egOe 



+ Vi{'i£hOd + £bOh + QtOg + guOe - 2efc0p + Sfl'^Ot - SSgOo + fa) 

- ^qOr + SfpOw + 3j:oO„ - (figiphOz + ?tOg + i^sOd + ih-Oh + ifitOi - IwOf 

+ p[{gt + 3(^n)0d + 4eh0/i + SbOi + g^Og + Sg^Og - bSbOq + GQ'^Os - 5e/iOp 
+ UsgOt + guOo + ffc] by (|^ 

= y by ( pig ). 



(5.52) 



Art 22i. Results of the computations. 
Substituting ( |53o| ), (|^, ( |5.45c^ ) and (|^ into (|^ leads to 



fc 



f/ 



u 



VbK, + — VdV + OgA — y^p + Oa(A X r) + p(A x r) — /9ri^(Jl x r) 



"4 



+ yo(p X J7) + (^g(/3ft(p X A) 

VxA + VyV + VzP + Oail + ObA + OcA + o„i(/« X n) + o„(/t X r) + Oo(« X A) 
ObOe(K X A) + Op(/J X p) + Oq(r2 X r) + Or(J^ x A) + t)s(r2 x A) + Ot(r2 x p) 
OeOd(r X A) + o„(r X A) + t)t,(r x p) - ynOe(p x A) + o^(p x A) + Og(A x A) 



(5.53a) 
(5.53b) 



(5.53c) 
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as the complete set of equations describing the apparent path of the hght source for a rotating 
observer. 

Art 23. Apparent geometry of obliquated rays. 

To evaluate ( |3.26 ) for a rotating observer, we introduce, in addition to (5.1), ( 5.13| ), ( |5.23| ) and 
( ^.24 ), the quantities 



Kc ^ iPt£b - V]£f + V'gVhSh ^id^hVi~V^j{^a£b + ^P£h+^r) 

= -Vb£a - Oa£m - Vaiipi£g ~ (pj£t) + P^Pi{^'^ - ^c) + P^ji^a ~ ^'^£c) ~ pifgiph'Op 

- p{2sh^'^ - 2egeb - 5;) - (jr^^^ + 'Pi£g - ?«ec) 



% = -X)bVgiph£a - Va'PgVh£m + 2pipgiph{£g£b - £h^i^) + iPg^h£m 

+ ipgiph{Tu£c - Ir^^ - ^i£g + V>giPh^o) + y^'ii^o^'^ + (Pg(ph£g) ~ Vj{l^o£c + (Pg(ph£i) 
iig = Ob£d + Vbfg(ph£e - 'Oafl - Va^g^h{^'^£f - £b£c " £o) (5.54b) 

+ pipgiph{2£h£c - SegEf + eb£i - ^l'^£i) + p9?{fj£f - ipi£b) - '^p^Pc 

+ iPg^hi^rEc + (Pi£i - y«) + f^oi^Pj ~ ^i£c) - {lu£ f - Tr£b - ^i£h - ^o£l) 



Hh = % + pt)o + ^{U£a + iPg^hSa), ^ ^ + p{t)n + pt)h) - (* " ^^£a) - ^aSa 

= + loiP'Cim - ^£e) + P^^ {p^pl - ^£d)-, = ^a£b " H^i + ^ (?r + ^pSh) 

Hi ^ p{^c+y£d- pifil), ^ Hb + Ha£d-'^'Pg(ph£e+ p{t)p +3pipc) (5.54c) 

J?„ = Sia^'^ + ip^£g, Ho = -VtVd + Pi^r^'^ + P^g), Hp = Ob^j - Mlu 
Hg ^ Hd + P^u£b, Hr ^ ifjVd - pu^^ 



iir ^ Hh + Hi£ f + HjEc + H,n£i + i^i-Ja " Hk£j - i^„Ot - ^^eSb + DgOo + Ho£l + pft'^Ve£o 
Hs = H.h£f + Hir^ + HjEb + Hm£h + ^Kn + Hk£k + yOeEri - Hp^t + vl£m + HqEl 

- <PjX)e£o 

Ht^ Hh£c+Hi£b+Hjrt^ +il,n£g+Hiqc+Ha£k+'^Veie+Hpej+ pVi^X)e£rn 

(5.54d) 

- Kr£l + 'Pj'Oeiio 

Hu = Hh£i + HiEh + HjSg + i?,„A^ + Hl^id - -SfeSe + Hn£n + HpSb + HqXio - Ho£m - Ht£o 
Hu = Hh^^a + Hi<in + Hj(,c + Hrn'id + H.l<,e + Hkd f + Hri^c + M'Oe^u + Hpda + vl^y + HgDp 
+ Ho^^l + P^^Ve^h - Hrdn - (ySjOe^r 



Hiu = -Hh£j +Hi£k - J?m3e + Hit) f + Hki^"^ - £1) ~ Hri{£b ~ £d£a) + ^'Oe{£g " Sa£a) 
+ HpiSc - £e£a) + ^l{£a£g ~ Sa^^) + HgiSe^^ - £a£c) + Ho{£a£b ~ £d^'^) 

- p9?-\}e{£d£g - 5a£b) + Hr{£e£b " £d£c) - ipjVe{£e£g - Sa£c) 

Hx = Hh'ilt - HjEk - Hrn£n - Hl^c + Hk{£b " £a£d) ~ Hn{r'^ - E^) + yOe{£h " Sa£d) 
+ M.p{ef - £e£d) + Oe(ea£h ~ 5a£b) + Hg{ee£b - £a£f) + Ho{£ar'^ " £d£b) 

- pn'^i>e{£d£h - Sav'^) + H.r{£er'^ ~ £d£f) " ^jVe{£e£h " 6a£f) 
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+ ^{Si - ee5a) + Oe(£aA^ - 5a£g) + ^{Se£g - £aSi) + J?o(ea£/i " Sd^g) 

- pf^^Oe(edA^ - SaSh) +Ar{eeSh - £d£i) " (^jtle(£eA^ - SaSi] 

= -^<^t + ^jSj + Kih + iil^a + iikiSc - £a£e) - ^{£ f - £d£e) + ^'Oe{£i - Sa£e) 
+ J?j,(l - £l) + 0l{£a£i - Sa£c) + Siq{£e£c ~ £a) +Ao{£a£f - £d£c) 

- pVl^X)e{£d£i - Sa£f ) +K{£e£f " £d) - <fjVe{£e£i " ^a) 

Sja = ^h^o + ^£m + ^l^v + ^k{£a£g - ^^^^a) - ^{£a£h - Efc^a) + ^Oe{£a^'^ - £g6a) 
+ Rp{£a£i - £cSa) + t)e(n^A^ - E^) + ^{£c£g - O^Ei) + ^(O^Efc - £b£g) 

- pf2^t)e(£5A^ - £g£h) + ^{£c£h - £b£i) - <^jOe(£cA^ " £g£i) 

Sjb = ^£l + -^fo + ^;fp + ^k{£e^'^ - £c£a) - ^{£e£b - £f£a) + yVe{£e£g - £i£a) 
+ Rp{£e£c - £a) + OeC^cEg " + ^qi^"^ " ^c) + ^o{£c£b - £ f^'^) 

- pil'^X)e{£f£g - £i£b) +-^(£6 - £f£c) - 'Pj^e{£g - £i£) 

f)c = ^h£l - ^£m + ^l^l + ^k{£a£b - ^'^£d) - ^ni£ar'^ - £b£d) + yOe(ea£/i " £g£d) 
+ ^{£a£f - £c£d) + Vl{yt^£h - £g£b) + ^q{£c£b - ^'^£f) + iioi^'^r'^ - Efo) 

- pCt^\3e{£b£h - £gr'^) + ^{£cr'^ - £b£f) - <fjOe{£c£h - £g£f) 

Sjd = -^h£o - ^j£m - ^l^h + ^k{£d£g - £bSa) " ^{£d£h - r'^Sa) + yt)e(£dA^ - £h5a) 

+ ^{£d£i - £f5a) + OeC^bA^ " ^h£g) + ^q{£ S£g " £b£i) + ^o{£b£h " r'^£g) 

- pQheir^A'^ - £l)+^{£f£h - r'^£i) - ipjX)e{£fA'^ - £h£i) 

Sje = -^]£i - ^£o - ^i!)n-\- ^k{£e£b " £c£d) - ^(£er'^ - £j£d) + yOe(ee£/i - £i£d) 
+ Rp{£e£f - £d) + v1{£c£h - £i£b) + ^qi£b - £c£f) + ^o{£cr^ - £f£b) 

- pVL^Ve{£f£h - £ir'^) +i?r(r^ - £/) - fjOe(£h - £i£f) 

Sjf = ^£o - +iil^r +iik{£e£g " £cSa) - ^{£e£h - £f5a) + '^Ve{£e^^ " £i5a) 

+ ^{£e£i - Sa) + Oe(ecA^ - ei£g) + ^q{£g - £c£i) + ^o{£c£h " £f£g) 

- pii^X>e{£fJ^^ - £i£h) +iv(e/i - £f£i) - (fjVe{A'^-£f) 



(5.54f) 



(5.54g) 



(5.54h) 



(5.54i) 



Sjg = -^dn + -^jfp + -^fr + ^k{%£c - ^c£e) - ^{'ib£ f - ^n£e) + yt)e(ftei - Cd^e) 
+ -^(ft - Caffe) + 0l{^c£i - ^d£c) + -^(CaSc - Cc) + ^{^c£f - ^n£c) 

- pO^De(Cn£i - + ^(Ta£/ - ^n) - ^j'Oe{^a£i - U) 

(5.54j) 

Sjh = ^h^n - Ajh - + ^fcfeeb - <?ced) - - Qi£d) + ^^e{<^b£h - ?d£<i) 

+ J?p(<r6e/ - <;a£d) + 'ol{c:c£h ~ ^d£b) + ^q(Sa£b - Tee/) + ^oi'icr^ - <;n£b) 

- p^'^\}e{'^n£h - '^dr'^) + ^i^ar"^ " '^n£f) " 'Pj^e{'ia£h " QE/) 

= J^/lPb - -t^ifm - -S^mOi - -Sffj + ^k{(.g£b - ^h£d) " ^{•igT^ - '^o£d) 

+ yt)e(Ca£fc - <;i£d) + Ap{<^g£f - 'if£d} + ol{(;h£h - ?i£b) + ^q{':f£b - <;h£f) 

+ -^(c/tr^ - Co^b) - pf^^Oe(Co£/i - Q''^) + -^(c/r^ - Co^/) - V>j^e{<;f£h - 'ii£f) (5.54k) 

= Rh£e + ^£d + ^j£a + + .^Kb " Og^e + ^£j + ^o£k 
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i5z = /% + (ehi?t - - iOrf) + 0/i(2ehJ^t - Ze^^s -^f)h- ^^^c + Sb^u) (5-541) 
+ p{3ehSii, + + QtRt + Qu^s - 'i'Sb^a + 3fi^i3d - Se^i^c + ^i) 



Art 23a. Development of equation ( 3.24a ) 
With the above quantities in view, we derive 



Sa = K X u by (|3.24aD 



= /? X ($7 X r) by ( [l.4cD 



= ft{K ■ r) - r(/$ • J7) by ( |A.l| ) 
= EdJ^ - Ear by ( ^.laD 



(5.55a) 



Sb = /? X a by ( p.24aD 

= /? X (ebJ7 - f^^r + A X r) by (|L4a|) & (|5la|) 



= eh(K X $1) — fi^(K X r) + /$ X (A X r) 

= £(,(/? X n) - ri^(/$ X r) + A{k ■ r) - r{K ■ A) by (|A?i| ) 



SbiK X f2) - r2^(K X r) + ErfA - SaT by ( ^.la| ) & (|5.13a| ) 



(5.55b) 



Sc = K X e by (3.24a) 



= K X [s2(p X $7) + ssfJ — S4p] by (1.4b) 

— S2[k X (p X $7)] + S3{k X ft) — Si{K X p) 

— S2[p{k ■ ft) — fl{ti ■ p)] + S3{k X fl) — Si{K X p) by (A.l) 
= S2{£aP ~ £e^) + S3{k X n) - S4(k X p) by ( ^.laj ) 



<y3(,</'ft(eaP - ^e^^) + ipi{K X n) - ipjiii X p) by { p^ 



(5.55c) 



Srf K X a by ( |3.24a| ) 

= K X [2ehfl - 3egr + A x r - n'^{fl x r 



SbA] by ( |5.30a| ) 

2£/i(/t X $1) — 3eg(/t X r) + [/i X (A X r)] — fi^[/i x ($7 x r)] + efc(/? x A) 

2£/i(k X $1) — 3eg(/t X r) + Sb{K, x A) + [A(k • r) — r(K • A)] 

- n^[n{K ■ r) - r(K • rj)] by dATll ) 

2£/i(/$ X rj) — 3eg(K X r) + efc(K x A) + s^A — <jt,r 



17^(edrJ - Ear) by (5.1a) & (5.23a) 



(5.55d) 



Se K X e by (|3.24a| ) 

= K X [yo(p X rj) + V5g(/?/i(p X A) + y^fl + </7.,A - y„p] by ( |5.40aD 



= j:o['« X (p X r2)] + (pg(^ft[K. X (p X A)] + j:r('$ X Jl) + ipi{K, x A) — j:„(^ x p) 
= j:o[p(k • n) - $!(/$ • p)] + (figiphipiii ■ A) - A{k ■ p)] + ^r{K X Jl) 
+ ip,{K X A) - y„(/$ X p) by ( |0| ) 

= ?o(eaP - EeJ^) + </5<,'i3h(<JaP " ^eA) + ?,.(« X J7) + (^^ (k X A) - y„(K X p) 

by 



(5.13a) 



(5.55e) 
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S/ = a X u by ( |3.24a| ) 

= {ebU - ll^r + A X r) X (f2 X r) by (O^), (|l.4cD 



= £,,[rj X (J7 X r)] - ri2[r X ($7 X r)] + (A x r) x (J7 x r) 

= eb[n{n ■ r) - r^^r] - n^[r^n - r(r • n)] + [n{r ■ (A X r)) - r{{n ■ (A x r)))] 



by (|AJ) & dAj) 
= eb(ebn - n^r) - n^{r^n - Ebr) - e^r by ( Fla|) 



(eg - 



by ^) 



(5.55f) 



= a X e by ( pis] ) 

= (EfeO - l^^r + A X r) X [s2(p x fj) + sgfJ - sS] by ( pTIal ), ( pTibl ) & ( ^laj ) 

= S2£6[(f^ X (P X ^)] + SsEbi^ X Jl) — S4£6(f^ X p) ^ S2^l'^[r X (p X Jl)] 

- S3n^(r X O) + S4ri^(r x p) + S2[(A x r) x (p x O)] 

- S3[r2 X (Ax r)] + Si[p X (A X r)] 

= S4fi^(r X p) - S4£b(r2 X p) - S30^(r x O) + S2eb[^^p - ^2(0 • p)] 

- S2r!2[p(r • fl) - n{r ■ p)] - ssiAin ■ r) - r(J^ • A)] + .S4[A(p • r) - r(p • A)] 



S2[p(f^ • (A X r)) - nip ■ (A X r))] by (|Aj) & dAj) 



: Sift'^ir X p) - S4£6(r2 X p) - ssQ.'^ir x fl) + S2Sb{^'^p - £cO) 

- S2ri^(£fcP - e/Jl) - S3(£6A - Egv) + S4(e/A - e^r) + S2(£mP - £o^) by ( ^.laD 
: S4il^(r X p) — s^Ebin X p) — s^fl'^ir x fl) + S2£bf^^P — S2£6£cJ^ 

- S2f^^£fcP + S2f^^£/J^ - S3efcA + S3£gr + S4£/A - S^EiT + S2£mP " 8260^, 



54^1^ (r X p) 



S4£b(r2 X p) — s^fl^ir X ft) 
J/! 



S2£6f^^P - S2f^^£6P + S2£mP 



■ S2£6£cJ^ + S2fi^£/f2 - S2£oJ^ - S3ehA + 3^6 f A + SsSgT - SiStV 



S4il^(r X p) - S4Sb{n X p) - S3f2^(r X $1) + S2(£6il^ - fl'^Eb + er. 
+ S2(f^^£/ - £6£c - £o)i^ + (S4£/ - S3£6)A + [s^Eg - SAei)v 
ipj^f{r X p) - tpjEbin X p) - ipiVi^{Y X $1) + ipgiphSmV 

+ ipgiphifl'^ef - EbSc - £o)^ + {iPj£f - Vi£b)^ + {Vi£g - Vj£i)^ by (|^ 



Op 



(5.55g) 



a X a by (3.24a) 



(£{,$7 - VL^v + a X r) X [2ehVl - "iSgV + A x r - VL^{n x r) + efcA] 



by (^), (^) & ( |5.30a| ) 
: 2e,i£6(rj X f2) - 3£g£6(f2 x r) + £^[$7 x (A x r)] - fi^£h[J7 x (fJ x r)] 
+ £^($7 X A) - 2£,,f72(r X rj) + 3£gl72(r x r) - f72[r x (A x r)] + VL^[vx{nx r)] 

- £6f72(r X A) + 2£,J(A X r) X rj] - 3£g[(A x r) x r] + [(A x r) x (A x r)] 

- n^[{K X r) X (J7 X r)] + £fc[(A x r) x A] 

: -3£g£fc(rj X r) + el{Vl x A) - 2£hf^^(r x J7) - eb^'^{v x A) + eb[n x (A x r)] 

- n^eb[0. X (rj X r)] -if[vx{kx r)] + Vl\y x (n x r)] - 2£h[rj x (A x r)] 

+ 3£g[r X (A X r)] - £fc[A x (A x r)] + [(A x r) x (A x r)] - n^[{A. x r) x (fJ x r)] 
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: ~3egeb{n X r) + el{n x A) - 2ehn'^{r x n) - efcf7^(r x A) + eb[A(r2 • r) - r(f2 • A)] 

- ri^ebinin ■ r) - nh] - n^[r^A - r(r • A)] + n'^[r^n - r(r • ft)] 

~ 2£/,[A(0 • r) - r{n ■ A)] + Se^pA - r(r • A)] - £6[A(A • r) - A^r] 
+ [A(r • (A X r)) - r(A • (A x r))] - n^[nir ■ (A x r)) - r{n ■ (A x r))] 
: -SegSbifl X r) + el{n x A) - 2ehf^^(r x ft) - etfl'^ir x A) + £b(£6A - ^cr) 

- n^Ebiebfl - n^r) - n^ir^A - <r„r) + n\r^n ~ Sbv) ~ 2eh{ebA - egv) 

+ 3£g(r2A - eur) - £b(£/,A - A^r) - f),,r + fferaV by ( p3i| ) & ( p3b| ) 



: (2£,,f]2 _ 3eg£j,)(f| X r) + £2(fl x A) - £bf72(r x A) + elk - £fcQr 

- Q^gZj^ _,_ ^^^4j. _ f^2^2^ _^ ^2^^^^ ^ r^-^r^rj - r2'*£6r - 2£,i£bA + 2£,,£gr 

+ 3£gr^A - 3£g£/ir - £fc£hA + £hA^r + (fi^£m - X)h)v 
■ {2shn^ - 3£g£b)(J7 X r) + £g(r2 X A) - ebfl^ir x A) + elA - fl^r^A 

- £hQr + £f,f7*r + f7^^-„r - ri**£f,r + 2£ft£gr - 3£g£ftr + £6A^r + (f7^£„ - dh)r 

- n^eln + n\^n - 2ehebA + 3£gr2A - £h£ftA 

: {2shn^ - 3sgeb){n X r) + £^($7 x A) - ebfl^ir x A) + {si - n'^r^)A 



2^.2 _^2^2) 

2 A I o2,„2( 



£g£,, + £bA^ + n-'em - ^h)r - n^{ei - n'r^)fl + 3(£gr^ - £;,£b)A 



(2£,,r2^ - 3£g£b)(f2 X r) + £^($7 x A) - £bf^^(r x A) - ip^A + f7>^rj + Stp^A 



+ [£b(A^ - + n'isn, + <r„) - SgEh - ^h]r by (|5.1bD 



(5.55h) 



§i = a X e by ( |3.24aD 

= (£brj - f^^r + A X r) X [yo(p x J7) + (^g(p/i(p x A) + y^^^ + </5iA - y^^p 



by i^A^), Jslal ) & ( |5.40a| ) 
= yo£b[rJ X (p X + ipgiphEblfl X (p X A)] + yreb(f^ x J7) + ip.,ebift x A) 

- y„£b(J^ X p) - yof^^[r x (p x fJ)] - tpgLpi,n'^[r x (p x A)] - y,.f^2(r x J7) 

- </3ifi^(r X A) + y„fi^(r x p) + ^^[(A x r) x (p x ft)] + ipgiphUA x r) x (p x A)] 
+ [(A X r) X $7] + [(A X r) X A] - y„ [(A x r) x p] 

~ (PiBbifl X A) — y„£b(J^ X p) — ^r^'^i^ X ft) — ipifl'^{r x A) + j:„ri^(r x p) 
+ ueb[ft X (p X fl)] + ipgiphSblft X (p X A)] - yof^^[r x (p x ft)] 

- tpgiphfl'^[r X (p X A)] -^r[^ X (A X r)] - ip,[A x (A x r)] +y„[p x (A x r)] 
+ yo[(A X r) X (p X ft)] + (pgifhH^ x r) x (p x A)] 

: tpiEbifl X A) - y„£b(rj X p) - yrf7^(r x fl) - ip^fl'^ir x A) + y„f^^(r x p) 

+ yoeb[f^^P - • p)] + ipgipheb[p{fl ■ A) - A{fl ■ p)] - ^o^^[p{r ■ fl) - fl{r ■ p)] 

- ^gip,,n^[p{r ■ A) - A(r • p)] - y,[A(n • r) - r{n ■ A)] - ^,[A(A • r) - A^r] 

+ y„[A(p • r) - r(p • A)] + yo[p(JI • (A x r)) - fl{p ■ (A x r))] 

+ ^gMp{A ■ (A X r)) - A(p • (A x r))] by ^ & Q 
-- ipiEbifl X A) - y„£b(rj X p) - ^r^'^{r x fl) - (p.,fl'^{r x A) + y„f^^(r x p) 

+ yoeb(f^^P - ec^) + ipg(pheb{sgP - £cA) - yofi^(£bP - e/ft) 

~ LPgtphfl'^iehp - £/A) - y,.(£bA - Sgv) - ipi{ehA - A^r) 

+ y„(£/A - £,:r) +yo(£„ip-£or2) A by 
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= ipiEbi^ X A) — ^u£b{^ X p) — j:rf^^(i" X r2) — (^ifl^(r x A) + j:„r2^(r x p) 

+ j;„e/A - y^e^r + ^o£mP - U^o^ - (pgi^hSoA 
= (fiSbi^ x A) - ^u£b{^ X P) - j:r^l^(r x $7) - (piil'^{r x A) + j:„ri^(r x p) 

+ foEbf^^P + tpgfh£b£gP - Jof^^EbP - <^g<y9/if^^£/iP + foSrnP ^ U^bEc^ 

+ fo^^Sf^ - ^o£o^ ~ ipgiph£b£cA + ifgiphil'^efA - ^r£bA - ipiEhA + luSfA 
- LpgiphSoA + irSgr + ipiA^Y - y^e^r 
= ipi£b{^ X A) — j:„eb(r2 x p) — ir^'^{v x $7) — (^iri^(r x A) + j:„ri^(r x p) 

+ [lo£m + ipg(ph{£b£g - ^'^£h)]p + ro(f^^£/ - £b£c - £o)rJ + i^rEg + ^i^^ ~ ?u£i)r (5.55i) 
+ [luSf - h-£b - fiSh + (pgifihi^'^Sf - £b£c - £o)]A 



Sj = u X a by ( |3.24a| ) 

^ (rj X r) X [2£,,rj - 3£gr + A x r - x r) + £fcA] by ( pTi^ & ( ^.30aD 

= -2£,i[J7 X (J7 X r)] + 3£g[r x ($7 x r)] - £fc[A x ($7 x r)] 

+ [{fl X r) X (A X r)] - n^[{fl x r) x (fJ x r)] 
= -2eh[n{n ■ r) - r^^r] + 3£gprj - r(r • $7)] - £b[rj(A • r) - r(A • n)] 



+ [A(r • {ft X r)) - r(A • {n x r))] by (|AJ) & (|Aj) 
= -2eh{£b^ - f^^r) + Ssgir^n - £hr) - etiehfl - Egv) - O/r by & ( ^.23bD 

= — 2£/i£hr2 + 2£^ri^r + 3£gr^J7 — 3£g£6r — ebShfl + ebEgV — O/r 
"^'^ ebShft + 2ehfi'^r - 3£g£6r + £fc£gr - O/r 



-2ehebfl + Segr^n 



= 3(£gr2 - £ft£b)fl + {2ehn^ - 2£g£b - i),)r 
= 3(^crJ + (2£ftf^2 _ 2£g£f, - t);)r by (|5.1h|) 



(5.55j) 



Sfe = u X e by ( |3.24a| ) 



= (rj X r) X [yo(p X $7) + (/3g(^h(p x A) + y^^J + (piA - y„p] by ( p.40a| ) 
= — X ($1 X r)] — ipt[A X {ft X r)] + ^u[p x ($7 x r)] 

+ yo[(rj X r) X (p X ft)] + tpgiph[{fl X r) X (p X A)] 
= -y,.[J7(rj • r) - n^r] - Lpi[fl{A ■ r) - r(A • fl)] + y„[rj(p • r) - r(p • ft)] 

+ y„[p(fi • {fl X r)) - ft{p ■ {ft X r))] + (pg^h[p{A ■ {ft x r)) - A(p • {fl x r))] 
= -j:,-(£br2 - fl^r) - ipi{ehft - Sgv) +?„(£/$! - Ect) 

- ^eift + (pgiph{~£rnP - £;A) by ( ^.la| ) 
= -y,.£brj + y^l^^r - ipiEhft + fiSgr + y„£/J7 - y„£cr - ^o£i^ ~ (pgipheTnP + fg(ph£iA 

= iPgiphElA - LpgiphEmP + Ir^'^V + LpiEgV - luScY - Ir^b^ - ^i£h^ + - yo£/J^ 

= tpgiph{£lA - £mP) + (?rf^^ + Vi£g - Iu£c)y + {lu£ f " ?r£b " ^i£h ~ loSl)^ (5.55k) 
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S; = e X a by ( |3.24a| ) 

= [s2(p X r2) + s^fl — Sip] X [2e;ir2 — SSgV + A x r — fl'^{fl x r) 



-SbA] 



by (Mb| ) & (|5.30a| ) 
= -2e;iS2[n X (p x $7)] + 3egS2[r x (p x $7)] + S2[(p x r2) x (A x r)] 

- ri^S2[(p X r2) X (r2 X r)] - £652 [A X (p X fl)] + 2ehS3{Cl x Jl) - 3egS3{rt x r) 
+ S3[n X (A X r)] - f2^S3[r2 X (n X r)] + ebSsi^t x A) - 2e/iS4(p x ft) 

+ 3£gS4(p X r) — S4[p X (A X r)] + Q'^s^lp x ($1 x r)] — ebS4(p x A) 
= — 3egS3(Jl X r) + BbSsifl x A) — 2e;iS4(p x Jl) + 3egS4(p x r) — e6S4(p x A) 

— 2ehS2[fl X (p X $1)] + 3egS2[r x (p x $7)] — e6S2[A x (p x $7)] + S3[r2 x (Ax r)] 

— f7^S3[r2 X ($7 X r)] — S4[p X (A X r)] + ri'^S4[p x (^2 x r)] + S2[(p x Jl) x (A x r) 

- n'^S2[{p xfl)x {fix r)] 



: —3egSs{ft X r) + SbS3{ft x A) — 2e;iS4(p x $7) + 3£gS4(p x r) — e6S4(p x A) 

- 2ehS2[n^p - n{n ■ p)] + 3egS2[p(r • f2) - n{r ■ p)] - efcS2[p(A • n) - f2(A • 
+ S3[A(J7 • r) - r{n ■ A)] - n^S3[n{n ■ r) - fl^r] ~ Si[A{p ■ r) - r(p • A)] 

+ fl^s4n{p ■ r) - r(p • fl)] + S2[A(r • (p x fl)) - r(A • (p x fl))] 

- n^S2[fl{r ■ (p X fl)) - r{fl ■ (p X fl))] by (0) & ( |a!5|) 

: -3egS3(r2 X r) + SbSsift x A) - 2£,iS4(p x $7) + 3£gS4(p x r) - ebS4(p x A) 

- 2e,,S2(f^^p - Ecfl) + 3egS2(efcP - e^fl) ~ e6S2(egP - Sifl) + s^isbA ~ ^r) 

- fl'^SsiSbfl - fl'^r) - S4(£/A - ^af) + fl'^SiiSffl - Ear) + S2(e/A - dpV) 

- n^S2eifl by KU), (|5.23a|) & (|5.231:|) 



= -3egS3(r2 X r) + ebS3{fl x A) - 2e/iS4(p x $7) + 3egS4(p x r) - e6S4(p x A) 

- 2e,,s2Jl^p + 2ehS2£c^ + 3egS2ebP - 3egS2efft - ehS2egP + ehS2eiJl 
+ S3efcA — S3<;ci" — fl^s^Ebfl + fl'^s^r — S4e/A + S4<;aTc + fl^S4effl 

— fl^S4£cJ^ + S2£;A — S2^pr — n^S2£ifl 

= -3£gS3(r2 X r) + ebS3{ft x A) - 2ehS4{p x fl) + 3egS4(p x r) - £6S4(p x A) 

- 2e?,s2^^^P + 3£gS2ebP - £bS2£gP + 2ehS2ecfl ~ iegS2£ffl + ebS2£i^ 

— ft^SzSbfl + fi^S4effl — fl^S2eifl — 53^01" + fi^S3r + S4(,aT^ — S2<)pV — fi^S4£cY 
+ S3£6A — S4£/A + S2£;A 



= ~3£gS3(r2 X r) + £hS3(r2 X A) — 2£;iS4(p X $7) + 3£gS4(p X r) — £hS4(p X A) 
+ 2s2(£g£fc - £/iil^)p + [S2(2£;,£c - 3£g£/ + £b£i - ft^Ei) + ri^(s4£/ - S3eb)]fl 
+ [S3(f}'* - (Tc) + S4(^a - f^^£c) - S2C)p]r + (s3£fc - S4£/ + S2£z)A 

= -3£g</7,,(rj X r) + Eb^Piifl X A) - 2ehVj{p x fl) + 3£g</7j(p x r) - £6(/3j(p x A) 
+ 2fgLph{egeb -~ ehfl'^)p + [(pgiph{2ehec - SsgSf + SbSi - fl'^ei) + fl'^ifjEf - Lpieb)]fl (5.551) 
+ [ipi{i}'^ - ^c) + fji'^a - f^^£c) - ipgiph'Op]r + [ipiEb - V5j£/ + ipgiph£i)A by ( ^ ) 
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§,„ = e X e by (3.24a) 

= [s2(p X $7) + s^n - S4p] X [fo{p X $7) + (pg(ph{p X A) + y^n + LpiA - j:„p] 
by (|L4^) & ( pOil ) 

= <^g<^hS2[(p X J7) X (p X A)] - ^rS2[^ X (p X fj)] - (^,S2[A X (p X fJ)] + y„S2[p X (p X O)] 

+ yoS3[^^ X (p X O)] + (^3.^hS3[J7 X (p X A)] + ip^ssift x A) - y„s3(r2 x p) 

" ^oS4[P X (p X - (pgiphS4[p X (p X A)] - yrS4(p X rj) - (/?iS4(P X A) 

= (fiSsifi X A) - j:„S3(0 X p) - j:,.S4(p x Jl) - (piS4(p x A) 
-yrS2[r2 X (p X - v3iS2[A X (p X O)] +y„s2[p x (p x 
+ yoS3 [r2 X (p X O)] + ipgiphSs [r2 X (p X A)] - yoS4 [p x (p x O)] 
- (pgifhS4[p X (p X A)] + ifgiphS2[{p X r2) X (p X A)] 



: (fiiSsiCl X A) - };„s3(r2 x p) - frS^ip x r2) - ipiS4{p x A) 

- yrS2 [n'^p-n{n- p)] - v'jsa [p(A • - 0(A • p)] + j:„S2 [p(p • - O] 
+ ^oSaifl'^p - 0(p • O)] + (pg.^,iS3[p(A • O) - A(r2 • p)] - yoS4[p(p • r2) - f2] 

- ipgiphSilpip • A) - A] + ipgiphS2[piA ■ (p X fl)) - A(p • (p X fl))] by ( [Ol) & (| 
: V3iS3(S^ X A) - j:„S3(r2 X p) - 3:,.S4(p x r2) - (y5iS4(p x A) 

- yrS2(f^^P - ecf^) - fiS2{£gP ~ £i^) + hS2{£cP - ^) 
+ yoS3(rj^p - Ecfl) + ipgifhS3{£gP " EcA) - ^oS4{£cP - ^) 

- ipgifhS4{£iP - A) + ipgifhS2^oP by (131) & ( |5.23b|) 



= (y3iS3(f^ X A) - hssi^ X p) - y,.S4(p X f2) - <^.i.S4(p x A) 

- JCrS2^^P + }^rS2£c^ - ^iS2£gP + ViS2eiJ^ + VuS2£cP - luS2^ 

+ loS3^'^p - loSz£c^ + (PgiphS3£gP - (pgiphS3£cA ~ foS4£cP + ^oS4^ 

- (pgiphS4£iP + yygiphS4^ + (Pg'PhS2^oP 

= ipiS3{Cl X A) - fuSsi^ X p) - j:rS4(P X Jl) - <^iS4(P X A) - 3:^52^^^? - 'PiS2£gP 
+ l^uS2£cP + hSS^^P + tPgiphS3£gP ~ foS4£cP ~ ipg(phS4£iP + (PgiphS2<^oP 
+ frS2£c^ + iPiS2£i^ - hS2^ - ToS3£c^ + US4^ - ^gVhS3£c-^ + ^gVhS4^ 

- LPiS3{Vl X A) - y„s3(0 X p) - irS4{p X ri) - tpiSi{p X A) 

+ [S2(y«£c - Ir^^ - 'Pi£g + ^gVh<^o) + 83(^0^'^ + 'Pg(ph£g) - S4(lo£c + ipgLph£i)\P 
+ [S2{lr£c + '^i£i - ?n) + lo{s4 - 336^)]^ + iPgVh{s4 " S3£c)A 

--iffiftxA)- y„(pi(r2 X p) - yr<Pj(P x O) - (pi(pj{p x A) + tpg(ph{'fj - Vi£c)A 
+ [(pgiphih£c - - Vi£g + VgVhilo) + Viilo^^ + (Pgiph£g) - V]{'!:o£c + (pg(ph£t)]p (5.55m) 
+ [(Pgiph{f^r£c + Vi£i - ?«) + JoC^Pi - 'Pi£c)]^ by (|^. 



Art 23b. Development of equation (3.24b) 



mi - p^)§b + yS„ + pSo by ( p4b| ) 

(yOa - pX>b)Sb + y{pSd + Se) + p{pSh + S,) by ( p4b| ) & (g 
^aSb + VpSd + l^Se + p'S,, + p§, by (|m) 
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: iia{£b{^ X rj) - n'^{K X r) + EdA - SaV} 

+ yp{2£,i(K xfl)- 3eg{K X r) + £{,(/$ x A) + e^A - ^^r - Q'^{edft - Ear)} 

+ y{yo(£aP - £e^) + (PgiPhiSaP " ^eA) + fr{^ X fl) + tp^{K X A) - y„(/? X p)} 

+ p{tpieb{^ X A) - iu£b{^ X p) - ir^'^{v X Jl) - </Jiri^(r x A) + j:„r2^(r x p) 
+ [ro^m + ipgifh{.£b£g - ^'^£h)\v + ?o(^^^e/ - efcSc - eo)rj + {ir£g + </'tA^ - y„ei)r 

+ [yne/ - yrEb - ^i£h + (fgiphi^'^Sf - £b£c - £o)]A} 

+ p^{{2ehfl^ - 5£g£b){^ X r) + e^(rj x A) - et^^ir x A) - (/j^^ + f^Va^^ + 3(/3cA 



.(A^ 



+ n'^ie^n + -^n) - £s£/i - ^h]r} by (|5.55|) 



= Aa{£bifi xfl)- n'^{K. X r) + e<jA - Sar} 
+ yp{2eh{K X n) - 3eg{K x r) + ebin x A) + e^A - qtr - ft^isd^ - Ear)} 

+ y{ro(eaP " £e^) + fgfhiSaP - £eA) + ?r('t X + ipi{K X A) - X p)} 

+ plifiSbifl X A) - ^u£b{^ X p) - y,.f}2(r x fJ) - (^il7^(r x A) + y„f7^(r x p) 

+ t}oP + JoVf^ + t)«r + flpA} 
+ p^{t)g(f2 x r) + el{n X A) - efcf]^^^ x A) - (^^ A + fl^ipln + SipcA + D^r} by ( ^.23n| ) 

= J?aeb('« X n) - i^a^^^('« X r) + J^a^dA - AaSar + 2p^£h{K, X Vl) - ?,p^£g{K X v) 

+ p^£b{fi X A) + pye^A - py^fbr - pyfJ^erffJ + pW'^£ar + yyoEaP - ^I-o£e^ 
+ ^Vg'P/i'^aP - y</3gV3heeA + ^^ri^ X J7) + ^(^^(k X A) - X p) 

+ p(^iefc(rj X A) - p^u£b{^ X p) - x rj) - p^p^n'^ir x A) + py„f72(r x p) 

+ pt)oP + pMm^ + Pt)nr + pt)pA + p'^t)g{n X r) + p'^£l{n X A) - p2e6f72(r x A) 
- p^ifilA + p^n^ifiln + Sp^ipcA + p^t)hr 



= Pt}oP + VroEaP + ^'PgfhSaP + Pt)„r - AaSa^ ~ P^%V + p^^'^£ar + p^tl/^r + plo'()7n^ 

- pW'^Ed^ - ^lo£e^ + p^n'^lflVl + pt)pA + KSdA - ^ipgiphE^A + 3pVcA 

+ p^edA - pVaA + ^a£b{K. X rj) + 2p^£h{K X $7) + x rj) 

- ^af^^(^ X r) — 3py£g(/$ X r) + p'^£biK. x A) + ^iptiK, x A) 

- ^^^(/t X p) + p(p.,eb{fl X A) + p'^£l{fl X A) - py„eb(f2 x p) - pyrf^^(r x f2) 
+ p'^t)g{fl X r) - p(^iri^(r x A) - p'^eb^'^{r x A) + pj:„ri^(r x p) 



= [pl)o + y(ro£a + fg(Ph5a)]P + [p(l]n + Pt)h) " P^{% ~ ^'^£a) ~ -*?a<5a]r 

+ [yo(pt]m - ySe) + P^^[,PV\ ~ ^£d)\^ + {^a£d ~ ^VgVh£e + p(t]p + 3p(pc)]A 

+ p(ye<i - pifl)A + [i^,eb + + 2p£,,)](^ x fl) - (J^^ri^ + ^p^^^eg){K x r) (5.56a) 
+ %p£b + X A) - X p) + pZhisPi + P£6)(J^ X A) - piu£b{^ x p) 

+ p(yrf^^ + pt)g)(rj X r) - pf72((^, + p£f,)(r x A) + pyuf^^(r x p) 
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ySp + feiS, + pSr + S, by ( p4b| ) 

HiSa - Sc) + Oa(S/ - §g) + pi§i - Sj) + (S,„ - Sk) by ( p4b| ) & ( p6| ) 

Objerfrj - Ear} - Ob{(Pg(ph{£aP ~ £e^) + (flii^ X $7) - (pj{k X p)} + t)a{-<^a^ - Emr} 

- t)a{</'if^^(r X p) - (/7je6(n X p) - ipifl'^{r X ft) + (pgiphSmP 

+ (pgiph{fl'^£f - £b£c - £o)^ + {^jef - Vi£b)^ + {^i£g - V'jSi)^} 

+ p{-3sgipi{ft X r) + Eb^iift X A) - 2ehipjip x ft) + 3egipj{p x r) - etipjip x A) 
+ 2ipgLph{egeb - £/if^^)p + [tpgiph{2ehec - SsgSf + SbSi - fl'^si) + fi^i^jSf - ipieb)]fl 

- p{3(pcn + {2ehn^ - 2egeb - c)/)r} 

+ {(fiii^ X A) - y„(/3i(fl X p) - y,.(/3j(p x rj) - fi(pj{p x A) + ipg(ph{(fij - fiec)A 

+ [ipgiph{fu£c - ?rf^^ - ^i£g + V^gVh'Oo) + ¥'i(?of^^ + ifgifhSg) ~ Vj{lo£c + 'Pg^Ph£i)]P 
+ VPg^hilrSc. + 'PiSi - In) + lo{'P] ^ ipiec)\fl} 



= VbSd^ - OfcSar - <Ob^giph£aP + 06(^g(/3heeJ^ ^ 0h((9i(/t X J7) + Ofc(^j(/? X p) - OaVS^fi 

- Oaemr - t)a<^jf^^(r X p) + 'OaVj^biP' X p) + OaVjf^^(l" X fj) - Oa'/'gfyf/iemP 

- Va(Pg'fh{^^£f - £b£c - eo)ft ~ VaiipjSf - V3i£b)A - Vai^PiSg " Vj^i)^ 

- 3pegLpi{fl X r) + psbfiifl x A) - 2pehfj{p x ft) + SpSgipjip x r) - psbfjip x A) 
+ 2pipgLph{eg£b - £/if^^)p + p[v3g<y9/i(2£/iec - Se^e/ + £b£t - fl'^si) + ^'^{fjSf - (Pi£b)]^ 

+ piipiifl"^ - + (^j(<?a - f^^£c) - iPgiph^p]r + pi^fiEb - iPjSf + (pgiph£l)A. - ipifcfl 

- pi2shn^ - 2egeb - ^i)y + x A) - yu'^i(J^ x p) - yr93j(p x rj) - (/3iV5j(p x A) 

+ [V3'yi'/i(?«ec - Ir^^ - ViSg + Vg'fih^o) + ifiii^o^'^ + IfiglfihSg) " iPjifoSc + (Pg(ph£i)]P 



- p{2eh^ - 2eg£b - 5;)r - (y^^^^ + ^iSg - ?«£c)r 

- 'Ob^g'^h^aP - "Oa'^g'^h^mP + '2'P'~P g'-Phi^ g^b " Eh^^^)? + ■^g'^/iEmP 
+ [tPg'-PhiW^c - yr^^^ - y'iEg + V3gtp/i3o) + <Pj(yof^^ + •Pg'~Ph£g) ^ 'Pjij 
+ VhSd^ + Vb(Pg(ph£e^ - 'Oa^l^ - Va^Pg^Phi^'^Sf " £b£c " £o)^ 

+ p[^gP>h{'^£h£c ~ ^£g£f + £b£i - ^^£l) + ^'^{^j£f - ^i£b)]^ - Spipcfl 

+ [(pg(phif^r£c + •Pi£i - lu) + lo{p>j - •Pi£c)\^ - (y«e/ - yrEf, - •Pi£h ^ lo£l)^ " 'Pg-ph£lA. 

- Vai^Pj£f - (pi£b)A + ipgiph{ipj - ipi£c)A + p{ipi£b - (Pj£f + ipgiph£l)A - tlb(pi(K X ft) 
+ 06<y5j(/$ X p) - \Ja'Pj^'^{r X p) + SpEgip-jip X v) + Va(pj£b{^ X p) - ^uP>i{^ X p) 

- 2peh'Pj{p X fl) — ^r'Pjip X fl) + Oa'y3if2^(r X O) — 3peg(pi{fl x r) 
+ pEbtpii^ X A) + (p- (O X A) - p£biPj{p X A) - ipiifijip X A) 
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- p{2eh^'^ - 2egeb - 5/) - {pr^^ + "PiSg - iuec)]v 

^g^h^m 

+ VgiPhiluSc - Ir^^ - Vi£g + 'Pg^jfio) + 'Pi[lo^'^ + iPgifihSg) - Vjif^oSc + iPgiph£i)]P 
+ [Vb£d + VbiPgiphee - Va(pl - Va^Pgiphi^'^Sf - SbSc - So) 

+ pipgiph{2ehSc - SsgE/ + Sb£i - il^e/) + pfl^{(pjef - ipiSb) - ip^Pc 

+ PgfhiTrSc + ^i£i " r«) + ^o{^j - ^Pi£c) ~ {^u£ f ~ lr£b " <Pi£h ~ To£l)]^ 

+ [-ipgifihSi - VaiVjSf - iPi£b) + iPg^hi^Pj - Viec)]A + p{ipieb - ipj£f + ipg(ph£i)^ 

~ t)fc(/3i(/$ X rj) + X p) + ipj{X>afl'^ + 5p£g){P X r) 

+ [^u(Pi - 'Pji^OaSb + 2peh+^r)]{P X rj) - ipi{Va^'^ + 3p£g)(rj X r) 

+ 'Pi{p£b + Pi){^ X A) - ipjipsb + <^i)(p X A) 

= iler + %p + Kgfl + J?bA + pJ?cA - ObPi{K X Jl) + Vb(P]{K X p) + ipjOd{p x r) 

+ ^rf(p X $7) - ipiVdi^ X r) + </7jtie(r2 X A) — 1^9^06(13 X A) (5.56b) 
by 23rD , ( ^.54aD & ( |5.54bD . 

Accordingly, we obtain 

St + S« = [pt)o +^{^o£a + 'PgPhSa)]P + [p{^7i + P^h) - P^{% - ^"^Sa) - KSa]r 

+ [ro(pt)„i - yee) + P^'^iPvl - ^£d)\^ + [^a£d - ^VgPhSe + P(t)p + 3pV'c)]A 

+ p(ye<i - PpI)^ + [^a£b + + 2peh)]{ti X fl) - (J?„f72 + 3pyeg)(K x r) 
+ y(pefc + X A) - X p) + pe6(</Ji + p£b)(J7 x A) - py„e6(J7 x p) 

+ + pt)g)(rj X r) - pn^{(fii + p£6)(r x A) + py„ri^(r x p) 

+ j^el" + %P + .^5$^ + -*?fcA + pJ?cA - t)h(^i(/t X $7) + X p) + (y9jO<i(P X r) 

+ i?d(p X J7) - (^.jDd(J7 X r) + (/3iOe(S^ x A) - </7jOe(p X A) by ( |5.56| ) 

= %p + [ptlo + y(yoea + PgPh5a)]P + -*?er + [p(t)„ + P'Cjh) ~ P^{% - ^^£a) - -Saf^alr 

+ Skgn + [yo(pr)„ - yse) + P^'^ipvl - "^^d)]^ + i?hA + [j?„e<i - y^gt^h^e + p{^p + 3p<yJc)]A 
+ pilcA + p{^ed - p^l)^^ - xib^tiK xn) + [Sia£b + ^(yr + 2peh)]{K X n) 

- {Sia^'^ + 3pyeg)(/? X r) + ^{psb + 'Pi)iti x A) + x p) - ^^^(/t x p) 

+ <y9jt)e(n X A) + pebi(pi + p£6)(J7 X A) + J?d(p X rj) - py„£6(J7 x p) - (^iO<i(rJ X r) 
+ p(y,.n^ + pt)g){fl X r) - pl72((/3, + peb)(r x A) + ipjVdip x r) + py„fi^(r x p) 

- ipjCe{p X A) 

= [Rf + pt)o + ■yljoEa + Pg(PhSa)]P + [^e + p{t)n + Pt)h) - P^i'ib - ^'^£a) - RaSa]r 

+ [iig + yo(pt),„ - y^e) + P^'^{PVI - ^£d)]^ + [Rb + RaSd - ^Vg^hSe + p(i]p + 3p(pc)]A 
+ p{Rc + ]^£d - PVI)^ + [^a£b - HVi + Wr + 2p£/i)](^ X Vt) 

- {Sia^'^ + 3py£g)(/? X r) + y(p£b + Lpi){hi X A) + {\}b'Pj - ^lu){^ x p) 

+ [Lpi\3e + pebi-Px + P£b)]i^ X A) + {M.d + PTu£b){P X f2) + [-ip^\}d + pilr^"^ + P^g)]{^ X r) 

- pn^iifi + peb)(r X A) + {ipj\}d - p?„f^^)(p X r) - (^jOe(p x A) 

= AhP + + iijVl + j?„jA + J?;A + j?fe(^ X rj) - X r) + yOel/t X A) + ^{H x p) 

+ Og(rj X A) +i^,(p X rj) + X r) - pf^^Oe(r x A) + J^(p x r) - ipjX>e[p x A) (5.57) 

by ( ^.23i| ) & ( |5.54cD . 
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Art 23c. Computation of the magnitude of §t +§u. 
To calculate the magnitude of the vector St + Su, wc first derive 

P • (Si + 

= p • [SihP + il^r + M.jn + Si^A + M.iA + M.k{K x Q) - ^,{k x r) 
+ yx>e{K X A) + Sip{K X p) + x>l{n X A) +M.q{p X r2) + iio{fl X r) - pn'^x>e{r x A) 
+ .^(p x r) - ipjVeip X A)] by ( p^ ) 

= ^h{p ■ p) + Mp ■ I-) + • ^) + ^nip • A) + il,(p • A) + Sik[p ■ (k X O)] 

- J^[p- (k X r)]+yv^[p-{K X A)] +ilp[p- (k X p)] +D2[p. (f2 x A)] + j?<,[p • (p x n)] 
+ ^o[p • (r2 X r)] - prj^De[p • (r X A)] + jlr[p ■ (p x r)] - (pjVe[p ■ (p X A)] 



by ( Islal ), ( ^.13aD , ( ^.2381) & ( ^.23bD 



j^^ by (|5.54dD 



(5.58a) 



r • (St + §u) 

= r • [il,iP + Air + Ajft + J?,„A + j?;A + ilfe(K x fl) ~ J?„(/« x r) 

+ yOe(/? X A) +iip{k X p) + X A) +ilg(p x O) + ilo(r2 x r) -pf}^Oe(r x A) 
+ J?,.(p X r) - ^jVeip X A)] by ( p7| ) 

= Sih{r ■ p) + Si,{r ■ r) + ilj(r • n) + j^™(r • A) + il,(r • A) + Sik[r ■ (k x JI)] 

-i?„[r • (k X r)] +yOe[r • (k x A)] + j?p[r • (k x p)] + t)2[r • x A)] + Ag[r ■ (p x 
+ J?o[r • (fl X r)] - pQ'^Veir ■ (r x A)] +ilr[r • (p x r)] - (^jOe[r • (p x A)] 



by ( |5.1aD , ( |5.23aD & ( p.23b| ) 
i^, by ( |5.54dD 



(5.58b) 



• (St+S„) 

= Q. ■ [SihP + SiiV + KjVl + Si^A + RiA + J?fc(K xVL)~ J^„(/$ x r) 

+ yOe(/? X A) + j^p(/? X p) + Dg(r2 X A) +ilq(p X O) + j?o(r2 x r) - pf2^0e(r x A) 



+ Sir{p X r) - <^iOe(p X A)] by ( |5.57D 

: Kh{'^ ■ p) + M'^ ■ r) + ^oi'^ ■ ^) + A.n{^ • A) + J?,(0 • A) + j?fe[fl • {k X Q.)] 
- j^„[0 • (k X r)] +yOe[r2 • X A)] • (k x p)] +D^[0 • (^ x A)] + ■ (p x n)] 

+ i^o[0 • (r2 X r)] - pn'^X)e[n ■ (r X A)]+Kr['^ ■ (p x r)] - ipjVe[n ■ (p x A)] 



LPjVedo by ( |5la|) , ( ^.23aD & ( ^.23bD 



J?t by (5.54d) 



(5.58c) 
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A • (St + Su) 

= A • [HhP + il^r + ^jfl + j?„A + M.iA + Rki^ x n) - j?„(K x r) 
+ yt)e(K X A) + Sip{K X p) + Og(r2 X A) + Sig{p X + Sio{n X r) - pf7^0e(r x A) 



+ j?r(p X r) - (^jOe(p X A)] by ( |5.57j ) 
: ^ft(A • p) + j^,(A • r) + j?,(A • + j?™(A • A) + j^^A • A) 



-ilfc[A- (k X n)] 



- j^„[A • (/$ X r)] + yOe[A • (k X A)] + i^p[A • (/$ x p)] + ^^[a . (o x A)] + Kg[A ■ (p x U)] 
+ j?o[A • {n X r)] - pQ.'^tteiA ■ (r x A)] + j^^[A • (p x r)] - ipjVe[A ■ (p x A)] 

by ( FTal) , ( ^.13a|) , ( ^.23a| ) & (|5.23bD 
= by (|5.54(j ) (5.58d) 

A • (St + S„) 

= A • [SkhP + + SijQ. + Si^A + SkiA + jik{n x r2) - j?„(K x r) 
+ ^x>e(fi X A) + jip{K X p) + x>l{n X A) + Siq{p x fl) + J^o(0 x r) - p^'^vdr x A) 
+ j^,.(p X r) - ifjOeip ^ A)] by ( |5.57j ) 

= i^,,(A • p) + j?,(A • r) + j?,(A • + i^™(A ■A)+^i{A-A)+ iik[A ■ {k x n)] 

- Sin[A ■ {fi X r)] +yOe[A • (k x A)] +i^p[A • {fi x p)] + o^[A • (O x A)] + Kq[A ■ (p x n)] 
+ Sio[A ■ (O X r)] - pn'^x>e[A ■ (r x A)] + J^r[A • (p x r) - (pjX>e[A ■ (p x A)] 

+ AoTli + pfl'^^e^h ~ Ar5n ~ fjVei^r by ( |5.23aD , ( ^.23b| ) & ( |5.23c) ) 
= by ( ^^54^ (5.58e) 

(KxO)-(St+S„) 

= (/t X n) • [j^ftp + + HjO + M.,nA + SiiA + M.k{K X r2) - J?„(/« x r) 
+ yDe(K X A) + ilp(K X p) + 0g(O X A) + iiq{p X r2) + ilo(f2 x r) - pr2^De(r x A) 
+ ilr(p X r) - (/SjOeO A)] by ( |5.57| ) 

= Sih[p ■ {k X n)]+K^[r ■ (k x n)] + Sij[n ■ {k X n)]+ii,n[A ■ (k X Q)] 
+ Ai[A ■ {fi X n)]+Kk[ik xn)-{kx n)] - Sin[{k x Q) ■ (fi x r)] 

+ yoe[(/? X r2) • (/$ X A)] + iip[{k X r2) • (k X p)] + vl[{k xn)-{nx a)] 

+ Siq[{fi X O) • (p X O)] +Ko[{fi X O) • (r2 X r)] - pQ'^Veiifi x r2) • (r x A)] 
+ Ar[{k X W) ■ (p X r)] - ip-jVeiik X O) • (p X A)] 

= -iihSj + j?,efc - j^™5e +M.i'Of+ Siki^'^ - {fi ■ nf] 

-il„[(r2 -r) - {fi-r){n ■ /$)] + [(fJ • A) - (k • A)(r2 • k)] 

+ ^[{n ■p)~{k-p){n- fi)] + vl[{fi ■ n){n ■A)-{k- A)n^] 

+ Rq[{k ■ p)n^ ~{fi-Ct){n- p)] + J?o[(/$ • f2)(f2 ■ r) - (k • r)n^] 

- pn'^t3e[{k ■ r)(0 • A) - (/$ • A)(0 • r)] + J?r[(K • p)(rj • r) - (k • r)(0 • p)] 

- (^jt)e[(/$ • p){n ■ A) - {k ■ A){n ■ p)] by (Islal) , (|5.23bD & ( |a!2|) 

= -J^ftSj + J^iEfc - J?,„Oe +iildf + J?fc(f^^ - - ^li^b - £d£a) + )iVe{£g - 5a£a) 
+ ^{£c - SeSa) + ^l{£a£g - Sa^'^) + ^q{ee^'^ " £a£c) + Ao{£a£b - ed^"^) 

- pil'^Ve{£d£g - Sa£b) + iir{£e£b " £d£c) " (PjOe{£e£g - Sa£c) by ( ^.la| ) & ( ^.13a| ) 

= J?u; by (|5.54eD (5.58f) 
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(k X r) • (Sf + S„) 

= (/? X r) • [Ahp + KiT + ^ji}, + iir,iA + ^lA + M.k{K X n) - i?„(K X r) 

+ yOe(^ X A) + Sip{K X p) + 0^(0 X A) + j?g(p X $7) + ^^{n x r) - pf7^0e(r x A) 



+ RriP X r) - </7jt)e(p X A)] by ( |5.57] ) 
= ^/,[p • (/? X r)] + J?4r • (/i X r)] + J?j[0 • (k x r)] + J?„[A • (k x r)] 
+ Ri[A- {kx r)] + J?fe[(/t X r) • (/? X fl)] - x r) • (/i x r)] 

+ yOe[(K X r) • X A)] + Sip[{k x r) ■ {k x p)] + o^[(^ x r) ■ {ft x A)] 
+ X r) • (p X rj)] + J^oil/t X r) • (rj X r)] - pf^^Oe[(/? x r) • (r x A)] 

+ ^[(^ X r) • (p X r)] — ipj<Oe[{k x r) • (p x A)] 



SihDt - iijSk - KiSn ~ iii^c + i^fc[(r ■ n) - {k ■ n){r ■ k)] 

- i^[r2 - (/$ . r)2] + yOe[(r ■ A) - [k ■ A)(r • 

+ i^p[(r • p) - • p)(r • k)] + ol[{k ■ n){r • A) - (i? • A)(r • n)] 
+ Ag[{k ■ p)(r ■n)-{k- n){r ■ p)] + J?o[(k • n)r2 - {k ■ r)(r • n)] 

- pn'^Veiik • r)(r • A) - (k • A)r2] + J?^[(/J • p)r2 - (k ■ r)(r • p)] 



- ^jVe[{k ■ p)(r • A) - • A)(r • p)] by (|5J_aD, ( |5.23b| ) & (|Aj) 

J^TiOt - M.jek - iimSn - i^iOc + " £a£d) - ^n{r'^ - Erf) + ^'OeiSh - 5a£d) 

+ ^{£f - ee£d) + '0l{£a£h - Sa£b) + i^q{£e£b - £a£f) + ^o(eaf^ " £d£b) 



- pQ. 'Oe(£d£h - SaT ) + Kr{£er - £d£f) - ^j'Oe{£e£h " 5a£f) by (|5.1a|) & (^.13a|) 

= j^, by ( ^54^) (5.58g) 



X A) • (St + S„) 

^{kx A) - [^hV + + + -^^riA + j?/A + X $7) - X r) 

+ ^K>e{k X A) +^p{k X p) + Oe(rj X A) + j?q(p X f2) + j?o(rj X r) - pf7^0e(r X A) 



+ J^(p X r) - </?jOe(p X A)] by ( |5.57| ) 
= J?ft[p • (/? X A)] + J^:[r • X A)] + ■ {k x A)] + il,„[A • (/$ x A)] 
+ ^i[A-{kx A)] + [(k X A) • (/t X rj)] - J?„ [(k X A) • (/? X r)] 
+ yOe[(/? X A) • (/? X A)] + X A) • (/? X p)] + o^[(/? X A) • (J7 X A)] 

+ Kq[{k X A) • (p X VI)] + Ko[{^^ X A) • ($7 X r)] - x A) • (r x A)] 

+ ^[{k X A) • (p X r)] — (/3jOe[(K X A) • (p X A)] 



= -iihSb + ^£n + Aj^e + ^i^u + ^fc[(A ■ rt) - [k ■ VL){A ■ k)] 

- J?„[(A ■v)-{k- r)(A • k)] + yOe[A' - {k ■ Af] 

+ J?p[(A p)(A • ^)] + X)l[{k ■ U)A^ - {k ■ A)(A • ft)] 

+ iiq[{k ■ p)(A ■n)-{k- n){A ■ p)] + Ko[{fi ■ n){A ■r)-(k- r)(A • n)] 

- pn^Oeiik ■ r)A^ - {k ■ A)(A • r)] + ^[{k ■ p)(A • r) - (k • r)(A • p)] 

~ ^jVeiik ■ p)A2 - {k ■ A)(A • p)] by i^T^, (IIH), ( |5.23bD , (F^ ) & Q 

+ M.p{ei - EeSa) + Oe(£aA^ - Sa£g) + ^q{£e£g ~ £a£i) + ^o{.£a£h ~ £d£g) 



- pf7^t)e(erfA^ - 5a£h) +K{£e£h - £d£i 

iiy by dH]) 



^jVe{£eA^ - Sa£^) by (|5li) & (|I3|) 



(5.58h) 
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(k X p) • (Si + S„) 

= (k X p) • [J^/jP + KiT + ii^n + j?,„A + RiA + Aki^ x ft) - j?„(K x r) 

+ yt)e(^ X A)+Rp{K X p) + X>l{n X A) + j?,(p X $7) + X r) - pf7^0e(r x A) 



+ Ar{p X r) - V'j0e(p X A)] by p. 57] ) 
= ^,,[p • (k X p)] + jl,[r • (k X p)] + • (k X p)] + J?,„[A • (/? x p)] 
+ Ai[A-{kx p)] + [(k X p) • (/t X rj)] - J?„ [(k X p) • (k X r)] 
+ yOe[(K X p) • (/$ X A)] +iip[{K X p) • (/$ X p)] + X p) • ($7 X A)] 
+ X p) • (p X rj)] + J?o[(/J X p) • (rj X r)] - pf7^0e[(/? X p) • (r X A)] 

+ X p) • (p X r)] - ipjCeiiK X p) • (p X A)] 



-siidt + j?j£j + KiSb + J?zfa + ^fc[(p ■n)-{K- n){p ■ k)] 

- J?„[(p • r) - • r)(p • k)] + ytie[(p • A) - (k • A)(p • k)] + j?p[l - (k • p)^] 

- x>1[{k ■ n){p ■a)-{k- a)(p • n)] + Kg[{K ■ p)(p ■n)-{K- n)] 

- J?o[(k • n){p • r) - (/$ • r)(p • n)] - pn^\:>,,[{K ■ r)(p ■ A) - {k ■ A)(p • r)] 

- • p)(p • r) - (/$ • r)] - ipjVe[{K ■ p)(p • A) - (k • A)] 



by (5.1a), (5.13a), (5.23b) & (A.2) 



-J^iOt + J?j£j + J?„i(5b + + J?fc(ec - Ea^e) " (e/ " Ed^e) + yOe(£.i " SaSe) 

- J?p(l - el) + olieaSi - 5aec) + ^qiSeSc - £a) + ^o{£a£f ^ £d£c) 

- pfl'^OeiSdSi ~ SaSf) +jir{eeSf - £d) - (pjOe{ee£i - Sa) by ( |5.1a| ) & ( |5.13a| ) 



= j?, by (5.54f) 



(5.58i) 



(fl X A) • (§t + §„) 

= (rj X A) • [M.hP + M.ir + RjCl + J?„A + j?;A + J?a;(/$ x rj) - J?„(/$ x r) 

+ yOe(^ X A) +i?p(^ X p) + x>l{n X A) + J?q(p X J7) + i^o(rj X r) - pf7^0e(r x A) 
+ ilr(p X r) - (fijOeip X A)] by ([5.5'^) 



= j?h[p • (rj X A)] + ii,[r • (rj X A)] + j?j[rj • {n x a)] + ii„[A • {n x a)] 

+ J?,[A • (rj X A)] +J?fc[(rj X A) • (k X $7)] - jl„[(J7 x A) • (k x r)] 

+ yoe[(rj X A) • (/$ X A)] + j?p[(rj x a) • (« x p)] + x>l[{n x a) • ($7 x a)] 

+ Siq[{n X A) • (p X n)] + Roii^ X A) • (rj X r)] - pfl^Oeii^ X A) • (r X A)] 
+ X A) • (p X r)] - LpjOeii^ X A) • (p X A)] 

= Rh^o + SUe„, + ^iXs^ + J?fc[(fl ■K){A-n)- f^2(A . k)] 
-^[{Vl- k)(A • r) - (rj • r)(A • /?)] + yOe[(J^ • k)A^ - (n • A)(A • k)] 
+ • /$)(A • p) - (fl • p)(A • k)] + x>l[n^K^ - (fl ■ A)2] 

+ Rg[{n ■p){A-n)- n^{A ■ p)] + iio[^^{A • r) - (J^ • r)(A • n)] 

- pn^VeHn ■ r)A2 - {n ■ A)(A • r)] + J^[(fl • p)(A • r) - (JI • r)(A • p)] 

- ipjVeii^ ■ P)A^ - (J7 • A)(A • p)] by ( ^Ia| ), ( ^.23b| ), (|5.23c| ) & (^ 



Rh^o + ^i£m + -t?;ft, + ^k{£a£g - ^'^Sa) - iini£a£h - £bSa) + ^VeiSaA^"^ - 

+ iipieaEi - EcSa) + \:>l{n^ - 4) + KqiecEg - n^e^) + Ro{^^£h - £b£g) 



- pri^t)e(£fcA^ - egEh) +iiri£c£h - £b£i) - (/?jt)e(£cA^ - £g£i) by ( |5.1a| ) 

f,a by ( p4i ) 



(5.13a) 



(5.58j) 
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{p X n) ■ {St + §u) 

= (p X f2) • [M.hp + Kir + i^jft + jl^A + iiiA + Hki^ x ft) - ^{k x r) 
+ yOe(K X A) + Sip{K X p) + 0^(0 X A) + Sig{p x ft) + x r) - pf7^0e(r x A) 



+ ilr(p X r) - ipjVeiP X A)] by ( |5.57] ) 

j?/,[p • (p X n)] + j?4r • (p X n)] + si,[n ■ (p X n)] + ji^[A • (p x n)] 

+ Sii[A ■ (p X r2)] +i^fc[(p X J7) • X - jl„[(p X f2) • (k X r)] 

+ yoe[(p X $7) • (k X A)] + ^[{p xn)-{Kx p)] + o2[(p X rj) • (rj X a)] 

+ i^g[(p X r2) • (p X n)] + Ro[{p xfl)- {fix r)] - pfl^Oeiip x O) • (r x A)] 
+ il,.[(p X • (p X r)] - ipjte[{p X J7) • (p X A)] 



: si^el + Ki^o + i?i5p + i^fe [(p ■K)n^-ip- n) {n ■ k)] 

- Kn[{p ■ • r) - (p • r)(0 • k)] + yt)e[(p • • A) - (p • A){n ■ k)] 

+ j?p[(p • ■p)-{fi- k)] + o2[(p . n){n • A) - (p • A)r!2] + j^jr!^ - (p . ^i)^] 

+ J?o[(p • n)in • r) - (p • r)r!2] - pn^V^Hp • r)(fl • A) - (p • A)(n • r)] 
+ ■ r ) - (p • r)(f2 • p)] - ^jO^m ■ A) - (p • A)(f2 • p)] 

by (Isl^ ), (|5.23bD & 



= iOb by ( |5.54^ 



(5.58k) 



(nxr)- {St + S„) 

= (rj X r) • [Rhp + HiT + HjCl + iirnA + J?/A + J?fc(/$ X J7) - J^i(k X r) 
+ yOe('t X A) + J?p(/t X p) + t)^(rj X A) + J?q(p X J7) + i^o(rj x r) - pf7^0e(r x A) 



+ iir{p X r) - <y9j0e(p X A)] by ( |5.57| ) 
= J?ft[p • (O X r)] + il,[r • (n X r)] + Rj[n ■ {CI x r)] + jl,„[A • {ft x r)] 
+ il,[A • (rj X r)] +J?fc[(rj X r) • (/? X rj)] -i?„[(fl X r) • (k X r)] 
+ yOe[(rj X r) • (k X A)] + Ap[{n x r) • (/? x p)] + o^[(rj X r) • (J7 X A)] 
+ Rg[{n X r) • (p X n)] + Ao[{^ X r) • ($7 X r)] - pQ^OeK^ x r) • (r x A)] 
+ Ar[{fl X r) • (p X r)] - ipjOeli^ X r) • (p X A)] 

= iih£i - ^m£m + + Mi^ • K)(r • fl) - n^{r ■ k)] 

- Kr,[{n ■ fiy - {n ■ r)(r • k)] + yOe[{n ■ K){r ■A)-{n- A)(r • k)] 
+ SipUn ■ K){r ■p)~{fl- p)(r • k)] + o2[172(r • A) - (fl • A)(r • fl)] 
+ Siqiifl • p)(r • fl) - fl^{r ■ p)] + iio[n\^ - {ft ■ rf] 

- pn^t)e[{n ■ r)(r • A) - (Jl • A)r2] + ■ p^ - {n ■ r)(r • p)] 



• ^jOem ■ P)(r -A) -{ft- A)(r • p)] by (|I|), (|5.23b| ) & ^ 



= J?ft£; - K,n£m + Kl^l + i^k{£a£b ^ ^'^£d) ^ ^{£ar'^ - £b£d) + yOe(ea£/i - £g£d) 
+ Sip{£a£f - £c£d) + '0l{Vi^eh - £g£b) + J?q(ece6 - f^^£/) +i^o(f^ 



2„2 



- pVi^'Oe{£b£h - £gr^) + ii,-{£cr^ 
S)e by dlH) 



£f,e/) - LpjOe{£c£h - £g£f) by ( |5.1a| ) 



(5.581) 
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{r X A) ■ {St + §u) 

= (r X A) • [M.hp + Kir + Kjft + + j?;A + M.k{K x ft) - ^{k x r) 

+ yOe(^ X A) + Sip{K X p) + 0^(0 X A) + j?g(p X $7) + x r) - pf7^0e(r x A) 



+ J^(p X r) - (pjVeip X A)] by ( |5.57] ) 

: ^,,[p • (r X A)] + il^r • (r X A)] + • (r x A)] + J?„JA • (r x A)] 
+ Ki[A ■ (r X A)]+M.k[{r x A) • (k x - jl„[(r x A) • x r)] 
+ yOe[(r X A) • (k X A)] + J?p[(r x A) • (/$ x p)] + ^^[(r x A) • (O x A)] 
+ iiq[{r X A) • (p X ft)] + Ro[{r x A) • x r)] - pQ^Oeiir x A) • (r x A)] 
+ ilr[(r X A) • (p X r)] - ¥Jjt)e[(r x A) • (p x A)] 



= ^iiheo - - Ki^h + Mi^ ■K){A-n)-{r- n){A ■ k)] 

- J?„[(r • K)iA • r) - r2(A • /?)] + yOe[(r • /?)A2 - (r • A)(A • /?)] 

+ j?p[(r • ^)(A • p) - (r • p)(A • k)] + ol[(r ■ n)A^ - (r • A)(A • n)] 
+ J?,[(r • p)(A • n) - (r • f^)(A • p)] + J?o[(r • fl)(A • r) - r^{A ■ ft)] 

- pn^Ve[r^A^ - (r • Af] + J?^[(r • p)(A • r) - r^{A ■ p)] 

- ^jOe[(r • p)A2 - (r • A)(A • p)] by ( p3b| ) & Q 

+ HpiedEi - £f5a) + of (efcA^ - £,ieg) + i?q(e/eg - EbEi) + J?o(e6£/i - r'^Sg) 

- pn^i)e{r^A^ - el) + ^.{efEh - r^e,) - (pjVe{efA^ - e^e,) by Jslil ) & (|5.13a| ) 

= firf by ( ^.54h| ) (5.58m) 



(p X r) • (St + S„) 

= (p X r) • [RhP + Kir + KjCl + J?,„A + M.iA + J?a;(/$ x $7) - J?„(k x r) 

+ yOe(^ X A) +i?p(^ X p) + x>l{n X A) + J?q(p X J7) + Ro{^ X r) - pf7^0e(r X A) 



+ ilr(p X r) - </?jOe(p X A)] by ( |5.57| ) 

J?ft[p • (p X r)] + il,[r • (p X r)] + Kj[n ■ (p x r)] + j^™[A • (p x r)] 
+ ■ (p X r)] + jlfe[(p X r) • (/? X n)] - J?„[(p X r) • (k X r)] 
+ yOe[(p X r) • (k X A)] + J?p[(p X r) • (/J X p)] + of [(p x r) • ($7 x A)] 
+ Ag[{p X r) • (p X n)] + j?o[(p X r) • (fl X r)] - pn^Ve[{p x r) • (r x A)] 
+ ilr[(p X r) • (p X r)] - ¥?jt)e[(p x r) • (p x A)] 



: -KjEi - K,So - iii^n + MiP ■ K,){r ■ n) - {p ■ n)ir ■ /?)] 

- J^[(p • K)r^ - (p • r)(r • k)] + yOe[(p • ^)(r • A) - (p • A)(r • k) 
+ ^[{p ■ k){v • p) - (r • k)] + of [(p • n){r • A) - (p • A)(r • O)] 
+ i^J(r • rj) - (p • rj)(r • p)] + J?o[(p • n)r^ - (p • r)(r • fJ)] 

- pf^2De[(p • r)(r • A) - (p • A)r^] + il^p - (p • r)^] 



- (p,Oe[(r • A) - (p • A)(r • p)] by (^, ( ^.23b| ) & (|Aj) 

- iirnEo - AlDn + Kk{£e£b - £c£d) - ^(eer"^ " £f£d) + ^Xleieeeh ~ £-i£rf) 

- i^p(£e£/ - £d) + of (ec£ft - £i£fc) + J?q(£fc - £c£/) + J?o(£cf^ " £/£&) 



- pQ. VeisfSh -Sir ) + Sir{r - Sf) - (pjVeieh - £»£/) by ( |5.1aD 
i3e by ( p4i| ) 



(5.58n) 
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(p X A) • (St + S„) 

= (p X A) • [i^/ip + Kir + Rjft + i?„A + j^;A + Aki^ x fl) - i?„(K x r) 
+ yOe(^ X A) +Rp{K X p) + x>l{n X A) + J?g(p X $7) + Roi^ X r) - pf7^0e(r x A) 
+ J^(p X r) - (pjOe(p X A)] by ( |5.57| ) 

= ^,,[p • (p X A)] + il,[r • (p X A)] + ii,[n ■ (p X A)] + i?„[A • (p x A)] 
+ i^,[A • (p X A)] + J?fc[(p X A) • X n)] - J?„[(p xA)-{kx r)] 
+ yDe[(p X A) • (/$ X A)] + i?p[(p X A) • X p)] + o2[(p X A) • X A)] 
+ Kg [(p X A) • (p X n)] + J?o[(p X A) • (O X r)] - pl7^0e[(p x A) • (r x A)] 
+ ilr[(p X A) • (p X r)] - (y5j0e[(p X A) • (p X A)] 

= Si^Eo - Kjdo + Kidr + i?fc[(p • k)(A • f2) - (p • n){A ■ ii)] 

- il„[(p ■K){A-r)-{p- r)(A • k)] + yo,[(p • k)A^ - (p • A)(A • k)] 
+ i^[{p ■ k)(A • p) - (A • k)] + x,l[{p ■ 0)A2 - (p . A)(A • n)] 

+ ^,[(A ■n)-ip- n){A ■ p)] + Ko[{p ■ n){A • r) - (p • r)(A • O)] 

- pr!2o,[(p • r)A2 - (p . A) (A • r)] + J?, [(A • r) - (p • r)(A • p)] 

- ^jDe[A2 - (p • A)2] by Jslal ), ( |5.23bD & 

+ iip{ee£i - Sa) + Oe(£cA^ - EiEg) + Kq{Eg ~ EcEt) + Ko{£c£h - £f£g) 

E^Eh)+^{£h - £f£i) - V'iOelA^ ~ £") by (^.la|) & ( ^.13a| ) 



% by (p4i| ) 



(5.58o) 



(Axp).(St+S„) 

= (A X p) • [Khp + j^jr + SkjVl + Si^A + RiA + x f2) 



i?„(/« X r) 



yDe(K X A) + ilp(K X p) + X A) + J^q(p X fJ) + X r) - prJ^De(r X A) 



+ jlr(p X r) - <(3j0e(p X A)] by ( |5.57] ) 

J?/,[p • (A X p)] + il,[r • (A X p)] + ilj [f2 • (A x p)] + j^„[A • (A x p)] 
+ j|;[A • (A X p)] + ilfe[(A xp)-{KX n)] - il„[(A X p) • (k X r)] 
+ yOe[(A X p) • (/? X A)] + ilp[(A X p) • (/$ X p)] + o^[(A x p) • x A)] 
+ Kq[{A X p) • (p X n)] + ilo[(A X p) • (O X r)] - pf7^0e[(A x p) • (r x A)] 

+ Sir[{A X p) • (p X r)] - ipjVe[{A X p) • (p X A)] 

= -^iC)„ + J^jtip + J?,„5r + J?fe[(^ • k)(p • O) - (A • 0)(p • k)] 

- J?„[(A • ;$)(p • r) - (A • r)(p • k)] + yOe[(A • ;$)(p • A) - (A • A)(p • k)] 
+ J?p[(A • k) - (A • p)(p • k)] + o2[(A • 0)(p • A) - (A • A)(p • n)] 

+ J?,[(A • p)(p • fl) - (A • + j?4(A • 0)(p • r) - (A • r)(p • O)] 

- pnH,[{A ■ r)(p • A) - (A • A)(p ■ r)] + ^[{A ■ p)(p • r) - (A • r)] 

- ¥',Oe[(A • p)(p • A) - (A • A)] by ( p3b| ) & Q 

+ Sip{% - '^a£e) + Oe(?c£i " ^d£c) + ^q{<.a£c - ?c) + ^o(Q£/ ^ '^n£c) 



- pn'^Ve{<in£i - ^d£f) + ^{^a£f - <in) - 'P]Vei<ia£i 

by ( PI ) 



<;d) by (5.1a) & (5.23a) 



(5.58p) 
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(Axr)-(St+S„) 

= (A X r) • [HhP + iiir + ^jO + il,„A + j^;A + ^^^(k x ft) - ^-.{k x r) 

- yOe(/t X A) + Sip{k X p) + 0^(0 X A) + j?g(p x J7) + Roi^ x r) - pQ'^Veir x A) 



+ iir{p X r) - <y9j0e(p X A)] by ( |5.57| ) 
= J?;,[p • (A X r)] + Jl,[r • (A X r)] + • (A x r)] + J?,„[A • (A x r)] 
+ Sii[A ■ (A X r)]+M.k[{A. x r) ■ (k x n)] - J?„[(A x r) • x r)] 
+ yoJ(A X r) • (/? X A)] + i^[(A x r) • (k x p)] + ^^[(A x r) • (J^ x A)] 
+ Rq[{A X r) • (p X n)] + Ro[{A X r) • ($7 X r)] - pQ^VeHA x r) • (r x A)] 
+ Sir[iA X r) • (p X r)] - ipjOe[{^ x r) • (p x A)] 



Kh'^n - ^j^i - iirn^h + Mi^ • k) (r • f2 ) - ( A • n){r ■ H)] 

- J^„[(A • ky - (A • r)(r • k)] + yo,[(A • ^)(r • A) - (A • A)(r • k)] 

+ J^p[(A • /$)(r • p) - (A • p)(r • k)] + vl[{A • J^)(r • A) - (A • A)(r • n)] 
+ J?,[(A • p)(r • f2) - (A • n)ir ■ p)] + J?„[(A • ny - (A • r)(r • n)] 

- pn^Oe[(A • r)(r • A) - (A • A^] + J^^[(A • py - (A • r)(r • p)] 

- (^,Oe[(A • p)(r • A) - (A • A)(r • p)] by & Q 



+ Sip{i,bSf - (Toed) + vli'^cEh - 'id£b) + iiq{<ia£b - Qe/) + iioi'^y ~ 'inSb) 



pn t)e(T„£/i ~(^dr ) + i?,.(<rQr - - (^jt)e(<rQeft - ^^e/) by ( |5.1a| ) & ( |5.23aD 



iO,, by (5.54j) 



(5.58q) 



(Axr)-(St+S,) 

= (A X r) • [Rhp + Air + Ajfl + jl,„A + j?/A + ^^^(^ x n) - ^{k x r) 

+ yOe('t X A)+Rp{k X p) + Oe(rj X A) + j?q(p X $7) + X r) - pf7^0e(r X A) 



+ J^(p X r) - <y9j0e(p X A)] by ( |5.57l ) 
= J?,,[p • (A X r)] + J^[r • (A X r)] + • (A x r)] + j?,„[A • (A x r)] 
+ i^;[A • (A X r)]+M.k[{A x r) ■ (k x n)] - i?„[(A x r) • (k x r)] 
+ yOe[(A X r) • (/? X A)] + i?p[(A x r) • (/? x p)] + ^^[(A x r) • (J^ x A)] 
+ i^g[(A X r) • (p X rj)] + i^o[(A X r) • (J7 X r)] - pQ^VeHA x r) • (r x A)] 
+ J^[(A X r) • (p X r)] - (pjtie[{A x r) • (p x A)] 



: Rhpb - J^jOm - J?mf» - iiiXij + J?fe[(A ■k){r-n)-{A- n)(r ■ k)] 

- il„[(A • ky - (A • r)(r • k)] + yOe[(A • /$)(r • A) - (A • A)(r • /?)] 

+ J?p[(A • ^)(r • p) - (A • p)(r • k)] + ^^[(A • f2)(r • A) - (A • A)(r • J^)] 
+ J?J(A • p)(r • J^) - (A • Jl)(r • p)] + i^„[(A • fl)r2 - (A • r)(r • 

- pr!2oj(A . r)(r • A) - (A • A)r2] + il,[(A • py - (A • r)(r • p)] 

- V3jOe[(A • p)(r • A) - (A • A)(r • p)] by ( p3b| ), ( |5^23c| ) & ( |aI2| ) 
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pQ Oe(<;oe/i-Qr )+Sir{<;fr - j^pSf) - y),l3e(';/£fe - Q£/) by (5.1a) fc (5.23a) 



f), by (5.54k) 



(5.58r) 



K ■ (Sf +S„) 

= ^ • [Jl,ip + M.ir + M.jfl + Si„rA + M.iA + Sik{K x O) - J^„(k x r) 

+ yDe(/t X A) + j?p(/i X p) + ol{n X A) + M.g{p X J7) + Ro{^ x r) - pri^De(r x A) 



+ M.r{p X r) - <^jOe(p X A)] by (|5.57l ) 
= J?h(/$ • p) + il,(/? • r) + J?j(/$ • r2) + i^m(K • A) + J?/(^ • A) + • {k. x J7)] 

- il„[/$ • (/t X r)] + ^\}e[ti ■ X A)] + • (/i x p)] + vI[k ■ {ft x A)] 
+ • (p X fl)] +Ro[k ■ {fl X r)] - pn'^Ve[K ■ (r x A)] + • (p X r)] 

- ipj\}e[K ■ (p X A)] 

= KhSe + ^£d + ^]£a + + J?/^fc - O^Oe + HgEj + RoSk 

+ pfl^OeSn - J^rf t " ^PjOeSb by ( p^ , ( ^.13a| ), ( ^.23a| ) & ( |5.23bD 
= iOj by ( [5.54kD . 



(5.58s) 



As a result of the foregoing derivations, we obtain 



\§t + §uf = {St + Su) ■ [iihP + J?»r + + J?„A + RiA + Sik{Kxn)~ i^(K x r) 
+ yVe{K X A) +Ap{K X p) + X A) + M.q{p X f2) + J?o(rj X r) 
- pri^t)e(r X A) + ilr(p X r) - (^fjOelp X A)] by ( ^.57| ) 
= J?^[p • (St + SJ] + J^[r • (St + S„)] + • (St + SJ] + J?„[A • (St + S„)] 
+ j^JA • (St + SJ] + Mi^t + S„) • (/$ X n)] - J?„[(St + S„) • (k X r)] 

+ yoe[(St + s„) • (k X A)] + j?p[(St + s„) • i^^ x p)] + o^[(St + s„) • (o x a)] 

+ J^,[(St + S„) • (p X fl)] + J?„[(St + S„) • (fl X r)] - pflheiiSt + S„) • (r x A)] 
+ i^^[(St +S„) • (p X r)] - <y9j0e[(St +S„) • (p X A)] 



Oe^Da + -t?q-$:fc + -^^o^Dc - pfl-'OeSjd + K^je ~ ^j^e^ / by (|5^ 



|St+S„| = jOfc by (|5.54]|) 



(5.59) 



Art 23d. Development of equation (3.24c) 



Furthermore, we derive 



5Ri = • (St + S„) by ( ^^24^ ) 



i3j by (5.58s) 



(5.60a) 



3?2 = a-(St+SO by (3.24c) 



= {ebfl - fi^r + A X r) • (St + S„) by (|l.4a| ) & ( ^.laj) 

= • (St + S„)] - . (g^ ^ g J] ^ [(g^ ^ g J . (A X r) 

= efcj?t - r!^^, - iOd by ( p^ ) 



(5.60b) 
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3fi3 = a • (St + §„) by ( p4^ 



: (St + S„) • [2eh^ - SSgV + A X r - Jl^(f2 X r) + ef,A] by 
: 2eh[n ■ (St + S„)] - 3eg[r • (S* + S„)] + [(St + S,) • (A x r)] 
- n\§t + §u) ■ {ft X r)] + eb[A ■ (St + SJ] 
: 2ehSit - Begins + - ^^^c + £bK by ( p8| ) 



(5.60c) 



5R4 = a • (St + Su) by ( p4^ 

= (St + S„) • [3ehA + EbA + gtil + (?„r + 2eh(A x 



3n\A X r) - Segin x r) + (A x r)] by (|5.30bD 



3e4A • (St + S„)] + eb[A ■ (St + S„)] + gt[n ■ (St + S„)] + e„[r • (St + S„)] 
+ 2£b[(St + S„) • (A X ft)] - 3n^[{§t + §u) ■ (A X r)] 
- 3£g[(St + S,) • [n X r)] + [(St + §u) ■ (A X r)] 



SehAu + etK + Qt^t + Qii^s - 2ebSja + 3r2 Sjd- SsgSjc + Sji by (5.5 



(5.60d) 



jR5^e-(St+S„)by (^.24c|) 

= (St + S„) • [j:p(p xfl) + 2yo(p x A) + (pgfh{p x A) + y^J^ + 2^rA + 
= yp[(St + S„) • (p X n)] + 2yo[(St + S„) • (p X A)] + ^g^h[{§t + S.) • (p x A)] 
+ y,[n • (St + S„)] + 2y,[A • (St + S,)] + ip,[A ■ (St + S„)] - y,[p • (St + S„)] 



= fipSjb + 2yo^ / - (pgiph^g + ?si^t + 2yr-*^ + 'Pt^v - by (|5.58D 
from which we obtain 

= 0/5Ri + yjSRa + Vh^s + P^i + ^5 by (|5.35b| ) & ( jsl^ ) 

+ ip^b + 2io^f - (fgiphSjg + ^sAt + 2^r^ + fiK - by ( |5.60| ) 



= Sji by ( |5.54| ) 
We note also that 



V = + pa — u + e hy ( ^.14c ) 

= + jo(£6r2 — Q^r + A X r) — (Jl X r) + S2(p x fJ) + s-^fl — s^p 
by (Q & (|Ii) 



(5.60e) 



(5.61) 



= + p{eb^ — ^l^r + A X r) — (O X r) + ipg(ph{p x fl) + ipifl — ipjp by ( [3.2S| ) 

= + ((/3i + /9e;,)r2 - (fijp - p^fr + p{A x r) - (fi x r) + Lpg(ph{p x O) 

= ^K + - fjP - pfl'^r + p{A X r) - (r2 X r) + (pgifh{p x fl) by (|5.23i)). (5.62) 



Art 23e. Results of the computations. 



It follows by substituting (^.621) , (|5.6l|) , (|5.59D and (|5.57D into (|3.26D that 



i3i 



(5.63a) 
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c7^ 



— ipjp — pQ^r + Oe^J — (H X r) + p{A x r) + (pgtph{p x fl) 
iihP + + Sijfl + SirnA + AiA + Akiti x ft) - X r) + yOe(/? X A) 



(5.63b) 



+ J?p(/t X p) + X A) + i^g(p X rj) + J?o(r2 x r) - pfl^Veir x A) 

+ Sir{P X r) - (fjVeip X A) 

is the complete set of equations describing the apparent geometry of obhquated rays for a rotating 
observer. 



6 Gravitational obliquation 



Art 24. Apparent direction to a light source. 
To evaluate ( |3.6| ) for a gravitating observer, we introduce the quantities Q 

Ea — K-r, Eb — K-p, Ec^rp, ed = r-z, = /? • (r x h) 

£/ = p • (r X h) 7^ 0, eg = K-{zxh), eh = r-{zxh), = p • (z x h) 



(6.1a) 



iff = {2ppa£a + dc)/{2efipd), Pg = ~2{p'paea + e-fPf(pl), tph = {z^ + 2qed + q^f^'^lh 
= (eg + iphee)/{h^Ph), <y5j = eh/{h^Ph), Pk = ipf[rebiq + ^d) + h^'^£e{ei + PbSf)] 
ipi = {r^h^el + 2ebeeSf + slY^^, Pm = V'liv'k + ^hip^a^Pj - VgV't)] 



(6.1b) 



(fin = 2dcpl{2pfeeeb - "Pg) + plpfipfpf - 2ppaeeec - 4<^g£6£e) + vlfgi'Pg - 2ppaea) ^ , 

2 2 (6.1c) 

Po = 2dcphPi{pk - fhfgfi) - Ph^gPi{2pPaPj - ^gfi) + (y^fc + 2pkPh{pfaV] ^ fgfi)- 



Art 24a. Preliminary calculations. 
In view of the above quantities, we derive 



a = K ■ ahy (1.2b) 

= K ■ (-qr/r^) by (|l.5a|) 



-(g/r^)(/« • r) = -K(g/r^)£a by (6.1a) 



= -Kpa£a by ( |6.1b|) 



(6.2a) 



m = /« • (r X h) by (1.5c) 
= k[k ■ (r X h)] 



KEe by (S.la) 



n = p ■ (r X h) by (1.5c) 



£/ by (6. la) 



(6.2b) 
(6.2c) 



®We note here that the angle between z and r is the true anomaly of the observer's orbit while the eccentricity 
(or Laplace-Runge-Lenz) vector z is perpendicular to the latus rectum of the orbit and the Hamilton vector z X h 
is parallel to the latus rectum. 
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^2 ^ [rn/n){K-p) by ( p^ 
= {m/n){Keb) by ( |6.1aD 



K,^{ee/ef)eb by (6.2b) & (6. 2c) 



13 = Kiy9c by (6.1b) 



(6.2d) 



y2 



by (1.5a) 



\l-ipi\ by (|6.2dD 



■•7 



\^i-i\ = \iPd\ by delbD 

</7e by ( Islbl) 



(6.2e) 



71(^2-^2) 



dio, 



-2pK(paea - duJo 



by O, Q & ( pd| ) 

2pipa£a + dc 



k2£/(1-(^2) K£^((p2_l) 



by (1.2b) 



= 2ipf/K by da.lbD 



(6.2f) 



/2 = 



{Keb){2ipf/K) 
2 



by (|I^) & ( |6^ ) 



by dTsdl ) 



{Kee)(2c/J//K) 



by (py) & (16^ ) 



In addition, we have 



T = (2pa - n02/o)K-2 by 
= i-2pKipaea - nU^f„)K-^ by (B) 

- h2pK(^,£, - e/(K2^2)(2^^/^)]^-2 (||2]), (|6;2d|) & (|^ 

= -2{pipaea+ efLpf(pl)/K 



(6.2g) 



(6.2h) 



= (Pg/K by (|6.1bD 



(6.3a) 



/i"''(z X h + gr X h)-" by (1.5c) 



= /i ''[(z X h) • (z X h) + 2(z X h) • {qr x h) + {qr x h) • {qr x h)] 



/i~*[z2/(,2 - (z . h)2 + 2(z • qr)h'' - 2(z • h)(h • qr) + q^h'' - {qr ■ h)'^] by (|A^ 
= h-*[z^h^ + 2qh^{z. ■ r) + q^h^] by (IlScI) 



h-^{z^ + 2qed + q') by (|6.1a|) 



by (HI) 



(6.3b) 
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cos A — {n/n) ■ (a/a) by definition of A 



/? • f by (1.5a) 



Ea by (6.1a) 



(6.4a) 



COS0 — (k/k) ■ (u/u) by definition of (p 

^ (k/u) ■ [h^^{z X h + X h)] by ( |l.5c| ) 
— u^^h^'^l'ti ■ {z X h) + qK, ■ {r X h)] 



= • (z X h) + {q/r)K ■ (r x h)] by ( |Ob| ) 

^ip^'h-^[eg + iq/r)ee] by ( p^ 
= ^-i/.-2(£ 



(pbEe) = </5i by (3.1b) 



(6.4b) 



COS0 = (a/a) • (u/u) by definition of 9 
— r • (u/u) by (1.5a) 



(r/u) • [h ^(z X h + (7? X h)] by ( 1.5c ) 
ip-f^^h-^ir- (z X h) +gr • (f X h)] by ( |Ob| ) 



if^'^h ^Eh by (|6.1a|) 



by (|6.1bD 



(6.4c) 



Art 24b. Development of equation (3.2a) 



The various quantities defined in (3.2a) evaluate as 



S = e • c by (|3.2aD 

= c.[/i(rxh) + /2p]by (pg) 

= f,c[^l ■ (r X h)] + f^ciK ■ p) by (P) 

= /iCEe + /2C£6 by ( |6.1aD 

= ebififCEe + SeipfCEb = 2apfeeeb by ( |6.2g| ) & ( |6.2hD 



(6.5a) 



2? = e • u by ( |3.2aD 

= /i"^[/i(r X h) + /2P] • (z X h + 9? X h) by ([Tsbl) & ( ITs^) 

= /i-Vi[(r X h) • (z X h)] + x h) • (r x h)] + h-^f^[p ■ (z x h)] 

+ qh-^f^[p-irxh)] 
^ h-'^f^ [(r • z)h^ - (r • h) (h • z)] + qh^^f^ [(r • r)h^ - (r • h) (h • r)] 

+ h-^f,[p ■ (z X h)] + {q/r)h-'f,[p ■ (r X h)] by 



r/i(?. z) + qf^r + h-'f^[p ■ (z x h)] + iq/r)h-'f^[p ■ (r x h)] by (1.5c) 



rfiSd + qfiT + h ^fr^Ei + {q/r)h ^f^Ef by (|6.1a| ) 



rf,{q + ed) + h~'f2[e^ + {q/r)ef] 

■ rebffiq + Ed) + h^^ee(pf{ei + ipbSf) by (|6.1b[ ), ( |6.2g[ ) & ( ^.2h|) 
by dH) 



(6.5b) 
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y^l = e • a by ( |3.2aD 

= [/i(r X h) + /2P] • {-Vav) by (Ol), O & delbp 

= -t^a/Jr • (r X h)] - (^a/2(P •?) 

= -(/3a£e</3/£c by ( |6.1a| ) & ( |6.2hD 



Ti: = e • K by (|3.2a| ) 

= [/i(rxh) + /,p]-Acby (|L5b|) 

= • (r X h)] + k/2(p • K,) = K/iEe + K/jEb by ( |6.1a| ) 



KSb^ffSe + KEeiffeb = 2Keb(p/£e by ( |6.2^ ) & ( |6.2h| ) 



£ = e • e by (3.2a) 



[/i(r X h) + /2P] • [/i(r X h) + f,p] by ([^) 
/?[(r X h) • (r X h)] + 2/i/2[p • (r x h)] + fl{p ■ p) 
flir'h' - (r • h)2] + 2fJ^Sf + fl by ^) & Q 



= ftr'h' + 2fJ^ef + by (^) 

- (e6<^/)2r2/,2 + 2{ebVf){eeVf)ef + {e^^ff by & ( ph| ) 



fjir'h'et + 2ebee£f + et) = (^>f by ( |6.1bD 



Art 24c. Development of equations ( 3.2b ) through ( 3. 2d ) 
Consequently, from the above derivations, we obtain 



Cq = V — UK,T cos (j) by ( 3.2b ) 

= - VhVgV^ by (Hi), (|Ob|) , (Hi) & (Hi 

£1 = pa cos 9 — KT cos (/) by ( ^.2bD 

= p^a^, - (/pg.^, by (|L5i), (Hi), dHi), (Hi) & (Hi 



/:2 



£1 + pa cos 6* by (3.2b) 

pt^aVj - ^gVi + PVafj by ( |6.6bD , ( |l.5aD , ( |6.1b| ) & (Hi) 



(6.5c) 



(6.5d) 



(6.5e) 



(6.6a) 
(6.6b) 

(6.6c) 



TVi = 2du^{B - TUJo) by (H^) 



2du^{2c(fifee£b — ckt) by (Hi) & (Hi 



2dipi^{2cipfSeSb — c(fg) by (6.3b) & (6.3a) 
2dcipl{2ipfeeeb - (fig) 



(6.7a) 



A/'2 = 2ducCQCOS(j) by (3.2c) 

= 2d{fh)c{(pk - iphfg(Pz){'Pi) by ( |6.3b| ), (Hi ^ ( |6-4b| ) 

= 2dciphiPt{(pk - Vh^Pg^i) 



(6.7b) 



AA3 = + 2(pyt - t7^)] by (|3.2c| ) 



= ipl[ip}vf + 2pi-ipaSeV^f£c) " 2T(2K£b</7/ee)] by (HI), (HI)' (Hi ^ (H3) 
= fhiv}v>'i - 2p(pa£eVf£c " 4:(pgeb(pf£e) by (Hi) 

= iplipf{ipfipf - 2pipa£e£c - 4:(pgeb£e) 



(6.7c) 
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7V4 = v?kt{kt - 2pacos A) by ( |3.2d| ) 

= vl^gi^g - 2p^aSa) by ( |63b|) , (IH), (Q, ( |6lb|) & ( pj) 



7V5 = w^^riZs cos by ( ^!2d| ) 

= y^h^gC^p^a^j - ^gVi)vi by (Hi), (Hi), dHi) (EH* 



Nq = V{V + 2uCi) by (HI) 

= ipk[^k + 2(ph{p(pa(Pj - fgV'i)] by (|6.5b[ ), ( |6.3b| ) & (|6.6b| ) 



(6.7d) 



(6.7e) 



(6.7f) 



2u^(2? + uCi) = <^^[</5fe + ifhipifiaVj - Vgft)] by ( |6.3b| ), ( |6.5b[ ) & ( |6.6bD 



= by ( |6lb|) (6.8a) 

M + 7V3 + = 2dapl{2ipfeeSb - Vg) + iplipf{(pf(pf ~ 2pipa£e£c - ■i(Pg£b£e) 

+ flfgiVg ~ 2pipa£a) by (|j|) 

= by (|Ii) (6.8b) 

- AA5 +M) = 2dc(phfi{<fik - Vhfg'Pi) - fhfgVii'^Pfafj - fg'Pi) 

+ ifl + 2ipkiphip^a^j ~ VgV't) by ( p7| ) 

= (^o by (|1]). (6.8c) 



Art 24d. Results of the computations. 



By substituting ( |6.8D , ( |6.6a| ) and ( p. 4] ) into ( |3.3| ), we get 

((^^-^^(pg^,)/(/3c'), 7^= (^„-(^,„)/(/3V/), M^iipn~iPo)/{P^c'') 

g ^C-(3 + dip,+ paipj, n=[V + d'^+p^ + p'^a^ + 2d{paea - 
T=[N + d^{l^ ¥>?) + pV2(l - ip]) + 2dpa{ea - 

while from (|3.6| ) and (0), we get 

_ _ ^f) +pV2(l - 9^1) + 2dpa(£a - ^,^,)]i/2 

tan 7/^ — — — 

£ — p + dipi + pcr(^j 

and by dOa] ), (^), ( pTSa] ), (|l|), ( |6^ , (U) and ( |6li ), we have 



P - 



d — ^ ■ 



1 + VT~M?2 



1/2 



(6.9a) 



(6.9b) 



(6.9c) 



Muj,' ^/T+W \ 2 J 

d = a/^-fUJoY , a^~Kipa£a, 1 = Ve, P = (ph/c, (T = ipa/c, y=cd-ipg. 

Equations ( |6.l| ) and ( |6.9[ ) give a complete prescription for calculating -i/; for a gravitating observer. 

Art 25. Apparent drift of a light source. 



To evaluate (3.13) for a gravit atin g obse rver , it is convenient to introduce the following quantities 
in addition to those given by (6A) and (|6^ 



da — K, ■ h, Si, = K ■ z, ph., Sd = p-z, (5e = K • (h X p), Sf ^r-{KXz) (6.10a) 
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Ha=5b + qea, hb = ed + q, Hc = Sd + qec, hd = h~ {]^5a + SeffSc) 

fie = h^'^{^ha - pipah - reb^PfEh + Eetpfhc), Hf = ee[(pfSe + {pifia/r)] 

hg = rsb^fh^ - q, fi/i = hf - St + £ahg, fii = (1 + i?^)^/^, hj = d/{'f'^uJo) 
fifc = (fij - pi}n^,)/{4:d^Ljlnf), hi = {2nipaeafik ~ p)/{2r^K^efLpd), fi™ = p/r^ 



fin = fiiEeEb + {hm/K^), fio = 2{hm / n) - 2ip aE a{flk / r"^) - 2K£fhlip1, hp = (/Jc^J^)""^ 
hq^Tjl?, Hr = ghp{Heha + hdiflSa) - hq{eg + ipbEe), ^ -IfaiQ Hehbhp - E hhq) 

ht ^ K'^hg{hieeScSa - 2hnh'^), Hu ^ K^hghldcSeha, K=2K^Qhphehn 

hw = K^ghphehieeSc, fix = n'^ghphdiplhieedc- 



(6.10b) 



(6.10c) 



Art 25a. Preliminary calculations. 
We derive, in view of the above quantities, 

u X K = —K X u = —h^^K X (z X h + gr X h) by (1.5c) 
= — fi^^[/t X (z X h) + q/t X (r X h)] 



= -h-^[z{K ■ h) - h(K • z)] - qh-^[r{K ■ h) - h(K • r)] by (^) 
= -h-\5az - Sbh) - qh-^{6ar-eah) by (j^Jo^ & ( |6l^ 
= -fi"^ [(5aZ - (5bh + q{Sar - Sah)] 



h ^[((5b + gea)h - (5aZ - qSaX] = fi ^(fiah - 5aZ - qSaX) by ( ^.10b| ) 



(6.11a) 



u X a = —a X u = — fi "^{—ipaX) x (z x h + (/r x h) by (1.5a), (6.1b) & (1.5c) 
= <^afi^^[r X (z X h) + gf X (fx h)] 



= V?,fi-'[z(r.h)-h(f •z)]+g¥.afi-2[f(r.h)-h(r.f)] by dTT]) 
= -LPah^^Edh.- qifiah^^h by (|l.5c) ) & (|6.1a|) 



= -(^afi ^(£d + q)h = -h-\ahbh by ( |6.10bD 



h(u-r) by (A.l) & (1.5c) 



u X (r X h) = r(u • h) — h(u • r) 

= -fi"^[r • (z X h + gf X h)]h by (|1.5c|) 



-rfi ■^[f • (z X h)]h = — fi ■^re/ih by ( |6.1a ) 



(6.11b) 



(6.11c) 



u X p = — p X u = — fi p X (z X h + gf X h) by (1.5c) 

= -fi"^[p X (z X h)] - gfi"^[p X (f X h)] 

= -fi-2 [z(p . h) - h(p • z)] - gfi-2[f(p • h) - h(p •?)] by (^) 
= -h-^{6cz - Sdh) - qh-^{ScT-ech) by (|6la| ) & (|6.10a|) 
= -fi"^ [(5cz - (5<jh + (7((5cf - ech)] 



fi [((5d + g£c)h - 5cZ - q6cr] = fi (fi^h - (5cZ - gj^?) by (3. 10b) 



(6.11d) 



u X = u X (y/t + pa — u + e) by ( 3.14c ) 
= '^(u X k) + p{u X a) + (u X e) 

= yh^^{hah - 5aZ - qSoT) + p{-ipah^'^hbh) + u X [/i(r X h) + /jp] 
by (|6.11a|) , ( |6.11b| ) & ( [Tsbl) 



Classical Aberration And Obhquation 



Page 134 



March 2001 



OAS-2001-03A 



hr^'^ha - p^anb)h - ]ih~\SaZ + qSoT) + f ,[u X (r X h)] + /a (u X p) 

+ f^h-^ih^h - S,z. - qScr) by & ( |6lld| ) 

h^^C^ha ~ p(Pafib - fire/i + f2fic)h-h^^{]^Sa + /2^c)(z + qr) 

by & 

Heh-Hdiz + qr) by jOObl ) 



(6.12a) 



h X ■u — h X {^K + pa — u + e) by (3.14c) 

= y(h X k) + p(h X a) — (h X u) + (h X e) 

= y(h X /t) + p[h X (— (y9af)] — h^^[h X (z X h + gr X h)] 



+ h X [/i(r X h) + /2P] by (^), (|6^, (|L5^) & (|l.5cj ) 
= y(h X k) — p(^a(h X f ) — ft,^^[h X (z X h)] — g/i^^[h x (r x h)] 

+ /i[hx (rxh)]+/2(hxp) 
= y(h X /J) - p(^„(h X f) - h-'^[zh^ - h(h • z)] - h^^qirh^ - h(h -f) 

+ f,[rh^ - h(h • r)] + f,{h X p) by (O) 



y(h X /?) - p(^a(h X f) - z - qv + J-^h^v + /2(h x p) by ( |l.5c[ ) 
-z + {rsbipfh^ - q)r + y{h x k) - p(pa{h x f ) + £e<i2/(h x p) 
by O & ( ph| ) 

-z + figf + y(h X k) - p(^a(h X r ) + eeV5/(h x p) by ( |6.101:| ) 



(6.12b) 



K.- {h X v) = —K • z + /ig(/$ • r) + y[K • (h X /$)] — p^PalK. ■ (h X f)] 
+ ee^f[K-ih X p)] by (|6.12bD 
= -(56 + figEa + {pfa/r)ee + Se^f^e by (|6.1a|) & (|6.10aD 

-5b + hgSa + ee[</5/<5e + {p>fa/r)\ 

= Hf - 5b + Sahg by ( |6.10bD 



hh by (|6.10bD 



(6.12c) 



5? = h X u — z by ( 1.5c ) 
•. a = -(g/r^)r = r"^(z - h x u) by ( |l.5a|) 



(6.13) 



Art 25b. Development of equation (3.8b) 
The various quantities defined by ( ^.8b| ) evaluate as 



gi = (k • V„) a by ( llSbl ) 

= [k ■ Vu) [r-^iz - h X u)] by ( |6l^ ) 



'{k ■ V„) (z - h X u) = -r^^K ■ V„) (h x u) by (|A.22|) 



^{h X [{k ■ V„) u]-ux[{k- V„) h]} by (|a:23|) 



= -r"^{h X [(m • V„) u]} = r-^{K x h) by (A.21) 



(6.14a) 
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g2 = V„ X a by dlSbl ) 

= V„x[r-2(z + uxh)]by(|I|) 

= r-'^[^u X (z + u X h)] = r-^[Vu x (u x h)] by ( |A.22| ) 



= r-^[u(V„ • h) - (u • V„) h + (h • V,) u - h(V„ • u)] by ( |A.13D 



r-2[(h-V„)u-h(V„-u)] 
-2r-2h 



(h - 3h) by & (^) 



(6.14b) 



g3 - (u • V„) a by (HI) 

= (u • V„) [r-2(z + u X h)] by (|I| 



r-2[(u . V„) (z + u X h)] - r-2[(u • V„) (u x h)] by (^) 



\n X [(u • V„) h] - h X [(u • V„) u]} by 



2{hx [(u.V„)u]} 



^(h X u) by (A..21) 



'(z + qr) by (1.5c) 



(6.14c) 



gi = {v- V J a by (|3||) 

= (-i^ • V„) [r-2(z + u X h)] by ( |6j[3| ) 



r-'^[{v • V„) (z + u X h)] = r-'^[{v ■ V„) (u x h)] by ( |A.22D 
r-2{u X [(-i^ • V„) h] - h X [{v ■ Vu) u]} by (^) 



-r"^{h X [(ij • V„) u]} = -r-\h. x v) by ( |A.2l|) 



(6.14d) 



g5 = V„7 by (|3.8bD 

1/2 



by (1.5a) 



by (1.5c) 



(6.14e) 



gi + K X g2 by (|3.8bD 
= X h) - 2r-'^{K X h) by ( |6l4a| ) & ( |6l4b| ) 

= r^^(h X /t) 



§7 i^2g6 - J^ags by ( |3.8bD 
= 1^27-"^ (h X /«) by (|6.14it) 



(3.14e) 



(6.14f) 
(6.14g) 



i^ige - i^6g5 



by (i;i) 



(h X Hi) by (|6.14j ) & (|6.14e| ) 



gg = ^7g6 - t^8g5 by ( P.8b| ) 



(h X k) by (|6.14j) & (|6.14c| ) 



(6.14h) 
(6.14i) 



1^7 = 



i^2 



(1^^2)-l/2 



(1+^92)^2^2 



1 



(l+792)-3/2 

[hj - pdhj)/{Ad^ijjlKl) = hk by (|6l0b|) 



pz9(l +^9^) 

dWn 



1 



4d2w2fi3 



79p 

dujo 
d 



by (3.8a) 



by ( pO^ ) 



(6.15) 
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[n{K 



2pa — dujo 



by (|L5d|) 

02)]-iV„(2pa ~ dwo) by ( [06| ) & ( [TS^ ) 
^(k^ - 02)]~^(2pV„Q; + 2q!V„p - WoV^d) by ( |Ali 
- 02)]-i(2pg6 + 2ag9 - c^^g^) by (H) 



= r-2[„(K2-U2)]-i(-2p + 2aj/7-cJo;/i)(hx by ^Ij ) 
= r-^[n{K^ - K^ipl)]-\p + 2aiy7){h X k) by & ( |6^ ) 



[r2K2e^.(l - ^ 2K^a£aJ^7)(h X by dUi) & (III]) 



= [(p- 2K(^,eafife)/(-r2K2e^<^^)](h x k) by ( |6lb| ) & ( |6J[5| ) 



2fi;(h X by (6.10b) 



V„/i = V„[(l/2)(A^.p)/o]by(1.5d) 



^(l/2)(A.-p)V^/nby dA.lSD 

= (l/2)(K£fc)[2/i/(h X k)] by dOal ) & ( |6.16a| ) 

= Kefc/i/(h X k) 



V„/2 = V„[(l/2)m/o] by 

= (l/2)mV„/o by (^) 



= (l/2)(Kee)[2fii(h X k)] by ( |6.2b| ) & ( |6.16aD 
= Kejiii)^ X k). 



(6.16a) 



(6.16b) 



(6.16c) 



Art 25c. Development of equation ( ^.8c|) . 
The quantities defined by ( ^.8c ) become 



Ji==V„xeby (3.8c) 



Vx [/i(rxh) + /2p] by (|l.5bD 

/i[V„ X (r X h)] - (r X h) X (V„/i) + /^(V^ x p) - p x (V^^) by ^kA^ 
-(rxh)x(V„/i)-px(V„/2) 

— (r X h) X [Kebfi((h x At)] — p x [ke^ ?i,(h X k)] by ( |6l6b| ) & ( |6l6^ ) 



= -Keb?iJh(K • (r X h)) - ■ (r x h))] - K£efii[h(p • k) - /«(p • h)] by (|Aj) & ( |A.5| ) 
= — K^e;,?i;[h(/« • (r X h))] — K^ee/i;[h(p • /«) — k(p • h)] 
= —K^ebhis^h — K^Eefiiiebi^ — ScK) by ( |6.1aD & ( 6.10a ) 

= — 2K^fi,;ee£bh + K'^HiEeScK (6.17a) 



j2-(u-V„)eby (3.8c) 



-(u.Vj[/i(rxh) + /2p] by (pb|) 

= (r X h)[u • (V„/i)] + /i[(u • V„) (r x h)] + p[u • (V^/a)] + /2[(u • V„) p] by ( ^ ) 
= (rxh)[u.(V„/i)]+p[u.(V„/2)] 

= K£fc?i;(r X h)[u • (h X k)] + K£efi/p[u • (h X k)] by (3.16) 
= kHiIk ■ (u X h)][£f,(r X h) + £ep] by (O) 



kHi[k ■ (-Z - gf)][£f,(r x h) + £ep] by (1.5c) 



-K^hiiSb + qea)[ebir x h) + £ep] by { fl^ & { fl^ 



-K^hihaiseP + £b(r X h)] by ( |6.10bD 



(6.17b) 
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J3 = (u • V„) e by 



= (i;-V„)[/i(rxh) + /2p]by(pq) 

- (r X h)[t^ • (V„/i)] + f,[iv ■ V„) (r x h)] + p[v ■ (V,,^)] 



+ /2[(^-Vu)p] by 
(rxh)[t^.(V„/i)] + p[t^-(V„/2)] 

Kebfi;(r X h)[t; • (h x k)] + Keefiip[u • (h x k)] by ( 6.16 ) 



= -K/i/[eeP + efc(r x h)][K • (h x v)] by (|A.4|) 
= -K^fi;fi,i[eeP + eb{r x h)] by ( |6.12cD 



(6.17c) 



J4 = Ji + Pg2 by ( p.8cD 

= -2K2fi,e^£^h + K2fi,£e(5cK + p(-2r"2h) by (|6.14b| ) & ( |6.17a| ) 

= ~2{K^hieeeb + fim)h + n'^hieeScK by ( |6.10bD 
= -2K^hnh. + K^his^SJi by ( |6.10c[ ) 



(6.17d) 



J5 J2 + Pg3 by ( pcj ) 

= -K2fi,fi<,[eeP + e6(r x h)] + ^[-^-^(z + qr)] by ( |6.17bD & ( |6.14c| ) 

= -K^hlhaSeV - fimZ - qflmV - K^hlhaeb{Y X h) 



(6.17e) 



Je = J3 + Pg4 by (|3.8cD 



-K^fi;fi;j[eeP + £b(r X h)] + p[-r-^(h X v)] by (3.17c) & (6.14d) 



HiHheeP - n hihhEbir x h) - fi„(h x u) by (6.10c) 



(6.17f) 



J7 = V„r by dli) 



= V„[K-^(2pa - nO^o)] by (1.5b) 



-2 



(2pV„a + 2aV„p - nO^V^/o) by ( [Oel ) 
[2pge + 2agg - 2n02fi,(h x k)] by I 



K -[2pr"^(h X ft) + 2avrr^^{h x k) - 2nU^lii{h x /t)] by ( |6.14l| ) & ( |6.14iD 
2(2fi„ - 2K^aeat^7?-"^ - 2e/02;j^)(-h X k) by (|6.10bD , ( |6^ ) & (|6^ 
2(/7aea(fife/r2) - 2KSfhiipl]ih x k) by (|1|) & (pd|) 



[2(fi™/ 
fio(h X /?) by ( |6l0c| ) 



(6.17g) 



jg = (u X v)/\u X ■ul by ( |3.8cD 
= (/3c2j^)"i(u X -Li) by (1^) 
= (/3c2.F)-i(/ieh - firfz - gfi rfr) by (|6.12aD 
= hpiheh - /i<jz - g/i<jr) by (|6.10c|) 



(6.17h) 



Jg = Js X u by ( |3.8c| ) 



= [hp(heh - hdz, - qhdr)] x u by ( |6.17h[ ) 

= Hp[He{h X u) - fid(z X u) - g/id(r x u)] 

= Hp[He{z + qr) - Hd{z X u) + qHd{h/r)] by ( |l.5cD 



ftp [fie (z + gf) + (fibUdii + fid(u X z)] by ( |6.1b| ) 
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ftp [fie (z - 
fip [fie (z 



qr) 
qr) 
qr) 
qr) 
qr) 



Lpbhdh 
(pbhdh 
(pbhdh 
ipbhdh 



fi(j(u X {h X u — qr})] by ( 1.5c ) 
hdU X (h X u) - qhdiu x r)] 
hdU X (h X u) 
HdU X (h X u) 



iq/r)Hdh] by ( |1.5c| ) 
(fbfidh.] by ( |6.1b| ) 



hdihu^ - u(u • h))] by (0) 
fipfigZ + qfipfie? + Hptid(pf^h by ( 1.5c ) & ( 6.3b ) 



(6.17i) 



Jo = GJ9 ~ -^u by ( |3.8c[ ) 

= ^[fipfieZ + qfipfief + fipfid</;^h] - J^fi"^[(z X h) + g(f X h)] by ( |6.17iD & ( p^ ) 

= GfipHeZ + qOHpH^r + Qhphd'^\h. — hg{z x h) — qfiq{r x h) by ( 6.10c ). (6.17j) 

From the foregoing derivations, we obtain 

K- Jq = k- [QhpheZ + qGhpheT + Qhphd(plh - fig(z x h) - gfig(r x h)] by ( |6.17,j|) 

= Gfipfiei^ ■ z) + qGHpheiK • r) + Gfipfidy^hi^ ■ h) - fi(,['« • (z X h)] - qhq[K ■ (r x h)] 
GfipheSb + qGhpheSa + Gfipfid'PhSa - fiqSg - {q/r)Hqee by ( |6.10a ) & ( 6.1a ) 



: Gfip[he{5b + qea) + fidvl^a] - fiqi^g + Vb^e) by ( |6.1bD 

: Gflp{heha + fldVh^a) " ?lg(£g + "^bEe) by ( |6.10b[ ) 



: fir by (6.10c) 



■Jo 



■ Jo) cfir by (|6.18aD 



K • Jo = k{k ■ Jo) = 'tftr by ( |6.18a| ) 



(6.18a) 



(6.18b) 



a • Jo = (-<y5ar) • Jq by ( [1.5aD & ( ^.IbD 

= -(ySa? • [GUpfieZ + qGhph^r + GhphdLplh ~ fig(z x h) - qfig(r x h)] by ( |6.17j ) 

= -(pa[Gfiphe(r ■ z) + qGtiphe{r -r) + Gfipfidfli^ ■ h) - hq{r ■ (z x h)) - qhg{r ■ (r x h))] 

= -^aiGHpheSd + qGHpHe - HqSh) by ( |6.1a| ) & ( |1.5c| ) 

= -GtlpHefa{£d + q)+ faflq£h = -GUpflefah + faHq^h by ( |6.10bD 

(6.18c) 



= -ifiaiGfiefibflp - e^fig) = by (6.10c) 



Jo X J4 = -J4 X Jo = -(-2K^fi„h + K^hiEeScK,) X [t/fipfieZ + qGhpheV + GUphdiflh 

— fi,(z X h) - gfi,(f X h)] by ( |6.17d| ) & (|I^ 

= 2GfipfieH^finO^ X z) + 2qGhpheK^ fln{\l X r ) + 2Gfipfid'fhH^ UnO^ X h) 

— 2fiqK^fi„[h X (z X h)] — 2qHqK^Hn[h x (f x h)] — GfipfieH^fil£eScifi X z) 

— qGfiph(,n^hiee5c{^ x f ) — GfipHd^fi'^'^fT'i^eSci^ x h) + hqK^hieeScifi x (z x h)] 
+ qhqK^hiee5c\ii X (f X h)] 

2GhpheK^fln{)i X z) + 2qGfiptieK^fin{h X r ) — GfipfieK^fii£e5citi X z) 

— qGflpHeK^fii£eSc{K X f ) — Gflpfid'f'hl^^f>'l£e5c{^ X h) — 2fiqK^fi„[h X (z X h)] 

— 2q'figK^fi„[h X (f X h)] + hqK^hl£e5c\K, X (z X h)] + qflqK^hiee6c\li X (? X h)] 

: 2GflpHeK^fln(h X z) + 2gCJ fip fie fi„ (h X r ) — GhpheK^hiEeSci^ X z) — qGhpheK^hiEeSci^ X f) 

— Ghphd^PhK^fiieeSci^ X h) — 2hqK^hn[zh? — h(h • z)] — 2qHqK^tin\rh^ — h(h -f)] 



fiqK hiee6c[z{K, ■ h) — h(/t • z)] + gfiqK fi/£e<5c[?('S ' h) — h(K • ?)] by (A.l) 
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= 2Qhphf,n^fin{h. x z) + 2qQtipHeK^iin{h x f ) — QhpheK^fiiee5c[K, x z) 

— qGhph^K^hlEeSci^ X r ) — QHphdipf^K^hieeSciK, X h) — 2hqK^hnh^Z — 2qhqK^ hnh^Ti 

+ HqK^HiSeSciifi ■ h)z — (k • z)h] + qhqK^hiee5c[(j^ ■ h)f — ■ f)h] by ( 1.5c ) 
= 20fipHf.K^Hn{h X z) + 2qQHpHeK^Hn{h x r ) — QHpHeK^tiiSeScifi x z) 

— qQhpheK^hl£e5c{^ X f ) — Q Hphdipf^K^ hlEeSciK X h) — 2fiqK^hnh^Z — 2qhqK^Hnh^i 



- hqK'^Hiee6c{SaZ - (Jfoh) + qHqK^HieeSciSar ~ Sah) by (|6.1aD & (|6.10a|) 



= 2QhpheK^fin{\l X z) + 2qQhpheK^fln(\l X f ) — QflpfleK^hi£(,5c{K, X z) 

- qQHpHeK^tiieeSciK- X f ) — Qfiphd^^K^hiee^Sd'H X h) — 2hqK^hnh^'Z + HqK^HieeScSaZ 

- 2qhqK^Hnh'^r + qhqK^HlSeScSaX - hqK^ HiE ^5 c5b^ ~ qHqK^ hiS eScSah. 

= 2K^Qfiphehn{h. X z) + 2k^ qQHpHeHn{h x f ) — K^QhphehieeSc{ii x z) 

- K^qghpHehiEeSciK, X r ) - K^ghphdiflhieeSciK x h) + K^hq{fiiee5c5a - 2hnh?)z 
+ K^qhq{hiee5c5a ~ 2hnh^)v - K^hqhiScSeiSb + 9ea)h 



: fitZ + qhtV — K^hqHiSc£efia^ + 2n'^Qhph(,hn{h. X z) + 2k^ qQHphi,Hn{h x r) 
— K^QHpheiiieeSc(ti X z) — K^qQUpheHiSeSc^ti X r ) — ti^Qfipfidip^hieeSci^ x h) 
by ( |6lUb| ) & delO^ ) 

: fitz + gfitf — fi„h + fit,(h X z) + (7fiu(h x f) — fiiu(K x z) — qfiw{K x r) 
X h) by (|6l0^) 



(6.18d) 



= A'lU - A'2'u + X3Je - XiJz + cfi^gg - kS^j^ + /i^gg + Jo x J4 by (|^) 

= A'lU — X2{'^K + pa — U + e) + A'sJg — A^^Jg + cfir['^l?'~^(h X '^)] — K^r^T 

+ fi,Kf"^(h X k)] + Jo X J4 by ( |3.14c| ), ( |6.14h| ) & ( |6.14i| ) 
= (A"! + A2)u — pA2a — + X^Jq — A4J5 — nhrj-j — '^X2K, + cnhri'ir^'^ {h. x k) 

+ KfisZ/7r"^(h X k) + Jo X J4 
= {Xi + X2)u - pX2a. - X2G + AaJe - '^4J5 - ^fi^jy - ^^"2^ 

+ r-2(pfi^ + Kfisfife)(h X + Jo X J4 by (|Ob|), dlsj) & (|05|) 



= (A"! + A'2)u - /9A'2a - ^"26 + Xz\~-K^tiihheeV ~ n'^hthhebir x h) - hm{h. x v) 

- Xil-K^HiHaeeP - fi,n2 " qfirnT - HlHaEbir X h)] - KHr[ho{h. X k)] 

- ^X2K + r-2(p/i^ + nhshk){\i X k) + Jo X J4 by (|l7|, ( [sTt^ & ( IslTg ) 
= (A"! + A2)u - pA'2a - A'2e - Xsn'^fiihheeP - A3K^ft;fift£b(r x h) 

- A3fi„[-z + /ig? + y(h X k) - p(/3a(h X f) + ee(/3/(h X p)] 

+ XiK^hihaSeV + X4hmZ + X^qh^iT + X4K^HiHaSb{v X h) — Khrfio{h X k) 

- yX2K + r^'^{pHr + Kfisfifc)(h X k) + Jo X J4 by ( |6.12b| ) 
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: {Xi + X2)u — pX2a — X2e — '^X2K + XiK^hihaSeP — X^K^hifiheeP 

+ X^HmZ + X^hmZ. - Xshjnhgr + X^qflmT - X^hmSe^f (h X p) 

- XzK^hihheb{v X h) + XiK^hihaShir x h) + XsHmpifiaCh x f) 



X^hmyO^ X k) — Kfirho{h X k) 



= {Xi + X2)u - pX2SL - X2e - '^X2'k, + K^eefil{XiHa - X3Hh)p 

+ n„i{X4 + A'3)z + hm{qXi - XsHg)? - X3h„^eelpf{h x p) 

+ [rK^£f,ft;(A'4?la - X^Hh) - pX3h„^ipa]{r X h) 

+ [r^^{phr + nhshk) - ^X^^hm - Khrho]{h x k) + x j^^ 

= h-\Xi + X2)iz X h + gf X h) - pX2{-^ar) - X2[f^{r x h) + /2P] 

- yX2K + K^eefii{X4Ha - X3hh)p + h„i{Xi + X'i)z + fl,n{qX4 - Xshg)? 

- X3h,nSe(pf{h X p) + [rK^Efefi; ( A'4/la - XsHh) - pX3h,n(Pa]{r X h) 

+ [r^'^{phr + nhghk) 



yXsHm - Khrho]{h X k) + Jo X by (jlj) & ( |6.1bD 
= h-^{Xi + X2)iz X h) + qh-^{Xi + X2)ir x h) + pX2(par - X2eb(pf{r x h) 

- X2ee(pfP - yX2K + K^eehi{X4ha - X^hh)p + hmiXi + X'i)z + h,n{qX4 ~ X^hg)v 

- XahmSeipfCh X p) + [rn'^ehfii^Xiha - XsHh) - pXahmtpaKr x h) 

+ [r^'^ipHr + Ktistik) - yX^n„i ~ Knrtio]{h X k) + X by ( |6.2^ ) & ( |6.2hD 

-]jX2K - X2eeffP + K^EeMXiha ~ X:ihh)p + Kii^i + A'g)/ 

+ pX2ipaX + hraiqXi - X^hg)r + h^"^ {Xi + X2){z x h) - XshniEe^ffih X p) 

- rX2ebtpf{r x h) + qh^'^{Xi + X2){r x h) + [rK^ebhiiXiHa - X^Hh) - pX^HrafaKr x h) 
+ [r^^{phr + Khghk) - yX-shrn - Khrfio]{h X ^) + Jo X J4 

^ flm{X4 + X'i)z - yX2K + [K^£ehi{Xiha - XsHh) - A'2£e<^/]P 

+ [pX2ipa + fimiqXi - X3ng)]r + h^^{Xi + X2){z X h) - X-ih^ee^f{h. X p) 
+ \qhr'^{Xx + X2) + rK'^ebfii{X4Ha - - rX2eb(pf - pXshmifaKr x h) 

+ [r~^{phr + Khshk) - ^Xy,hm - nhrho]{h. x + Jo x J4 

= fim(A'4 + X'i)z - yX2K + [K^eehi{X4ha - X^Hh) - X2ee(pf]p 
+ [pX2(pa + fimiqX^ - X3hg)]r + h^'^ {Xi + X2){z X h) - A'3fi„iee(^/(h x p) 
+ {qhr'^{Xx + X2) + rK^EbhiiXiha ~ X^hu) - rX2eb(pf - pXsHm'fiaKr x h) 
+ [r^'^{ptir + nhghk) — ^Xj,h„i — Khrtio]{h x k) + tifZ + qh-tX — fi„h + /i„(h x z) 
+ qfiv(\i X f ) — fiw{K, X z) — qfiw{ii xr) — hx{K x h) by (6.18d) 

-- Htz + h„i(X4 + X'i)z - huh. - yA'2/« + [K'^eefii{X4ha - X^hh) - X2eeff]p 
+ qHtr+ [pX2(pa + h^niqXi - Xy,hg)]r - x z) 

— qhu,{'ii X r) — hy{z x h) + h^^{Xi + X2){z x h) — X^hm£e^f{h x p) 

rX2eb(pf - pX3Hm(Pa]{r x h) - gfi„(r x h) 

- KHrho]{h X k) 



+ [qh-^{Xi + X2) + rK^ebhi{Xiha - X-^hh) 
+ hxih. xk) + [r^'^{phr + nhshk) - ^Xshm 



-huh - yX2K + [ht + hra{Xi + A'3)]z + [-A'2£e(^/ + K^eehl{Xiha - X:ihh)\p 

' [qht + pX2(pa + hrn{qX4 - ^'3^3)]?- X z) - qHuj{K X f) - X3hrnee(pf{h X p) 

- [-rX2Sbipf - pX^hmifa ~ qHv + qh^"^ [Xi + X2) + rK^ebhi{X4,ha - X^hh)]!^ x h) 



(6.19) 



'-{pHr + Kfi,.fi/c)](h X k) + [-hu + h^^{Xi + X2)]{Z X h). 
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Art 25d. Results of the computations. 



It follows from ( |3.13D and ( |6.19D that 
1 



fi„h - ^X2K. + laz + iip + i2V - tiyj{K X z) - qhuiiK x r) 



— Z3(h X p) + 24 (f X h) + Z5(h X K.) + ie{z x h) 



(6.20a) 



where 



24 = -rX2ei,Lpf - pX^hmipa - qhy + qh^'^{Xi + ^"2) + rK^£tjhi(Xiha - X^Hh) 
15 = fix - yX:ifim - nhrho + r^'^{pHr + nhsHk), iq = -fiv + h^^{Xi + X2) 



(6.20b) 



and with TZ, Q, T given by ( 6.9a ), 
7^2(/? + ^) 



Xx 



I3T 



X2 = 



a:, = 



X. = 



(6.20c) 



Furthermore, we have from (3.7c), (1.5a) and (S.20a) that 
9 — tjj/a — (X • a)/a = — (r • X) 
1 

+ fiu,[r • {k X z)] + qh^^ ■ {k x r)] +13^- (h x p)] - ■ ( r x h)] 



hu{v ■ h) + yA'2(r • k) - «o(f • z) - ii(r • p) - i2(f • r) 



?5[r • (h X k)] - i6[r • (z X h)] 
1 



^-^2^0 - «o£d - nsc - «2 + ^^(5/ + isi^f/r) - «5(ee/f) - «6£/i 



(6.20d) 
by ( |6la| ) & ( |6l0a| ). 

Equations ( |6.10 ) and ( ^.2C| ) completely determine the slope and the variation of obliquation for a 
gravitating observer. 

Art 26. Apparent path of a light source. 
Equation ( 3.22| ) can be evaluated for a gra vitat in g ob server as fo llows. We introduce the following 
quantities in addition to those defined by (O), (x9) and ( 6.10 ), 

'^a = r-{Kxp), ^h==r-(pxz), Q = /« • (p X z) 



(6.21a) 



ga = q/r^, Qb = £h/{rh'^), Qc ^ QaiK + SgbSe), Qd^ Qaifi-c + Sgbef) 

Qe = EbiSeflc " € fHa) / {2ipc£}) , Qf = Qe[Qe£ f " ^h^ip c) / ['P c£ f) , Qg = ±['PcQe)/'Pe 
Qh = [Qfflc^c + Qe{iQf£f - Qefic - 2gaef(pc)]/{fc£f), Q% = (l/(/?e)[±(6le - Qf^c) - 
Qj = {\l^e)\^{QhVc-'iQeQj)-'iQgQ'i\, Qk^^h/r, Ql = '2.Qa + lhQl-iQl 
Qm = Qai^Qk ~ Sga - -i^gl), Qn ^ 15 Qagbi^Qa - 3gk + 7 qI) , Qo = h^'^ [s g + S e^fb) 
Qp = Qai^rgbEa - Qo), Qq = Qa{&QbQo - r QlSa) , Qr ^ QmQo + r QnS a 



(6.21b) 



9 9 



2(paSaQg 



Qt 



9 9 



Qq 



^QpQg 2ipaeaQi ^VaSaQ. 



1 



Qr 



(6.21c) 



fe 'Pe tpe (ft 'Pe Ve 
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Qg mxLplQs 



(fie 4(i2 



Qg__ KTTlfiiQs 



Qi Qg 



,3 



.Ve 



= ?/ + yeJb + egyc + 2ya 

Kip, 



yd , ,0 n ,0 ^ TO "T 



Ad? 2(f A(P 4d3 



(6.21d) 



Kdgy - Trya 



U{dKQy - Trya) , dKQw - Trye 



_ (3y^ - dfe){dKQy - TTTa) _ UjdKQw - Trye) K.{laQw + dQx - Qvle) " T^lg 



yfe 



y; = 



2uJod'^ ujod^ AuJod^ 

PQp - ThfaSg - ^ygC - (pf(pdtic + '^SfVfVcQe 

KSfipd 



(6.21e) 



KSfipd 



KSf 



_ PQr - yj-yggg + ^liQp + ^IhQq - \lgC ^ flcLPd - ^efPcSe \ , 2KUfic - QgSfVf \ 
m — + \Tl ' ( 

nejifd ejfd L J 

_ g/[/t(-2yj?lc + 2uga£f + UQa£f) + Qd^f] + fic(2Kyfc/lc - QaSf^f) 

KS) 

_ SKQeUfi-c'Pc - AgegaSf(pf(pc - AhcQjipf + GHcQfipfipc - 2glHc(pf 

KSftpd 

_ 4:Kgemf<Pc - &K,glu£f - GgegfipfSf + GngfUSfVc + '^QhVfSfVc 

KSftpd 

Tn = -flaVf - l^^eU, = -Qa^e^f + K.{2naU + ^eU), H = ^h{K,ll - Iff go) 

U = QcVf + K{3gaeeU - 3/ioy; + eePm), Tr = £b{KTm + ^KlkQa + ^QaQbVf) 

= Sbi^m - Qa^f), yt = P0p - Wa£a + f^cfl^f - 2geSfipc(pf + K^kSffil 
U = -Sa^ah + 'i.ThQp + pgq + QaSffl^f + 4ftcge<Pc<^/ - '^Khdk'Pl " '^ot^f^f 

+ "^SfSffcff + 4:KgeTkef(pc - KSfUipl 

U = -'PaSal] + iQpU + iQqlh + QrP - Qd^lv f " KSfUQa^^l + GgegaSfVcVf 

+ QQlflc'fif - (iQ/f^'cVcff - ^'^K.geTkKfc - '^UlugaSfVl + ^Khdlipl + AQegfEflfif 

+ Gngl^kSf + 2gegf£fipf - 2gh£fipc^f - Qngflk^fPc - Q^gemfPc - KSf^rnvl 



(6.21f) 



(6.21g) 



t)a=cya-2yt, t)5 = cye-2y„, t)^ = cy, - 2j:„, t)d=yh-l, t)e = 2y/j - 1 

t)/=3y/i-l, t]g = y^tja - t]bt)d, t)h = t)a^e - P^b, ^ ^d^e ~ Ph 

= gligi - ^8gl), t)k = ^bSbigaff + '2Kgbu)i X)i = 2ipb{nga£blk + Qblp) 

^m=£bVb[Qgagb'Pf + Klkigi-^gl)], t)n=2Klkln+lo'Pf, '()o = Ipln + KSblklo (6.21h) 
^p = 2K^£bfk-Wf, ■()q= r{£c'C}o + £b'C}pflb), X)r = ipfr}b + 2Klk^a 

= - QpQb^a, t)t = t)i - 6p£>6t)d, t)„ = yot)a - y„t)6, = KEbU^b + Ip^a 

t)w = 3gbt)h- Pei^a-i)g, i)x = ^ai)w + q£b^r, = r£at)v + Ql^t, f)z = z'^ + qSd 
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xb = ga£b[ffi^gb^e - - pgi) + 2Kik{'ipQb - t)d)] 

>Cc = QaiMe- Plo~&PQbln), >td = ga£b{-^ ft)e - '2pKU + QpSb^f) (6.21i) 

XTe = <fb{K£bUh + fp^d) + P{P^j - t)( + t)m) - t)fct}e " 

>Cf = Qa^d-'^PQaQb + Vb^bVf-, ^g = Sa^v+Sc%, >Ch = - X}y 

= tea + 2y„t)Qeb - 2£bipf<C}a5b - 2pgat)ago - 2rXfX)a£a " ^KSblk'ijaSe + 

- 2£bLpfln5d - 2galn{p/h^){ei + E/y'b) - 2r}<fln£c - 2K£blkln£f + ^^^^bV'/ 

- 2prgi,(pbga£bff + 2rxfet(pf£d - 2rKelfk'Pf£h + {PQa^hf + 2pr^>CfgaQb 
+ 2tirhb£bikPga + [rxfY + {nrhehlkfY^'^ 

^3 = X^S^^ + Ou'Ja + ''£&t)r<5/ + EbOnft " gaOs^a " >^c^c (6-21j) 
Xfe = /l^X/j + ee(t)x A) - Ou^e + ebtlrEg + £b'(\n£i - >ta£f + rXbEh + Qa^sfla + X^c^c + X^dtlz 
= {>ih/r)£e + t)x(l - £«) + t)u(£c - EbEo) + £6t)r(£d - h^a) + £b^n{£b£d - SbSc) 
+ rKa{£a£c - £b) + rxbisaSd - Sb) - Qa^sirgb - Qo£a) - >ic{r£bQb - Qo£c) 

- Kd{r6bQb - Qo£d) 

Xm. = Xg<ia - ^hSe + t)x(£c - £a£b) + t)«(l - ^b) + £b^riSd - Sb£b) + £b^n{£bSd - Sb) 
+ rxa{£a - £b£c) + r}<b{£aSd - Sb£c) + Qa^sQo£b + >icQo + ^dSoSd 

- h~'^{gat)s + >tc£b + >cdh){£i + £f<Pb) 

>fn = rXgdf + Hh£g + t)x(£d - £ah) + X)u{5d - £bSb) + £b^r{z'^ - si) + £bX}n{£bz'^ - Sb^d) 

+ rXa{£aSd - £b£d) + rxbiEaZ^ - 6b£d) + ga^s{rgbVb + QoSb) + >^c{r£bgb'Pb + go5d) (6.21k) 

+ Xd{rgb<Pbh + goZ^) 

= + >Ch£i + ^x{£b£d - £cSb) + ^u{£bSd - Sb) + £b'C)r{£bZ^ ~ SdSb) + £b^n{z^ " ^d) 

+ rXa{£cSd - £d) + rxb{£cZ^ - Sd£d) + rX)s£bgagbfb + rxcgbfb + rx^ddgbifb 

+ h~'^{gat)sSb + >CcSd + XdZ^){£i + £f(pb) 

= -><h£f + rX},j:{£a£c - £b) + rX)u{£a " £c£b) + r£b^r{£aSd " £d£b) + r£b^n{£cSd - £d) 
+ r'^Xa{l - Ec) + r'^XbiSd - £d£c) + r'^{£b^sgaQb + Xcgb + XdSdgb) 

- {r/h'^){ga^s£a + >Cc£c + >Cd£d){£i+£fVb) 

Xq = rKh£h + rX)x{£a£d - 5b) + rXiu{£a5d - £c5b) + r£bX)r{£aZ^ - £d5b) 

+ r£bi)n{£cz'^ - £dSd) + r'^>Ca{Sd - £c£d) + r'^>ib{z^ - £d) + ?'^£'at)s£'b(ea¥'6 + 6b) (6.211) 
+ r'^>Ccgb{£cfb + 5d) + r^Xdgbi£dVb + z^) 

Xr = Xg5a - Xhha + t)x{reb - £ago) - ^u£bQo - £b^r{rgbVb + hgo) 

- £b^nrgbVb - r'^>ta£bgb - r'^ >tbQb{£aV>b + Sb) - ga^si^l - qI) - >^o£b<A 

- >^d{Sb^\ + rQoQbVb) + h~'^{t)u - £b^nSb + ^ar£a + >^cQo){£i + £f<fib) 

>ts = XgSc - Xhflc + ^x{r£bgb - £cgo) - OuPo - £b^r{r£bgb'fib + Sdgo) - r£bi)ngb'Pb 

- r'^gbi^a + Xbi£c'Pb + Sd)] - (pligat)s£b + + XdSd) + h~'^Xc{£i + £f(pb)'^ 

+ h~'^{X)u£b- £b^nSd + rXa£c + goQa^s - r>Cdgb^b){£i + £fV>b) ,^ „^ , 

(6.21m) 

= ->^hi)z + ^x{rSbgb - £dQo) - ^uSdQo - £b^r{rSbQb^b + z go)- r£bt)nSdgbVb 

- r'^>taSdQb - r'^>fbgb{£dVb + z^) - Qa^s{Sb'Ph + rgbVbgo) - >tcSdVh 

- ><:d{z'^V>h - r'^QbVb) + h~'^{^uSb - z^£bX}n + r>Ca£d - r>fcQbV>b){£i + £fV>b) 
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= r>!rg£a + ^/i<^a + £bt]nQ - >^a^"a " T }ib5 f - {Xc/ h^){5ctla - flcSa) + i>':d / h^)^ zSa 

= -r\:)xSa + rX)u{SaSc - ScSa) - rSbedi^rSa + ^7iSc) + r^i^aSc + Qa^sgtSa + XcQbSc) 
Xz = ~^x£dSa + ^uiSbSc - SdSa) - z'^EbitJrSa + t]„(^c) + r{Xgeh + Xa£dSc) 
- rgb(pb{gat)sSa + XcSc) 



(6.21n) 



X>a = h^'^{Xz + ipb^y), Ob = lq>iw - Ts>Cx - Vfcfs^^j + Tr^y 

Oc = + 3yj(3ehXj - <0a) + t)/(6efcOa - Qi^j), = Qafbip/h'^) + I^Sblk (6.21o) 



Art 26a. Development of (1.5) 
Bearing the foregoing quantities in mind, we derive 



TTi — [k ■ {r X h)]' by ( 1.5c ) 
= K • (u X h) = K • (h X u) 



—K ■ z — q{K ■ r) by ( 1.5c ) 
-K{Sb + qsa) by ( |6Ta|) & ( |6.10aD 
-nha by de.lObl) 



(6.22a) 



m 



[-K • z - q[K ■ f)]' by ( |6.22a| ) 
— (/(/t • r) = — gr^'^[/t • {r x (u x r)}] 
-qr^^[K ■ (r x h)] by ( |l.5c| ) 
—KQaSe by ( 6.21b ) & ( |6.1a ) 



(6.22b) 



m = [-9r-3{K • (r x h)}] by (|6.22b[ ) 

= — q[r^'^]'[K • (r x h)] — qr^^[K, ■ (r x h)]' 
= 3qr^'^{r ■ u)[k ■ (r x h)] — qr^^[K ■ (u x h)] 

3qr^^hr^[r- (z x h)][K ■ (r x h)] - qr^'^[K ■ (-z - qr)] by ( p^ ) 
= Sqr^'^h^^ehSeK — qr^^{—Kdb — qnEa) by ( 3.1a ) & ( 6.10a ) 
= Sqr^'^h^'^ehSeK + Kqr^^ha by ( |6.10bD 



Kqr ^{ha + 3r ^/i '^ehEe) = K£<a(fia + SgifeEe) = KQc by ( |6.21b| ) (6.22c) 



[p • (r x h)]' by (|L5]) 
: p • (u X h) = — p • (h X u) 
: -p • z - g(p • r) by ( p^ ) 

-((5rf + g£,) by (Q & delO^ ) 
-He by ( |6lOb|) 



(6.23a) 
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[-p-z-g(p-r)]^by (p3^) 



= -^(P • r) = -qr -^[p • {r X (u X r)}] 



-qr "'[p • (r X h)] by ( |l.5c) ) 
-QaSf by (|6.21bD & ( |6l^ 



(6.23b) 



^{p • (r X h)}]' by ( p3h| ) 



'[p • (r X h)] — qr ^[p • (r x h)]' 



3qr "^(f • u)[p • (r x h)] - qr ^[p ■ (u x h)] 



= 3qr-^h-^[r- (z x h)][p • (r x h)] - qr^-^[p ■ {-z - qr)] by (1.5c) 



= 3qr ^EhSf 



qr 



-3 



i-Sd - qec) by & deloil ) 



= Sqr-'^h-^ehEf + qr-^Hc by ( |6.10bD 

qr^^{hc + Sr^'^h^^EhSf) = gia(fic + Bphe/) = grf by ( |6.21b| ) 



(6.23c) 



nm — mn = n{—KQaSe) — 'm(~Qa£f) by ( 6.22b ) & ( |6.23b| ) 

= -KQaEen + QaSfm 

= -KQaSeiSf) + QaSfiKSe) by ( |6.2b|) & (|6.2c|) 



(6.23d) 



[02]' = [(m/n)(/.-p)]'by (|L5i) 

= (/t • p)[(m/n)]' = (/« • p)[{nm — mn)/n^ 
:. i3^{K- p)[{nm - mil) / {2l3n^)] 



KEhinm — mh)/{2l3n ) by (|6.1a) 



KetH-KHa) - m{-nc)]/{2l3n'^) by ( |6^22al ) & ( |6^23al ) 



Ke6[e/(-Kfia) - Kee(-fic)]/(2K(^ce/) by (|6^, (|^ & (|^) 
Keb{-Kefha + Keefic)/{2mpc£'f) 



KEbieehc - efha)/{2Lpc£f) = KQe by ( |6.21b| ) 



(6.24a) 



6 = [(/t • p){{nm - mn)/{2Un^)}'\ = {k ■ p)[(nm - mh)/{2l5n'^)]' by (|^24|) 
(20n2)(nTO — mn)' — {nm — mh)(2l3n'^)' 



(k-p) 
(k-p) 
(k-p) 
(k-p) 



{2Un 



2^2 



(2l3n'^){nm — mn) 
(2Un2)2 

(nrh, — mil) 



[k ■ p) 



{nm — mn){2l3n'^ 



2Un^ 



{2l3n^ 



2Un^ 



nm + nm — mn — mn 
20^2 



(20n2)2 
by ( p4^ 

20^2 
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{k ■ p) (nrh - mn) - 2U{U'n? + 2l3nfi) i3{(3n + 2l3h) 



by (6.23a) & (6.24a) 



2Un^ 

{Kge)[{Kge)n + 2U{-fic)] 

KQe[KQe[ef) - 2Hc{K(pc)] 

-KQeigeSf " 2hc(pc) / i^c£ f) = -KQf by ( |6.21b| ) 



On 



by (p3^ ) 



by (||2^ & ( |6^ ) 



(6.24b) 



O 



0(0n + 20n) 



On 



by ( p4b| ) 



-(On)[0(On - 20n)]' + [0(6n + 20n)](0n)' 
-[0(On-20n)]'-6(On)' 



On 



by (|6.24b[) 



-0(0n - 20n) - 0(0n + On - 20n - 20n) - 0(0n + On) 

-OOn + 260n - OOn + O^n + 200n - 66n - OOn 

O^^ 

OOn - 300n + O^n + 200n 



On 



(-Kg/)0(-fie) - i{KQ^){-KQf)n + (Kge)^(-fic) + 20(Kge) (-ggg/ ) 

On 



by (I^H), (|6.24a| ) & (|6.24bD 

KQfhcU + SK^QegfU — qIHc — 2KQeQa£f'^ 

KgfhcjKipc) + 3K^geg/(£/) - K^ge^c - "^-HQeQa^ fjn^c) 
{Kipc){ef) 

K^g/Hclfc + SK^geQfSf - K^olhc " 2K^geQaef(pc 

K[gffic(pc + ge{3gf£f - Qef^c " 2gae/(^c)]/('^c£/) = nQh by ( |6.21b| ). 



by (|^) & ( |6^ 



(6.24c) 



Art 26b. Derivatives of a. andj. 
Thus, from the foregoing derivations, we obtairfj 



1 



jMj2 



1/2' 



by (1.5a) 



±- 



^ 02 


-1/2 


■y2- 


1 


'200" 








= ± — 










27 


k2 



by (1.5a) 



^00 ^ ^ (^^cK^ (1^^ ^ 



±((pcge)/Ve = Qg by ( |6.21bD 



(6.25a) 



i^In the expressions for the derivatives of 7, we are to talse the positive sign when 13 > k and the negative sign 
when 13 < K. The case fi = k is forbidden since 7 is nonzero. 
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'1313' 



by ( |6.25aD 



7(^6) - (00)7 



7^ 














. 7 . 



± 



7(00) (00)7 



by (16:25^ 



7-± 
= ±- 
= ± 
= ± 

= (l/(/Pe)[±(ee - Qffc) - gl] = ft by (im) 



^2^2 



0^+00 

7k' 

(K£le)^ + 0(-K£)/) 



7K^ 









7 



by (U|) & ( |6.25a| ) 



k'^qI — KQfU 







= ± 




. 7 . 





by & (Hi) 



(6.25b) 



7 =± 



±- 



"0^ +00' 






7K^ 




. 7 . 



by ( p5h| ) 



7(02 _^ _ (jj2 ^ 





'7(7^)' -7^" 




^2 



= ± 



± 



7(02 + 00) 



^2^2 



± 



(02+00)7' 



72^2 





[7(7')'] 




[7^ 




[ 7^ J 


+ 


.7^ 



7(02 + 00) 



9 9 



± 



(02 + 00) 72 



7K^ 



7 



= ± 

= ± 

= ± 

= ± 

= ± 



200 + 00 + 00 



7K^ 

300 + 00 





'277" 




. 7 . 



77 



by (|6.25bD 



7K'^ 



377 

7 



3(K£»e)(-K£»/) + l3{Kgh) 



7K^ 



3(e9)(ft) 



by (|6.24|) , (|6.25aD & ( |6.25b|) 



7K^ 



3£'gft 



^ by O) & dHi) 



(<y5e)K2 

(l/((9e)[±(fti<^c - 3£<egl/) - Sggft] = by ( |6.21b| ) 



We have also that 



a = (-grr/r^) by ( |1.5a| ) 



qu ^ 3qrr 



qu 3q{r ■ u)r 



-eau + 3ea(r -u)? by ( ^.21b| ) 



= -QaU + 3ga[h 2r • (z X h)]r by ( |l.5c| ) 
= -gaU + 3ga[h'~^eh]r by (|6.1a|) 



= -gaU + Srgagbr by ( |6.21b| ) 



(6.25c) 



(6.26a) 
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qu 



3q{r ■ u)r 



by lK26^) 



3q 



'"r^[(r • u)r]' 5r^f[(r • u)r] 



a 3fu 3(r • u)'r 3(r • u)u 15f(r • u)r 
a 3r(r • u)' 3(r • u)u 3fu 15f(r • u)r 



^10 



= -<? 



qa 3qr(r • u)' 3g(r • u)u 3qru 15qr{r ■ u)r 















3q(u • u)r 


3g(r • a)r 


^ 3q(r • u)u 


3(7(r • u)u 












g r 


3(7(u • u)r ^ 


3g(r • a)r ^ 


6g(r • u)u 


15g(r • u)^r 


J.6 








r7 



by ( pi| ) 

g^r ^ 3qiy9^r 3g^r ^ 6g[ft-^^r • (z x h)]u 15q[h^^r ■ (z x h)]^r 

^6 ij^o ^5 ij^T 

by (|L5a|) , (|Ob| ) & ( ITScI) 



3g^^r 


2g2r 








^6 


f.2 4 

h 




3g^|r 


2g2r 


GqgbU 


Idqglr 




^6 







by (S.la) 



= 3£iQ((^;i/r)^r - 2glr + epaffbU - Ibgaglr by ( |6.21bD 
= 6ga£i6U - ga[2ga + ISfiifc - 3(v3h/r)^]r 

= epaPbU - £»a(26iQ + I5gl - 3gl)r = Gga.gbU - gagiv by (|6.21b| ) 



g^r 3g(u • u)r 3q(r • a)r 6g(r • u)u lbq{Y ■ u)^r 



r^u — 6r^fr 

112 



+ 3g 



r^5 



[2(a • u)r + (u • u)u] — 5r'*f[(u • u)r 



by (|6.26bD 



+ 3g 
+ 6(? 
- 15g 



•^[(r • a)u + (u • a + r • a)r] — 5r'*f[(r • a)r] 
[(r • u)a + (u • u + r • a)u] — Sr'^f [(r • u)u| 
r'^[(r • u)2u + 2(r • u)(u • u + r • a)r] - 7r^f[{Y ■ ufr] 



+ 3q 
+ Qq 
- \bq 







6r^fr 




J.12 




^12 


+ 3q 



2r'^(a • u)r' 




r°(\\ ■ u)u 




+ 3g 


+ 3(7 


^10 


J.10 



-5r^f(u • u)r 



7-^(r • a)u 


+ 3g 


r''^(u • a)r 


^10 


^10 


r^(r • u)a 


+ 6g 


r^(u • u)u 


y,10 


y,10 



3g 



6g 



r^(r • a)r 



^(r • a)u 



3q 



6q 



-5r^f(r • a)r 



j,10 

'5r'^r{r ■ u)u 



(6.26b) 



r^(r • u)^u 




- 15g 


y,14 



2r''{r • u)(u • u)r 



- 15q 



2r'^(r • u)(r • a)r 



,,14 



- 15q 



— 7r^f(r • u)^r 



„14 



Classical Aberration And Obliquation 



Page 149 



March 2001 



OAS-2001-03A 



q^u Qq^rr Qq{sL ■ u)r 3gu^u 15gu^f r 3g(r • a)u 3(?(u • a)r 



3g(r • a)r \hqf{Y ■ a)r Qq{Y ■ u)a Qqu^u 6g(r • a)u 30gf(r • u)u 

^5 y6 y5 ry^i ^5 

15g(r-u)2u ZQqu'^iv -ujr 30g(r • u)(r • a)r lQhqr{v ■ ufv 



g^u 6g^(r-u)r 6q(a • u)r 3qu^u 15qu^(r-u)r 3g(r • a)u 3g(u • a)r 

I i I \ 



3g(r • a)r 15(7(f • u)(r • a)r 6g(r • u)a 6qu^u Qq{r ■ a)u 30g(r • u)(r • u)u 

^5 ^5 

15g(r • u)^u 30qu'^{r ■ u)r 30(7(r • u)(r • a)r 105q{r • u)(r • u)^r 



q^u 6q^{r ■ u)f 6q{a ■ u)f 3qu^u Ibqu^ir ■ u)f 3q{r ■ a)u 3(7(u • a)r 



+ 



6 ^6 ^^4 J.4 

3g(r • a)r 15g(r • u)(r • a)f ^ 6q(r ■ u)a ^ 6qu^u ^ 6q{r ■ a)u 30q{r ■ u)^u 
15(7(r-u)^u 309-u^(r-u)f 30g(f • u)(f • a)r 105(7(f • u)^f 



+ HQa/r){-fa)u + 3{ga/r){-far ■ u)r + 3ga[r ■ (-fi'aU + 3gagbr)]r 

- 15ga[eh/{rh^)]{~ipa)r + 6{ga/r){eh/h^){-^ar) + 6gaiu^/r^)u + 6{ga/r){-^a)u 

- 30ea[e/./(^/i')]'u- 15ea[£/./(r/i')]2u- 30^^aK"'A')[e/^/(^/i')]f - 30ea[e/./(r/i')](-(pa)? 
+ 105rga[eh/{rh^)?r by 1^1^, (Q, (joi), ( |6.21b| ) & ( |6.26aD 



: fi'aU- 6r£ih£(^r - 6(/3a£'a[e/i/(r/i^)]f + 9eiQ(u^/r^)u - 15rgagb{u'^ /r^)r ~ 3ipa{ga/r)u 

- ^faga[£h/{rh'^)]r + 3ga[-ga{£h/h'^) + 3rgagb]r+ l^ipagaQb^ ~ QfaQaQbr 

- 6fa{ga/r)u - 30gaglu - Ibgaglu - 30rgagb{u'^ /r'^)r + 30ipagagbr + lObrgagfr 
by ( |L5c|) , ( |6la]) , ( |6lb| ) & (|6.21b| ) 

= g^u - Grgbgl? ~ GipagagbT + 9ga{'pl/r'^)u - 15rgagbi^pl/r'^)r - 3glu 

- 3(pagagb'r + 3ga[-rgagb + 3rgagb]T+ IbipagaQbY - 6(pagagbr 

- 6glu - 30gaglu - Ibgaglu - 30rgagb{(pl/r'^)r + 30Lpagagbr + lObrgaglr 
by ( |6^21b| ), ( pb| ) & ( |6lb| ) 



^ (Pa + ^Qagk - igl - Qgl - SOgagl - I5gagl)u 

+ {-Grgbgl - 6ipagagb - 15rgagbgk - 3ipagagb + Grglgb + 15ipagagb - 6(pagagb 
- 30rgagbgk + 30(pagagb + I05rgagl)r by ( |6.21b| ) 

^ Qai^Qk - Sga - 4:5gl)u + {-Grgbgl - 6ipagagb ~ 3ipagagb + I5ipagagb - GVaQagb 

+ 30ipagagb - Ihrgagbgk + Grg^gb - 30rgagbgk + I05rgagl)r 

■ ga{9gk - Sga - 4:5gl)u + gagb{3Q(pa - 4:5rgk + 105rgl)r 

^ ga{9gk - 8ga - 45e^)u + gagb{50rga - 45rgk + 105rgl)r by ( |6lb| ) & ( plb| ) 

■ ga(9gk - Sga - 4:5gl)u + 15gagb{2ga - 3gk + 7gl)r = g„iU + g^v by (|6.21h| ). 



(6.26c) 
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Art 26c. Development of equations ( [3.17 ) through (3.21) 



We derive also 



K - u~ h [k • (z X h + gr X h)] by ( |l.5c[ ) 



h '^[k- {zxh)]+qh ^[k • (r x h)] 



h-^Sg + h-^Eeiq/r) by ( |6l^ ) 



h {eg+Eeipb) by (6.1b) 



go by 



r • u = /i ^ [r • (z X h + gr X h)] by ( |l.5cj ) 

= /i"2[f • (z X h)] 
= by (|Ii) 

= r^?^, by ( ^.21bD 



(6.27a) 



(6.27b) 



p • u = [p • (z X h + qr X h)] by (1.5c) 



= h-^[p ■ (z X h)] + qh-^[p ■ (f X h)] 



h-'ef{q/r) by (|Oa|) 



/i~'(£,+e/¥'6) by (3.1b) 



(6.27c) 



h ^[z • (z X h + gf X h)] by (1.5c) 



h-^[z ■ (z X h)] + qh-^[z ■ (r x h)] 



= -h-\h{q/r) = -h-^Ehipb by (lel^) & (|6lb| ) 



= -rgbifib by (|6.21b|) 



(6.27d) 



(r X h) • u = /i [(r X h) • (z X h + grr X h)] by (1.5c) 



= /i"^[(r X h) • (z X h)] + qrh-^[{r x h) • (r x h)] 

= h-^[{r • z)(h • h) - (r • h)(h • z)] + qrh'^ih^ - (r ■ hf] by (^ 

= h-'^{redh^) + qrh~^{h^) by ( |6li| ) & ( [Ts^ ) 

= r(ed + (7) = rfifc by ( |6lOb| ) (6.27e) 



(z X h) • u = ft, [(z X h) • (z X h + (7? X h)] by (1.5c) 



= ft"2[(z X h) • (z X h)] + gft"^[(z X h) • (f X h)] 

= h-^[z^h'^ -{z-\if]+qh-^[{z-v)h^ ^{z-\i){r-\i)\ by (^ 

= h-^{z^h'^)+qh-^{edh^) by (|1^) & ( |L5^ 

= z2 + ge<i = t), by (||l|). (6.27f) 
Equations ( p. 17 ) through (3.21) therefore evaluate as 



d = K • a by ( 3.17 ) 

= K ■ {-QaU + SgaQbr) by ( |6.26aD 

= -KQaiK ■ U) + SKgaQbiK ■ r) 

= -KQaQo + SurgaQbSa by ( |6.27a| ) & ( |6.1aD 

= KQai'irQbSa - Qo) = by ( |6.21bD 



(6.28a) 
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/« • a by (3.17) 

K • {GgaQbU - QaQir) by ( |6.26b| ) 
QKgagbiK ■ u) - Krgagi{K -f) 
Qngagbgo - nrgagiSa by ( |6.27aD & ( |6.1a| ) 
ugaidgbgo - rgiSa) = Kfiiq by (|6.21bD 



(6.28b) 



a = K ■ a by (|3.17| ) 

= K ■ {g,nU + gnv) by (|6.26c|) 

= Kgm{K ■ u) + Krgn{K ■ f) 

= K^mfiio + urgnEa by (|6.27a|) & (|6.1a]) 

= i^{QmQo + r£i„ea) = by (|6.21b|) 



(6.28c) 



d = 



2q;7 
7 



by (|3l8a|) 



2(-K93Qea)7 



(K£(p) 



2K(/?aea(£'g) 



by (|6^ & ( |6.2eD 

by ( |6.25aD & ( |6.28aD 



ngs by (|6.21c[ ) 



(6.29a) 



by ( p8b| ) 



7 7 7 

4a7 _ 2(-Ky?a£Q)7 6(-K(/7a£a)7^ 



fe (fit 
A{Kgp){gg) 2KipaSa{gi) GKVa£a{gg)'^ 



Qq 



Agpgg 2ipa£agi dVa^ag: 



by (||2|) & ( |6^ 

by ( |6^ ) & d^) 



Kgt by ( |6.21q ) 



(6.29b) 



9 9 



6q!7 6q;7 18d7^ 2a'7 18077 2Aaj^ 



7 



7 



7^ 



7 



7^ 



by (3.18c) 



9 9 



6a7 6017 18q;7^ 2{~Kipa£a )7 18( )77 24(-K.^a£a)7^ 



by ( |6^ ) & ( |6^ ) 



(Kglr) 



6(Kgg)(gg) 6(Kgp)(g^) ^ 18(Kgp)(gg)^ ^ 2K(paea{Qj) 18Ky?a£a (gg) (g,) 



24:Kipaeaigg) 



31 



by (|6^) & (|6.28| ) 



6g,gg 6gpgi 2ipa£ag] , 18gpgg 18(/7aeagggi , 24(^a£agg 



+ 



i^Qu by ( 3.21c ) 



(6.29c) 
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TT = + i?2)-3/2 by ( [3l9i| ) 
= d/hl by delObl ) 
= {KQ,)/hl by ( p9i| ) 
= HiQy by ( |6.21c) ) 



(6.30a) 



-5/2 



+ r ) - 3i?r] by (3.19b) 



ii- = (1 + 79^ 

= {i/nf){m^i ~ s^-d^) by ( |6lob| ) 

= {l/nl)[{Kgt)hj - 3d{Kg,)'] by 

= n{Qtti^ - MgD/h^ = KQ^ by ( |6.21cD 



(6.30b) 



4r)] by (3.19c) 



(1 + + d'^ f - 9i9i)??(l + d^) - 3i?^(l 

[■^■fif - Mdmj - id^il - Ad^)]/nl by ( |6l0b| ) 
[(Kf?„)fi^ - 9i9(At^),)(Kf?t)S? - 3(Kf?s)^(l - 4i?2)]/fiJ by (p9|) 
- 9K§QsQtnj - 3k^£-^(1 - 4792)]/ftJ ^ by ( |6.21c|) 



7d 
7 



4d 

7d , 7r(v5e)^^i' 



by (3.20a) 



4d 



by (|6.2eD 



4d 



by ( |6.25aD & ( ^.29a| ) 



4d2 



= U by ( pld| ) 



(6.30c) 



(6.31a) 



d = d 
= d 
= d 

= d 



'1 _ 


7^1 


+ d 


'i _ 






.7 




.7 


4d2 


4d 



7r7?? + 27r7?9 + 7r7?? 



by ( pObI ) 



9l 



+ d 



_L . 



4d2 



Ad 



by ( Pi ) 



4d2 



4d 



by ( |6^ , ( |6^ , ( pOa| ), & (|3T^ 



(n2 



KTTCplgs 



4d2 



4d 



Kgyifiegs + 'iirgggs + nipegt 



= du + ?a?b + •felc = fe by ( |6.21c^ ) 



= d 



1_ 

.7 

Ad 

"l 

.7 



377 27-31 

v2 ^,3 



2d 



7 7' 
71719 + 27r7?? + 7771? 



2 



7 7 7T7 ?9 77771? 
7 7 

4d 



377 27^ 



2d 



T 
1' 



Ad^ 2^2 4d2 
7771? + 371719 + 27T7i9 + 27771? + 37771? + 777 1? 
^ 77721? 77771? 77721? 7772^1? 



4d2 



2d2 



4d2 



4d3 



dn 



7 



7771? + 37771? + 27771? + 27771? + 37771? + 7771? 



by ( |63lb| ) & ( |6^21d|) 



(6.31b) 



7772^1?' 


+ d 


'7 _ 


77727?" 


4d3 




.7 


4d2 _ 
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(ft 



+ 2d 



ipe (fl 4:d^ 2^2 4^2 + 4d3 



Qglc 



Ad 



U 



by (3.2e) & (6.25) 



leU + Qglc 



4d2 2d2 4d2 4d3 

by (|^), ( |6^ ), ( |630| ), ( |63la| ) & ( |63lb| ) 



4d 



?/ + feffc + Qglc + 2ya 



yd 



+ 



4d 



4(i2 2d2 4d2 4d3 

n\ Qw^eQs + iQvQgQs + 2gyipegt ( + { 2QiQs + Sggglt + (^effu 



by ( |6.21dD 



(6.31c) 



dn — nd , , r „^ > 
P = -T-n- by (|3.21aD 



4wod2 

(i(Kg^) - 7r(j:a) 
4a;od2 

dKQv ~ TTfa 



by (|6.30a| ) & (|6.31a| ) 



(6.32a) 



(i(d7r — Trd) rfTT — 7rd 

2uJod^ Aujod"^ 
u[d{nQv) - Trya] , d{Kg^) - n^e 



by ( plbp 



2cJod^ 4cJod^ 



by (6.30) & (5.31) 



2w„d3 



4a;od2 



= U by (6.21e) 



(6.32b) 



(3(i2 — dd)[d'k — nd) didir — nd) dit + d'n — Trd — vr d 



2wod4 



+ 



4wo(i2 



by (3.21c) 



(3y2 - dye)[d(K£l„) - TTJa] fa [d(K£>u,) - TTye] , Ui^Qw) + d{KQx) - {Kgy)jie - ^g 



Jod^ 



AuJod'^ 



2uJod^ 
by (|63^) & ( |63l| ) 

(3?:^ - (ij:e)(rf'«£'i, - Trya) j:a(d'«£'^. - T^ye) , ^(ya fiito + rffo - g^ye) - Tryg 



2Wod4 



4i:jod^ 



y, by (S.21e) 



(6.32c) 
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Art 26d. Derivatives of t ande. 
To calculate the derivatives of r and e we first derive 



/o 



by (|L5dD 



2pa — dujo 
n(K2-02)_ 

[n{K^ - U^)]{2pa - di^o)' - {2pa - duJo)[n{K^ ~ 13'^)]' 
[n{K^ - 02)]2 

n(«;2-02) n(K2-y2) y ^]_±J 

2pa + 2pa - duo /„ [^(k^ - O^) + n(-200)] 
n{n^ - 02) n(K2 - ^2) 

2pQ + 2pa - dujo - /o"-(k^ - + 2f„nl3l3 
n(K2 - y2) 



2p{nQp) + 2y,ia - ygCJo - f„{-Hc){K'^ - O^) + 2/onO(Kge) 
n(K2 — ^2) 

by ( |6.28a| ), ( |6.32a| ), (|6.31a| ), ( |6.23a| ) & ( |6.24aD 

2Kpgp + 2y;i(-K(y9a£a) - ^gUJo + (2(p//K)fic(^^ - K^V?c) + 2k{2(P f / K)e f (nipc) Qe 

ef{K'^ - k2<^2) 

2Kpgp - 2Klh^aea - U^o + 2KipfHc{l - ifil) + AK(pf£fipcQe 
k2£^(1 _ (^2) 

-Kef(pd ^L^_J' tL_iJ 



= -2yfc by (|6.21eD 



by (M 



(6.33a) 



2pa + 2pa - duJo - fonin'^ - O^) + 2f„nUU 



by (6.33a) 



n(K2 - 02) 

[n(ft:^ - 0^)][2pa + 2pa - dup - f^h{i^ - ^2) + 2/onOO]' 

[n(K2 - 02)]2 

[2pd + 2pa - dtoo - fon{K^ - + 2/onOO] [71(^2 - O^)]' 
[n(K2 -02)]2 

[2pd + 2pa - duJo - fonin^ - + 2/onOO]' foHn^ - O^)]' 



n(K2 - 02) 



n(K^ - 02) 



by (|6.33a| ) 



{2pa + 2pa)' {dwp)' [f^nin'-U^)^ ^jf^nUU)' f o[n{K^ ^ U^)]' 
71(^2-02) n(K2-02) n(«;2-02) n(«;2-02) n(«;2 - 02) 

2pa + 2pa + 2'pa + 2pa duJo fon{i^'^ - + /o"^(k^ - + /o"(-206) 

n(K2 - 02) n(K2 - 02) 71(^2 _ ^2) 

2/onOO + 2/o?iOO + 2/on02 + 2/onOO ^["(k^ - O^) + n(-200)] 
71(^2 — 02) n(K2 — 02) 

2pd + 2pa + Apa - duj^ /o»^('^^ - + /o"(«:^ - - 2/o«00 

71(^2 - 02) n(K2 - 02) 

2/onOO + 2/o7iOO + 2/on02 + 2/on06 fofiin^ ~ O^) - 2/onOO 



i(«;2 - 02) 



i(k2 - 02) 
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n{K?' — IS^) n n{K'^ — O^) 

2p{KQq) + 2y,a + 4y/i(Kgp) - ye^o _ 2(-2yfc)(-fic) + h{-Qa£f) 
n{HL^ — 15'^) n 
A{~2ik)nU{KQe) + 4/o(-fi,)iJ(Kge) + 2/on(Kg,)2 + 2/oniJ(-/tg/) 

71(^2 - 02) 

by (HH), ( |02|) , (mi), ( |6.33a| ), ( l6^ ) & (U|) 

2Kpgg + 2y,Q; + 4Ky/tgp - ye^o _ 4yfcftc - SfQafo 
n(K2 — 02) n 

-'Hn^kQenU - AnhcQefo^ + 2K'^glfQn - 2KgffQnl3 
n(«;2 - 02) 



2Kpgq + 2yi(-K(paea) + 4Ky/igp - ygWo 4yfcftc - efQa{2ipf/K) 



+ 



-8Kyfcge£/(Kl/?e) - AKhcQe{2ip f / K){Kipc) + 2k^ qI{2lP f / K)e f - 2Kgf{2ipf/K)ef{Kipc) 

by (El) 

2pgq - 2£a',^'a?< + 4y/igp - ygC 4Kyfe?lc - 2efQa^f 



+ 



-KSfifd 



by (|l.2bD & ( |6.1b|) 



2£aV?ayi - 2pgg - 4yfegp + yeC + %KlkQe£fVc + Sififificficge - AglipfEf + igfipfEfific 

KEfifid 

_ 4«y^fi^-2£^ ^ 2y, by (ili) 

KE/ 



(6.33b) 



2pQ! + 2pQ; + Apa — dujo 




'2/o« + /o«' 


+ 


■4/onOO + AfohUU + 2/onU2 + 2fQnUU 


n{K^ - 02) 




n 




n(K2 - 02) 



by (HH) 



[71(^2 - 02)][2pa + 2pa + Apa - dujo]' - [2pd + 2pa + Apa - dwo] [71(^2 - 02)]' 

[n(K2 _ 02)]2 

7T.2 [7i(k2 — 02)]2 

[4/nnro + AfpfiUU + 2/on62 + 2/oniJO][n(K2 - 02)]' 
[n{K^ - 02)]2 



Classical Aberration And Obliquation 



Page 156 



March 2001 



OAS-2001-03A 



[2pa + 2pa + Apa - dwo] [2pa + 2pa + Apa - dcuo] [nin'^ -15'^)]' 



n(«;2 - 02) 



[4/onTO + 4/onOO + 2/o7i02 + 2/onOO] [71(^2 - 02)]' 
[n(K2 _ 02)]2 



n(K2 _ 02) 



i(k2 - 02) 



/o 



2/0" + /o"' 



7i[2/on + /on] -[2/on + /on]n [4/onOO + 4/onOO + 2/on02 + 2/onOO] 



n(«;2 - 02) 



by (6.33b) 



2pa + 2pa + 2pa + 2pa + 4pa + 4/ja - "dujo n{K'^ - 13'^) + n(-200) 



n(K2 - 02) 



n(K2 _ 02) 



2/0" + fo^ 



i[2f^h + 2f^n + f^Yi + f^-ri] [2f^h + f^n]n Af^nUi5 + AJ ^nl5i5 + AJ + AJ ^nl3U 



i(k2 - 02) 



+4/onOO + 4/onOO + 4/ori02 + 4/onOO + 2/on02 + 2/on02 + 4/onOO 

71(^2 - 02) 

2/onOO + 2/0/1OO + 2/onOO + 2/onOO 

n(fi;2 — 02) 



2pa + 2"Pa + 6/ia + &pa - d't^o - *^^) - 2nOO 

n(K2 -02) n(K2 -02) 

n[2/o?i + 2/o7i + f^n + Jqu] ~ h[2ff^n + /gfi] 



2/o'^ + /o^ 



SfphUU + 4/onOO + 4/on02 + Qf^nUU + 2/o7i02 

71(^2 - 02) 

Afanl3l3 + 6fonl3^ + 6/o7706 + &fonUU + 2/o7iOO 
7i(k2 - 02) 



2p{KQr) + 2fja + 6^i{Kgp) + G^hi^Qq) 
7i(k2 — 02) 

{-hc){ti^ -U^)-2nU{KQe) 
7l(«;2 _ 02) 



(2?0 



2(-2yfc)(-fi,) + /o(-g,£/) 



+ 



7i[2(2y;)(-fi,) + 2{-2u){-Qaef) + (-2yfc)(-ga£/) + f^jga)] - (-fi,)[2(-2yfc)(-^e) + /o(-gag/)] 

7l2 

8(-2yfc)(-/7,)0(^ge) + 4/o(-g,£^)0(A.ge) + 4/o(-/ie)(^ge)' + 6/0 (-ft,)0(- ACgj ) + 2/o (-ft,) («ge)' 

71(^2 - 02) 

4(2yi)riO(Kge) + Q{-2ik)n{KQeY + Gf on{KQe){-K.Qf) + 6(-2yfc)7iO(-Kg/) + 2fonl3{KQh) 



n{K^ - 02) 

by d^H), (I02I) , (loil) , (i^Hl), (I^H), ( |6.33a|) & (|6.33bD 
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2?; 



n(K2 - 02) 
n{K^^ - U2) 



£f{K^ — k'^'Pc) 



A^kHc - gaef{2ipf/K) 



lQK.gelkK{i^Vc) - ^i^QeQa£ f / i^){i^Vc) - hcgl{2ip f / k) + 6KHcgf{2ip f / K){mp, 
-2k^ glhc{2Lp f / k) + SngeliEfju'^c) - 12K'^gl^k£f - 6K'^gegf{2(pf/K)ef 
12Kgf^k£f{Kipc) + 2Kgh{2(pf/K)ef{K(pc) 



2pgr - 2^jipa£a + &UQp + ^IhQq " IgC Hclfd " 2£fipcQe 



2?i + 



An^kfic - 2ga£fipf 



-KSfLfd -£fVd L KE/ 

£/[K(-4y//lc + 4yfega£/ + 2yfcga£/) + 2gd(/7/] + hc{4:KUflc - 2ga£/(/5/) 



K£ 



/ 



-KEfifd 

Snge^efipc - Ungl^kSf - I2gegf(pf£f + 12Kgf^k£f'Pc + -ighVfSfVc 



-KEfifd 

pgr - yj(^aea + Sjigp + 3y/ig, - ijgc hcipd - "^e ffcQe 



by (1.21:) & (6.1b) 



KSfifd Sffd 
ef[K{-2lihc + 2lkQa£f +lkQa£f) + Qd<Pf] + flc{2Klkflc ~ QaSfVf) 



KEf 



^KgelkfT-cVc 


ke) 

- 4gega£f^fVc - ^hcglifif + Qhcgfiffifc 


- 2glhciff 


AKgeTlSfPc 


KEfifd 

- &Kglik£f - &geQfVf£f + GKgf^Efific 4 


- 2ghipfEfifc 


KEfifd 



= 2y„ by (|6.21| ). 

In consequence of the foregoing derivations, we obtain 

A = (l/2)[(K.p)/o]'by ( ra 
= («/2)(/$.p)/o 



(6.33c) 



(K/2)(£;,)(-2yfc) by (|Oa|) & (|6.33aD 



(6.34a) 
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(K/2)£fc(2y0 by (^) & ^M^) 



/;^(^/2)(/^-p)/oby (pi^) 

= (K/2)£6(2y„) by & (p33) 



(6.34b) 



(6.34c) 



/; = (1/2) (m/o)' by ( ITSdl ) 
= (l/2)(m/o+m/o) 



(l/2)[(-Atfi,)(2^//K) + ( K£e)(- 2yfc)] by (|6.22a| ), (|6.21| ), (|6.2bD & ( |6.33a|) 

-fia-^/ - KEeyfc = yn by ( |6.21^ ) (6.35a) 



/2 = (l/2)(m/o + m/o) by ( ^.35aD 
= (1/2)(to/o + rii/o + m/o + m/o) 
= (l/2)(m/o + 2m/o + m/o) 

= {l/2)[{-nQaee){2^f/K) + 2(-Kfi,)(-2yfc) + («:ee)(2y0] by (Q, ([e^) & ( p^ ) 



= -Qa^e^f + K(2fia?fc + EeyO = by (6.21g) 



(6.35b) 



/2 = (1/2) (m/o + 2m/o + m/o)' by ( F35b|) 

= (l/2)("i/o + m./o + 2m/o + 2m/o + m/o + m/g) 
= (l/2)('7i/o + 3m/o + 3m/o + m/o) 

= (l/2)[(K^?,)(2(p//K) + 3(-K^)a£e)(-2yfc) + 3(-Acfia)(2yi) + (K£e)(2y™)] 

by dlH), (P) & dH) 



= £<c<^/ + K.{iQa£elk - iKll + eelm) = Iq by ( |6.2lj ) 

The derivatives of e are computed as 

e=[/i(rxh) + /2p]'by dTH) 
= /i(rxh) + /i(uxh) + /2p 



(6.35c) 



= /i(r X h) - /i(z + qv) + /2P by ([l^) 

= (-Kebyfe)(r x h) - (eb(p/)(z + qr) + (y„)p by (|6.34aD , { ^ ) & (|6.35a| ) 
= -Ke6yfc(r x h) - efc<^/(z + gf) + y„p 
= ynP - ef,<<5/z - qsb^fv - KEblkiy X h) 



(6.36a) 



e = [/i(r X h) + /i(u X h) + /2P] by (|6.36a| ) 
= /;(r X h) + /i(u X h) + A(u X h) + /i(a x h) + /2P 
= !\[v X h) + 2/1 (u X h) + /i(a X h) + /2P 

= (Ke6y/)(r x h) + 2(-Ketyfe)(u x h) + (eh<y9/)(a x h) + j:<,p by ( p^ ), ( pg ) & ( |6.35bD 
= Ke6j;/(r x h) - 2K£fcj:fe(-z - 9?) + £b(/3/[(-gr/r^) x h] + foP by ( |l.5a| ) & ( |l.5c| ) 



Kef,3:/(r x h) + 2KebUi'^ + - Eb^fQair x h) + y^p by ( |6.21b| ) 

yoP + 2n£b'^k'^ + 2Kqeb^k^ + £b{l^Tl ^ VfQa 

)(r X h) 

yoP + 2K£fcyfeZ + 2K.qeblkY + lp{r x h) by ( |6.21gD 



(6.36b) 
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e = [/i(r X h) + 2/1 (u X h) + /i(a X h) + f^p] by ( p6b| ) 

= f'lir X h) + /;(u X h) + 2f\{u X h) + 2/i(a x h) + /i(a x h) + /^(a x h) + /2P 
= /i(r X h) + 3/i(u X h) + 3/1 (a x h) + /^(a x h) + 

= /;(r X h) + 3/1 (u X h) + 3 /i[(-gar) x h] + f,[{-gaU + SgaQtr) x h] + /2P 
by (|L5a| ), ( |6.21b| ) & ( |6 26a| ) 



/i(r X h) + 3/i(u X h) - 3/iea(r x h) + f^[-ga{u x h) + SpaPfclr x h)] + f^p 
(/i - Pa + 3e„gb/i)(r X h) + (3/1 - ea/i)(u X h) + /2P 

[(K£fcj:„i) - 3(-K£fcyfe)£»a + 3giQeh(eh<y9/)](r x h) + [3(K£fcj:;) - giQ(eh(^/)](u x h) + y^p 



by (|6.34| ), ( |6.2gD & ( |6.35c| ) 

£6(Kj;m + 3Kj:fcea + 3eia6ib'y5/)(r X h) + £6(3kj:/ - ga(pf){u X h) + y^p 
y^(r X h) + y,(-z - qr) + y^p by ( |6.21gD & ( p^ ) 
yqP - y^z - gy^f + yr(r x h) 



(6.36c) 



f = [(2pa - nl32/o)«:"']' by (S 

-"2(2pa + 2pa - riO^/g - 2?iTO/o - nOVo) 



: /t~^ [2y/,Q + 2p(«g p) - (-fi e) OVo - 2 nO(Kge )/o - n02(-2yfe)] 
by (|6.32a|) , (|6 28a|) , (|6.23aD , ( |6.24a|) & ( |6.33aD 



K-2(2y,,a + 2Kpgp + h^U^f^ ~ ^Kg^nUf^ + iiknW^) 

: K^^[2y/i(-K(y9a£a) + 2Kpgp + hc{K(pc)'^ {2(p f / n) - 2Kgee f {K(pc){2ip f / k) 

+ 2^kef{K^c)^] by f;!) 
K^^(-2Ky/i<y9Q£Q + 2Kpgp + 2Khcip1ipf - AKgeSfifcipf + 2K^^kef(pl) 



: 2k ^(pgj, - y/i</?a£a + fic^lvf - 2geSfipcipf + K^^fvl) = 2y(/K by ( |6.21^ ) 



(6.37a) 



'{2pa + 2pa ~ nl3^fo ~ 2nUl3fo - nU^fo) by (6.37a) 



K-^[2pa + 2pa + 2pa + 2pa - nU^/o - 27iTO/o - hU^fo - 2fiUUfo - 2?iO^/o 

K"2(2pa + 4/j(i + 2pa - nU^f^ - 'inUUf^ - 2nlffQ - 2ni5Vo 
- 2nOi3/o - 4ny6/o - Vo) 



K-'^[2ua + 4y,,(Kgp) + 2p(Kgg) - (-ga£/)OVo " 4(-fic)y(Kge)/o - 2{-nc)l3^{-2u) 

- 2n(Kge)'/o - 2nO(-Kg/)/o - Anl3{tig,){-2^k) - nl3^{2u)] 
by (III), (pSj), (g, (IH) & (IH) 

K"^(2yiQ + 4Ky;igp + 2Kpgq + ga£/0^/o + AnhcgeUfQ ~ ^hdkl^^ 

- 2i^glnjQ + 2Kgfnl3fo + Sng^unU ~ 2^inl3^) 

K"^[2yi(-K(y9a£a) + 4Ky/igp + 2Kpgg + gaE f (Kipc)'^ {2ip f / n) + AKHcge{K(Pc){2(pf / k) 

- AhcUii^^c)'^ - 2K^ge£/(2(p//K) + 2K.gfef{Kipc){2ipf /k) + SugeUefinfc) 
-2y,£/(K(^,)2] by dJ) 
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'2'lhQp + PQq + gaSfvlVf + ^hcQe^c^f " ^nHc^kVl 



: 2y„/K by (plj) 



(6.37b) 



■f = ti-\2pa + 4pa + 2pS - fiU^ f ^ - "^nmfo ~ 2nU^f„ ~ 2n02/o)' 
+ {-2nl3i3f„ - 4nUi5,f„ - nU^fJ by ( p7b| ) 
= K^^[2Pa + 2pa + Apa + Apa + 2pa + 2pa - nl3^f(^ ~ 2hUi5fo - nlffo 

- Anl3i3f„ - Ahi5^fa - AhUUfa - AhUiSf^ - 2nyVo - 4riOO/o - 2ri02/o 

- 2rii5Vo - 4ni5y/o - 2n02/o - SnOO/o - 2ni5y/o - 2nl3'ijfo ~ "^nUUf^ 

- Anmf„ - 4n02/o - 4nOO/o - 4nOO/o - nOVo " 2nOO/o - nU^f'o] 
= K-^[2pa + 6pa + 6pa + 2pa - nU^fa - nU^fa - 6nOT/o - 6nO^/o 

- 6nmfo - UnUUfo - 2nOVo - 3nOVo - 4nOO/o - en^Vo 

- 2ni50/o - 2nOO/o " 6nOO/o - 6nOO/o - nU^fo] 



- K ^[2yjQ; + 6^i{Kgp) + 6f:h{Kgq) + 2p{nQr) - Qd^'^fo ~ (-£'ae/)0^(-2yfe) 

- 6{~Qaef)U{KQ,)f^ - 6{~H,){Kg,ffo - 6{-K)l3{~Kgf)fo - l2{-n,)U{Kg,){~2^k) 

- 2(-f?,e/)02(-2yfe) - 3{-h,)U^{2jci) - 4n(«;^.e)(-^^^?/)/o 

- 6n{Kgef{-2u) - 2n{Kge){-Kgf)fQ - 2nl3{Kgh)fQ - 6nl3{-Kgf){-2^k) 

- 6nO(«;^)e)(2y^) - n02(2y„)] by (IH), (pl) & (|3|) 

: K"^[2j:ja + 6K£)pj:i + Gngq^h + 2KgrP - gd^^fo - 2fkga£f^^ + QngegaSf'^fo 
+ GK^glhcfo - 6KgfHcl3fo - 2AKgeTkfic^ ~ Af^kgaSf^^ + 6^ificl5^ 
+ AK^gegfuff) + I2n'^ glikn + 2K^gegfnfQ - 2nghnl5fQ - 12Kgfjknl3 

- 12KgeJ.inl3 - 2y„nO^] 



= K"^[2j:j(-K(pa£a) + 6^^^?:^ + dnggf^h + 2KgrP - gd{K.LpcY{2Lpf / k) - 2ikga£f{n'PcT 

+ 6Kgega£f{n'Pc){'2ipf/K) + Qn^ glhc{2(pf / k) - Qngfhc{nLpc){'^^f I ~ 2AKgeikfic{nfc) 

- Aikga£f{n^cf + 6^ihc{Kifcf + AK'^gegfef{2iff/K) + Un'^gl^tef 
+ 2k^ gcgfef{2ipf / k) ~ 2Kghef{K(pc){2ipf/K) - 12 k. g fik£ f{ii^c) 

- 12KgeTief{Kipc) - 2pjn£f{Ktpc)'^] by ( |6^ ) 

= K~'^[-2K(pa£ai:j + QngpU + ^Hgqlh + 2KgrP - 2gdKiplipf - 2k'^ E fjk gaVl 

+ 12Kgega£fVcVf + I2ng\hc(pf - 12KgfHc(pc(pf - 2Ak'^ g^^kfic^c 

- AK^ikga£fvl + GK^hc^iifil + SKgegfEfipf + l2K^glik£f 

+ AngegfEfipf - AnghEfipcVf - 12k^ gjikSfPc - l2K'^gemfVc - 2K^ef^m'pl] 



: 2k ^[-(pa£afj - 
+ GgegaSfPc^Pf 



- Sgpf^i + 3gq^h + grP - gdifilVf - KSf^kgaifil 

' 6glfic(pf - Qgfhcipc^f - l2KgeUf^c^c 



- 2fi^kga£}vl + ii^ficwl + ^gegfSf^f + G^gluej 
+ 2gegfefipf ~ 2ghefLpc'Pf ~ Qngf-^kSf^c - Gnge^iSfipc - nefi^iipl] 
: 2u/k by ( plj ). 



(6.37c) 
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Art 26e. Development of equation (3.15a). 
We are now ready to evaluate the quantities defined by ( 3.15| ). We start with 



y = cd — KT by (3.15a) 



cya - K(2yt/K) by (S.31a) & (6.37a) 



cy, -2yt = i], by (3.21h) 



(6.38a) 



— cd — KT by ( |3.15a ) 

= eye - K(2y„/K) by ( pTb| ) & ( p7b| ) 

= eye - 2y„ = i]b by ( pll^ ) 



y = ed - KT by (|3.15a|) 



eyg - K(2y„/K) by (|6.31c| ) & ( |6.37cD 



eyg - 2iy = t)c by (|6.21h[ ) 



(6.38b) 



(6.38c) 



5i = p - 1 by ( |3.15aD 



= y;, - 1 by ( |6.32aD 



t)d by (|6.21hD 



62 2/3- 1 by (3.15a) 



= 2y,, - 1 by ( |6.32a| ) 



t)e by ( |6.211tD 



63 = 3/3-1 by (3.15a) 



3yh - 1 by (6.32a) 



X)f by ( |6.21hD 



(6.39a) 



(6.39b) 



(6.39c) 



64 = - yfci by (|3.15a| ) 

= ma - tlfct)d by (|6.32b| ), de^l ) & ( |6.39a| ) 



by ( |6.21h| ) 



(6.39d) 



^5 = - by ( |3.15aD 

= t)at)e - ptib by (IH) & ( p9^ ) 
= t,^ by ( pllj ) 



foe = &ifo2 - pp by ( p.l5aD 

= t)dt)e - PU by ( p2b| ), ( p9^ ) & ( p9b| ) 

= t), by ( pn^ ). 



(6.39e) 



(6.39f) 



Art 26f. Development of equation ( 3.15b| ). 



We have furthermore that 



0a = X a by ( |3.15bD 

= K X (-Par) by (|L5^ & ( |6.21b| ) 

= -eiQ(K X r) 



(6.40a) 
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0fc = K X a by ( p5b| ) 



= K X {-gaU + igaQbr) by ( |6.26a| ) 

= X u) + 3ga£'6('« X r) 



K X a by (3.15b) 

/$ X (egaQbU- gagir) by ( |6.26b| ) 

6gagbi^ X u) - pafi'K'S X I") 



(6.40b) 



(6.40c) 



3rf = /? X e by (3.15b) 



= /? X [j:„p - Eb^PfZ - qebipfV- KSblkiY x h)] by ( |6.36a| ) 

= j:„(k X p) - eb(pf{K x z) - qebffiK x r ) - Kehj:/c['« x (r x h)] 

= j:„(k X p) - eb(ffiK x z) - qebff{K x r ) - Kehj:i;[r(K • h) - h(^ • r)] by (Oh 



j:„(k X p) - eb(pf{K X z) - qebffiK x r ) - Kehj:i;((5Qr - reah) by ( |6.10a| ) & ( |6.1aD 
KrEaEbyfeh - Kebj;fc(5ar + j:„(/$ x p) - eb(pf{K x z) - qeb(pf{K x f) (6.40d) 



3e = /J X e by ( |3.15bD 

: /t X [yoP + 2KebU2' + 2KqebK^ + 



r X 



h)] by doebj ) 

= j:o('? X p) + 2K£fcj:fe(/$ X z) + 2KqebUi'^ x f) + j;p[/t x (r x h)] 
= yoC/? X p) + 2K£bU{^ X z) + 2KqebU{^ x f ) + j:p[r(K • h) - h(K • r)] by ( |A.lD 
= };o(k X p) + 2Kefcj:fc(/t x z) + 2KqebU{^ x f ) + j:p((5ar - rSah) by ( |6.10aD & ( |6.1aD 
= fpSaT - r^pEah + j;o(/$ X p) + 2K£bU{^ X z) + 2KqebU{^ x r) (6.40e) 



3/ = a X a by ( |3.15b| ) 

= (-giar) X {-gaU + Sgagbr) by ( |1.5aD , ( |6.21b| ) 
= -ea(u X I-) = -glh by (ra 



(6.26a) 



3g = a X ii by ( |3.15bD 

= (-fi'ar) X (6glQe6U 



„e,r) by ((TH), ( |6:21b| ) & { ^^M^ 



6£>„£)b(u X r) = 6£i„£<(,h by (1.5c) 



(6.40f) 



(6.40g) 



g,, = a X e by ( |3.15bD 

= (-^ai") X [j:„p - eb(pfz - qebf/r- nsblkir x h)] by ( |l.5a|) , ( |6.21b| ) & ( |6.36a| ) 

= -eajnlr X p) + gaeb(pf{r x z) + K£ia£6yfe[r X (r X h)] 

= -gaU{r X p) + gaeb(pf{r x z) + K£ia£6?fe[(r • h)r - r^h] by (|a11) 

= -eafnlr X p) + eaefc¥'/(r X z) - KgiaebJ-^yfch by ( [l.5cD 

= -6iar«(r X p) + gaSb^iiv X z) - K(y5befcyfch by (|6.1b|) & (|6.21b|) (6.40h) 



a X e by ( |3.15bD 

(-gar) X [foP + 2K£fcyfeZ + 2Kqebyfef + yp(r x h)] by ( |1.5aD , ( |6.21b| ) & ( |6.36b| ) 

-£ia):o(r X p) - 2K£iae6rfc(r X z) - galp[r x (r x h)] 

-giayo(r X p) - 2Kga£f,yfe(r x z) - eiQyp[(r • h)r - r^h] by ( |a1| ) 

(r X p) - 2Kgaeblk{r^ x z) + eia^^yph by ( p^ 
-giayo(i" X p) - 2K£iaebyfe(r X z) + vsfcyph by ( |6.1b| ) & ( |6.21bD 



(6.40i) 
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= a X a by ( |3.15b[ ) 

= {-gall + SgaQbr) x {GgaQbU - QaQir) by ( |6.26| ) 

= -6(?^6ib(u X u) + (?^ft(u X r) + I8glgl{r x u) - 3e^6i6ei,(r x r) 

= (qIqi - 18e^^^^)(u X r) = gligi - I8gl)h by (|L5]) 

= t)jh by ( |6:21h| ) 

gfe = a X e by (|3.15b| ) 



(6.40j) 



= (-gaU + Bgagbr) X [j:„p - efciyj/z - 9e6(^/f - Kebj;fe(r x h)] by ( |6.26a| ) & ( |6.36aD 
= -eiay„(u X p) + gaeb(pf{u X z) + qgaSb(pf{u X f) + K£iaefcyfc[u X (r X h)] 

+ Bpafiibyrjlr X p) - 3gagb£bff{r x z) - 3qgagb£bff{r x r ) - 3Kgagi{,ef,yfe[r x (r x h)] 
= -giaj:„(u X p) + gaeb(pf{u X z) + qgaeb(pf{u x f ) + KgQefcj:fc[(u • h)r - (u • r)h] 

+ 3gagbhi{i^ X P) - 3ea6'beb</5/(r x z) - SngagbebUiii^ ■ h)r - r^h] by ([a11 ) 

= -£'a?n(u X p) + gaeb(pf{u X z) + (g/r)e<jefc¥'/h + KgaSb^ki-r^ gbii) 

+ 3gagbhi{i^ X P) - 3eia6i6£6</J/(r X z) - SKgagbebM-i"^^) by & ( |6.27b| ) 

= -£'a?n(u X p) + glaeh(/7/(u X z) + Ifbgaebf/h - K(^fcgl6£bj:fch 

+ 3gagbh{ii^ X p) - 3giQgi6£6</J/(r x z) + 3K</J6gi6£bj;feh by ( |6.1b| ) & ( |6.21b| ) 

= -£»a?n(u X p) + glQ£h</J/(u X z) + 3glagl6y„(r X p) - igagbEb^fi^ X z) 

+ (pb£b{ga^f + 2KgbU)ti 

= -£'a?n(u X p) + gla£h(/7/(u X z) + 3glQglby„(r X p) 



3eaeb£6<^/(r X z) + t)feh by (3.21h) 



(6.40k) 



a, = a X e by ( |3.15b| ) 

= {-gaU + 3gagbr) x [y^p + 2K£hj:feZ + 2K(7£{,j:fcr + j;p(r x h)] by ( |6.26a| ) & ( |6.36h| ) 
= -ga-^o{u X p) - 2K£ia£{,yfe(u X z) - 2KqgaebU{u X f) - PaJpiu X (r X h)] 

+ SgagbUi'T X p) + 6K£iaei6£byfe(r X z) + &Kqgagb£blk{r x f ) + 3giQ£»fcyp[r x (r x h)] 
= -eiaJolu X p) - 2K£ia£f,yfc(u X z) - 2Kqga£blk{'^ X f) - eiayp[(u • h)r - (u • r)h] 

+ 'igagblo{r X p) + QngagbSbUijc x z) + 3giQe6yp[(r • h)r - r^h] by ( |a1] ) 

= -gayolu X p) - 2K£»a£byfe(u X z) - 2K(g/r)£ia£byfeh - giayp(-r^£)f,h) 



+ igagbloi^ X p) + 6K£ia£'h£byfe(r X z) + 3giaehj:p(-r^h) by ( |l.5c| ) & ( |6.27bD 

= -gafolu X p) - 2K£»a£byfe(u X z) - 2K.^hea£6yfeh + Ifblpgb^ 

+ 3ea6'6yo(r X p) + QngagbSblkir x z) - 3((9h£»hj:ph by ( |6.1b| ) & ( |6.21bD 
= -gajTolu X p) - 2K£)Q£byfe(u X z) + 3£)Q£»hj:o(r X p) + 6Kga£»fc£fcyfc(r x z) 

- 2ipb{Kga£bU + gb^p)h. 
= ~ga-^o{u X p) - 2K£»a£byfe(u X z) + 3gagb^o{r x p) 

+ 6Kgagb£bU{r X z) - t];h by ( |6.21hD 

a„ = e X a by ( ^.15b| ) 



(6.401) 



= [j:„p - SbipfZ - qeb(pfr- KSbUi'^ x h)] x {6gagbU - gagir) by ( |6.36a| ) & ( |6.26bD 

= -6£la£lbyn(u X p) + 6ea6'b£b<P/(u X z) + 6qgagb£b<f f {u X r) + 6K£lae6£6yfe[u X (r X h)] 

+ gagiTn{r X p) - Ebgagiffir X z) - qebgagWfir x f ) - K£{,giae/yfe[r x (r x h)] 
= -6gQgi6y„(u X p) + 6£»a6'b£b</'/(u X z) + 6qgagb£bVf{u x f ) + 6K£<a£»fc£fcyfc[(u • h)r - (u • r)h] 
+ gagihiTc X p) - ebgagi(Pf{r x z) - K£fc£»ae';?/c[(r • h)r - r^h] by dXl] ) 
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= -GgaQbhi'^ X P) + GgaQbSb^Pfiu X z) + 6{q/r)gagb£b'Pfti + &Kgagbeblk{-r'^ Qb^) 
+ gagiln{Y X p) - EbgagWfir X z) - Kebgagifki-r^hl) by ( |l.5cD & ( |6.27b| ) 

= -6ea£'fc?n(u X + 6glaefcefc(p/(u X z) + &ipbgagb£bV f'^ " 6K.^6ete6j:feh 

+ gagilniy X p) - EbgagWfir X z) + KEbipbQiTk^ by ( |6.1b| ) & ( ^.21b| ) 

= -6£'aefc?n(u X p) + (u X z) + gagiTni'C X p) - EbgaQWfijC X z) 

+ eb(pb[6gagbipf + nik{gi - ^gl)]h. 

= -6£»a£'fc?n(u X p) + 6glQ£»6efc(/3/ (u X z) + gagiln{Y X p) 



' ebgagi(Pf{r x z) + i]„ih by ( |6.21hD 



(6.40m) 



Jo = e X e by ( |3l5bD 

= [y„p - eb(/3/z - qebV'/f - Ke{,yfe(r x h)] x [y^p + 2KirfcyfeZ + 2KqebTkr + ^p{r x h)] by ( |6.36| ) 
= 2K£fcyfcy„(p X z) + 2K(7e6yfcy„(p x f ) + ypy„[p x (r x h)] - yo£bV3/(z x p) 

- 2Kqeluipf{z X f) - ^pSb<ff[z x (r x h)] - ^oq£b(Pf{r x p) 

- 2K£likq^f{y X z) - yp(7£6</5/[f x (r x h)] + K£hyfeyo[p x (r x h)] 
+ 2K^elil[z X (r X h)] + 2qK'^elil\^ x (r x h)] 

= £b{2Klkln + ?o</5/)(P X z) + q£b{2Klkln + ?o<^/)(P X ? ) + (fpfn + K£bUlo)[^ X (r X h)] 

+ eb{2K^£bfk - X (r X h)] + q£b{2K^£bfk ~WfW'^ x h)] 



£bt)„(p X z) + g£bt)„(p X r) + t)o[(p ■ h)r - (p • r)h] 

+ £ht)p[(z • h)r - (z • r)h] + qebt)p[{Y ■ h)r - rh] by ( |6.21hD & Q 



£bt)„(p X z) + g£6l]„(p X r) + t)o((5cr - r£ch) + £b^p{-r£dh) 
+ g£fct)p(-rh) by (|L5^ ), ( |6.10a| ) & ( |6l^ ) 

£hr)„(p X z) + g£6l]„(p X f) + tjo^cr - r[£ct)o + £6t]p(£d + g)]h 

£ht)„(p X z) + g£bt)„(p X r) + t)o(5cr - r{£cX)o + £fct)pfih)h by ( |6.10b| ) 



£bt)„(p X z) + (7£bt)„(p X r) + X)o5cr - X)qh by (3.21h) 



(6.40n) 



Art 26g. Development of equation (3.15c). 
From the foregoing derivations, we obtain 



dp = bid a + hdb + Py^c - y^rf + + ^^63/ + P^lJg by 

= ^gSa + ^hSb + P^dc - ^b3d + ^ade + ^,.d f + P^dSg by (|63|) & (|3^) 

= ^g[-Qa{^ X r)] + t)h[-ga{K X u) + 3£»a6'b(^ X r)] + pi)a[QgaBb{l^ X u) - £!„£'/('* X r)] 

- t]b[Kr£a£6j:fch - K£6}:fe(5ar + j:„(k X p) - Eb^fifii^ X z) - q£b(pf{K X r)] 

+ t)a[yp'^ar - ''ypEah + ^o{k. X p) + 2K,£blk{^ X z) + 2Kq£bU{^ X ?)] 

+ l]4-eah] + pt)d[6e2gbh] by (F40|) 

= -t)g£»a('? X r) - t)/i£»a('t X u) + 3ri;iglQefc(K X r) + 6pt)agagb{K X u) - pt]Q ft ('S X r) 

- t)bKr£a£bUt^ + t)bK£b^kSar - t)6j:„(K X p) + X)i,£b(pf{K X z) + t)bq£bipf{K X r) 
+ t)Qyp(Sar - t)anp£ah + t)a?o('« X p) + 2t)aK£bU{fi X z) + 2t]aKg£6y/c (« X f) 
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= -^gQaifi X r) + 3t)hgagb{ti X r) - ptJaQaQlifi X r) + t)bq£b(Pf{K X f) + 2t)aKqebU{ti X r) 
- t)hga{K X u) + 6pt)aea£'b('? X u) - t)fcy„(K X p) + tlajol'? X p) + l]6e6(/3/(/J X z) 
+ 2l]aK£fcyfe(/t X z) + tjbKSbfkSar + t)aTpSar - tjiKreaSb^k^ - I] 

= (-rt)g£»a + 3rt]/iea6'6 - rpt)aQaQl + ^bqSbVf + 2t)aKqebU){ii X r) 

+ {-^hQa + 6pt)agagb)i^ X u) + {-t)bhi + ^aTo){^ X p) + {t)b£bff + 2t)aKebU){^ X z) 
+ (l]6K£fc?/c<5a + t)Qyp(5a)r + {-t)bKreaSbU - 
= {-^a^g + 'SifiaQb^h - P^aQl^a + qSbVf^b + 2KqebU^a){K- X f) 

+ QaiGpQbtJa - ^h)iK X u) + {^o^a - hi^b){fi X p) + eh(</J/l]6 + 2KUt)a){^ X z) 

+ (5a(Ke6y/ct)6 + rpt)a)r + [-rea(Kebrfet)h + ^pt)a) ~ gl{t)i - 6pgbt)d)]h by ( |6.1b[) & (|6.21b|) 

= [(^a(3£'fct)h - - t)g) + qeb{(pft)b + 2Kyfet)a)](K X ?) 

- Palll/i - 6pefct)a)(/? X u) + (yot)Q - y„t)h)(K X p) + eb{fft)b + 2K^kt)a){fi X z) 

+ SaiKEbU^b + ^pt)a)r ~ [rSaiKSbU^b + Jp^a) + gli^i " 6pQbt)d)]h 
= {(Pat)w + qebt)r){^ X r) - glQt)s('« X u) + t]„(/t X p) + ebt)r{^ X z) 

+ (5at}„r - (re^t)^ + £'^t}t)h by ( |6.21h| ) 
= t)x{K xr) ~ Qaljsi^ X u) + t)„(K X p) + Ebtjrii^ X z) + (5atit,r - riyh by ( |6.21hD (6.41a) 



3q = + + - b23k + P3i + p3n + do by ( p5^ 
= -ft^h + t)rfa, + - tie^fe + pa/ + pdn + by ( |632b| ) & 

= -?i[-6'a?n(r X p) + QaEb^fiy X z) - /{(/JhEbyfeh] + 'C)d[~Qalo(Y X p) - 2Kglae6yfe(r X z) + Wph] 
+ p^[t)jh] - tjei-eiaynlu X p) + QaEb^fifiVi X z) + 3ea6'6rn(r X p) - 3^0 filbEb V/ (l" X z) + tjfch] 
+ Ph£'a?o(u X p) - 2KQaebU{'^ X z) + 3£»a£'6yo(r X p) + eKgaPfcehJ/clr X z) - t);h] 
+ p[-6ea£'6j:n(u X p) + 6ga gfeebV?/ (u X z) + eaftyn(r X p) - EbQaQlffir X z) + t)mh] 

+ [eht)„(p X z) + qeb<i)n{p x r) + t)o(5cr - t)gh] by ( |6.40D 
= £iayn?i(r X p) - £>aeb<P/yi(r X z) + Kt/PbEbyfcy^h - £>ayol]d(r x p) - 2KgaebU^d{r x z) + Wp^dh 

+ p^t)jh + eaynt)e(u X p) - Paeb<<3/t)e(u X z) - SQaQbMeir X p) + S^laPbefc'/'/ t)e (r X z) - t)fet)eh 

- peayo(u X p) - 2pKgaebrfc(u X z) + SpgaQbToir X p) + &pKQaQb£bU(Y X z) - pt);h 

- 6p£»a£'byn(u X p) + QpQaQbSbV f [vl X z) + pQaQllni^ X p) - pEbQaQlf f X z) + ptj^h 

+ ebt]„(p X z) + ge6i]„(p x f ) + t)o(5cr - ri,h 

= {Qahih - fafotld - 3glQ£»hy„t)e + SpQaQbU + PQaQlhi){'C X p) - (9/r)ehl]„(r X p) 
+ (-PaEbtiS/yj - 2K£»aeh?fct)d + 3glQefcefc(/?/r)e + QpKQaQb£blk - pEbQaQl'f X z) 

+ {Qahi'^e - PQalo ~ &PQaQbln){vi X p) + {- QaSb'P f'()e ^ 2pKQa£blk + 6pgagb£b'Pf){u X z) 

+ ebt)n{p X z) + K^Sfcetyfey^h + (pbyptjdh + p^t]jh - t)fet)eh - pt];h + pt],„h - t)qh + tjoScV 

= [Qaihh - ?ot)d) - iQaQbiMe " P?o) + PQaQlln " efc</3bt)„](r X p) 

+ QaSbVPfi^Qb^e PQi) + 2Ku{3pgb - t)d)](r x z) 

+ QaiMe - Pfo - 6pgl6y„)(u X p) + QaSbi-^f^e - "^PK-Ik + QpQb^f){vi. X z) 
+ £bt)ri(p X z) + [tpb{K£blkU + ?pt)d) + p(pt)j - t]; + t),„) - t]fct]e - t)q]h 

+ t}o(5cr by delbl ) 

= >ira(r X p) + ;sirb(r x z) + ^fc(u x p) + >ird(u x z) + efct)„(p x z) 
+ >*eh + X)o5cY by (|;2l]) 
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+ 6ia + pa + e by ( ^.15c| ) 
r)aK + X)da + psL + e by ( |6.38a| ) & ( |6.39a| ) 

t)a« + t)d(-e'ar) + p(-6iaU + Sgafiibr) + [hiP " ef)<P/z - qetffr - Kebyfe(r x h)] 



by ( pTSal ), ( |6^ ), ( |6^ ) & ( |636a| ) 

l]a^ - Paflrfr - pQaU+SpgaQbr + hiP - - qSbV ~ KSbUi^ X h) 

t)aK + y„P - eh^fi - PQaU + [~ Qa^d + SpQaQb - {q/r)ebff]r - KEbUi^ X h) 

<C)aK, + j:„p - Eb^PfZ - pQaU - (gat^d - ipQaQb + ipbSb^ f )^ - KEbUi^ ^ h) by (|6.1b| ) 

l]a^ + hiP - £b^fz - pQaU - XfV - KEbUir X h) by (|6.21i[ ) (6.41c) 



dp + dq^ t)j;(/t X f) - eiat)s(K X u) + t)„(K X p) + ebt)r{K, X z) + (^atJjjF - X)y\l 

+ >fa(r X p) + >i:{,(r X z) + Xc{vL x p) + ^fd(u x z) + £6r)„(p x z) 



+ >feh + %5cT by (|6.41aD & ( |6.41b| ) 

= {Sa^v + (5ct)o)r + {}ie - t1y)h + <C}x{k X ? ) + X p) + £6t]r(^ X z) 

+ efcr)„(p X z) + ><a(r X p) + >{b{v x z) - £)ar),s('* X u) - ><c(P X u) - Xd{-i X u 

= XgV + ></jh + t)j.(^ X f) + t)„(K X p) + £bX)r{'K- X z) + ebt)„(p X z) + >*Q(r X p) 
+ Xb{v X z) - £»at)s('« X u) - Xc(p X u) - >^d(z X u) by ( |6.21iD . 



(6.41d) 



Art 26h. Magnitude of the vector 0^. 

We derive 

|3rP = (3r • 3r) = [Oa/? + JnP " £b(Pf2 ~ PQaU - XfT - KEbUi'^ X h)] • + y„p 

- £6V5/z - pgiaU - >f/r - K£bU{'c X h)] by ( |6.41c| ) 

= t)a('^ ■ + 2r„t)a(/? • P) - 2efc</7/t)a(/$ • z) - 2p£»at)a(K ' u) 

- 2Hft)a{^ ■ r) - 2KebU^a[^ ■ (r x h)] + y^(p • p) - 2ebffh{p ■ z) 

- 2p£»a?n(p • u) - 2^^/y„(p • r) - 2Ke{,yfey„[p • (r x h)] + elipj{z ■ z) 

+ 2pgaSb<fif{z ■ u) + 2Kfebff{z ■ r) + 2KeluLpf[z ■ (r x h)] + p'^gl{u ■ u) 
+ 2xfpga{u ■ r) + 2KebUPQa[u ■ (r x h)] + >cj-{r ■ r) + 2KebTkXf[r ■ (r x h)] 
+ K''elicl[{r X h) • (r X h)] 



: t)l + 2y„t]Qeb - 2ebipft)aSb - 2pgat)ago - 2rKfX}aea - 2KebU^a£e + In 

- 2eb'Pfln5d - 2pgahi[h^'^(£i + efPb)] - 2r>Cfin£c - 2Keblkln£f + z^elv) 
+ 2pgaeb(pf{-rgb(pb) + 2rnfebipfSd - 2rKelik'Pf£h + P^olVh 

+ 2r>Cfpga{rgb) + 2KebUPQa{rfib) + r'^xj + ti'^elil[r'^h^ - (r • h)^] 
by ( lelal) , ( |Ob| ), (|6.10a| ), (|6^ ) & ([A^ ) 

: t)^ + 2ln'()a£b - 2eb<fft)aSb - 2pgat)aQo " 2rXfX}aSa " 2KebU^a£e + ?^ 

- 2eb^fln5d - 2gaU{p/h^){£i + i^f^b) - 2^>^/y„ec - 2Keblkln£f + z^sl^) 

- 2prgbipbga£bVf + 2rK}eb^f£d - 2rKelik<Pf£h + p'^qIvI 



2pr'^>Cfgagb + 2Krhbeb^kPga + ?'^>tfj + n'^r'^h^el^l by ( |l.5c) ) 



= by dlllj). 



(6.42) 
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Art 26i. Magnitude of the vector 3p + 3q- 



We derive also 



v-{dp + 3g) 

= r • [Kgr + Xhh + X)x{k xr) + x p) + ebt)r{K x z) + ebt)n{p x z) + ><a(r x p) 

+ >fb(r X z) - £»at]s('« X u) - >^c(p x u) - Xd(z x u)] by ( |6.41d| ) 
= >!rg(r • r) + Xh{r ■ h) + t)x[r ■ {k x f)] + t)u[r ■ {k x p)] + ebi)r[ic ■ x z)] + eht)„[r • (p x z) 

+ >fa[r • (r x p)] + >Cb[r ■ (r x z)] - £»at]s[i" • (« x u)] - • (p x u)] - Xd[r ■ (z x u)] 
= Xgr'^ + t]„^a + rebt)rSf + £6t]„^h - ga^s[i^ ■ (u X r)] - >Cc[p ■ (u x r)] - Kd[z ■ (u x r)] 



by ( [TScj ), ( |6:21aD , ( [SlOaD & ( |A^ 

x^g?-^ + t]«'^a + rebt)rSf + £6t]„^6 - gat)s{^ ' h) - ><c(p ' h) - Xd{z ■ h) by ( |1.5cD 



+ t)„<;a + TEbTlrSf + EbTju^ - QaVs^a - Xc^c by ( |6.10a| ) 



by ( |6.21jD 



(6.43a) 



= h • [xgV + Khh + t)x{K X f) + t)„(K X p) + ebt]r(K X z) + e(,t]„(p x z) + Xa(r x p) 
+ >ff,(r X z) - giQt)s(« X u) - Kc{p X u) - >f<i(z X u)] by ( |6.41d| ) 



>tfg(h • r) + }€h{h ■ h) + t)x[h ■ (k X f)] + t)„[h • (k x p)] + e6t)r[h • (« x z)] + £bt]„[h • (p x z)] 
+ Ka[h- {r X p)] + >tff,[h • (r X z)] - gat)s[h ■ (k x u)] - >Cc[h ■ (p x u)] - >Cd[h ■ (z x u)] 

h'^Xh + illx/r)ee - r)uSe + EbtJrSg + £b^n£i " f + TXbSh - Qa'(}s[k ' (u X h)] 



Hc[p ■ (u X h)] - Xd[z. ■ (u X h)] by (6.1a), (6.10a) & (A.4) 



= h^Xh + [^x/r)ee - ^u5e + EbOrEg + Sb'^nSi " >Ca£ f + rXbSh - flatus [« ' (^Z - 9?)] 



>rc[p • (-Z - gr)] - x:d[z • (-Z - qr)] by (|l.5c|) 



: h^Xh + {t)x/r)ee - X)uSe + £b^r£g + ebt]„£i - XaE f + rXbSh - £'at]s[-('? ' z) - (?(/?•?)] 

- >Cc[-{p ■ z) - (7(p • r)] - >^d[-(z • z) - q{z-Y)] 

-- h^Xh + ee{r)x/r) - X)u5e + ebflrEg + Sb^nSi " ^aE f + rXbEh - QatJaiSb - QEa) 

- Xc{-Sd - qsc) - Xd{-z^ - qsd) by ( |6.1aD & ( |6.10aD 

: /l^>f;i + ee(t)x/r) - r)u5e + ebOrEg + ebt]„£i - + ?'><be/i + Qa'C)sK + xjl^ + Xd\)z 

by ( |6.10b| ) & ( |6.21hD 



x^ by ( |6.21jD 



(6.43b) 



(k X r) • (gp + gg) 

= (k X r) • [>fgr + Xh\v + t)a;(/? x r) + !)„(« x p) + ebt)r(« x z) + ebt)n(p x z) + Xa{r x p) 



+ Xb{r X z) - £<alls(« X u) - >tfc(p X u) - ><d(z X u)] by ( |6.41dD 
= Xg\r-{KX r)] + >^,J[h • (k x f)] + t)a;[(K x f) • (/? x r)] + !]„[(/? x f) • (/« x p) 
+ ebt]r[('? X r) • (k X z)] +£btj„[(K X r) • (p X z)] + ><a[(K xf) • (r X p)] 
+ >fb[(/? X r) • (r X z)] - QaX)s{^ X r) • (/« X u)] - >^c[(K x r) • (p x u)] 
- Xd{{K X r) • (z X u)] 



Classical Aberration And Obliquation 



Page 168 



March 2001 



OAS-2001-03A 



: {}ihlr)£e + t)a;[l - • r)^] + l]„[(f • p) - (k • p)(r • ^)] + ebt)r[(f • z) - (/? • z)(f • k)] 
+ e6t)„[(/« • p)(f • z) - (k • z)(r • p)] + Xa[{K, ■ r)(f • p) - (k • p)(r • r)] 
+ M:b[{K ■ r)(r • z) - (/$ • z)(r • r)] - gat)s[{r ■ u) - (k • u)(r • k)] 

- >Cc[{k ■ p)(r • u) - {k ■ u)(r • p)] - >fd[(K • z)(r • u) - (/? • u)(r • z)] 
by dli) & Q 

- ixh/r)ee + el) + t)„(ec - £b£a) + Sb^ri^d - Sb£a) + £b1)n{£b£d ~ ^bSc) 

+ XairSaSc - ret) + >ct{reaed - rSt) - gat)s{rgb - Qo^a) - xdrSbQb - Qo^c) 

- Kd{r5bQb - QoSd) by ( FToj ) & @) 

: XI by d^TJ) (6.43c) 



X p) • (3p + 

(k X p) • [XgY + >f:,ih + X r) + t)„(/« X p) + £6r)r(/« X z) + e6t)„(p X z) + >ira(r X p) 



Xb(r X z) - £»at)s(K X u) - >^c(p X u) - ><d(z X u)] by (6.41d) 



= Xg[v-{KX p)] + >«r/j[h • (k X p)] + X p) • (k X f)] + t)„[(/? x p) • (/« x p)] 

+ eht)r[('5 X p) • (k X Z)] + e6t)n[('« X p) • (p X z)] + Xa[{K X p) • (r X p)] 
+ Kb[{K X p) • (r X z)] - QaX)s[{^ X p) • (k X u)] - Xc[{k X p) • (p X u)] 
- >fd[(K X p) • (z X U)] 

- ^g^a - XhSe + t]a;[(p '?) - (k • r)(p • k)] + t)„[l - (k • p)^] 

+ ebt)r[{p • z) - (k • z)(p • k)] + £6t]„[(/$ • p)(p • z) - (/t • z)] + Ka[{K • r) - (/? • p)(p • r)] 

+ Xb[{K ■ r)(p • z) - (/$ • z)(p • r)] - gat)s[{p • u) - (/? • u)(p • /?)] - ^^cll^t • p)(p • u) - (/? • u)] 

- >fd[(?S • z)(p ■u)-{k- u)(p • z)] by ( pl^ , ( |6l0^ & 

^ >*S^a - ><h<5e + t)x{Sc - £a£b) + l]u(l " Efc) + ebt)r(<5d - SbSb) + £bt)n{£bSd " (^b) + XairSa - r£b£c) 
+ KbirSaSd - rSbSc) - Qa^sUP ■ U) - QoEb] - ^c[£b{P ' u) - Qo] - Xd[Sb{P ' u) - QoSd] 



by (6.1a), (6.10a) & (5.27) 



= ^g<;a - XhSe + ^x{£c " £0^6) + t)„(l - 6^) + £b^r{Sd - Sb£b) + £b^7i{£bSd ^ Sb) 
+ XairSa ~ rSbSc) + XbirSaSd - rSbSc) - Qa^siP ■ u) + gat)sgo£b 

- XcEbip ■ u) + XcQo - Xd^biP ■ u) + KdQoSd 

= >fg'ia - XhSe + ^x{£c - £a£b) + r)«(l - Efc) + £b^r{Sd - SbSb) + £b^n{£bSd ~ Sb) 
+ rXa{£a - £b£c) + rXbiSa^d ~ 6b£c) + Qa'^sQoSb + XcQo + >idQo5d 

- {QaX)s + ^c£b + >f<i<5h)(p • U) 

= }<g^a - >Ch5e + t)i^(ec " £a£b) + f)u(l - £&) + £hf)r('^d - ^fjEfe) + eb^C^niSbSd - Sb) 
+ r>Ca[ea - SbSc) + rXb{eaSd - SbSc) + ga^sQoeb + XcQo + XdQoSd 

- h^'^{ga^)s + XcEb + >CdSb){£i + £f^b) by ( |6.27cD 
= by ( |6.21kD 



(6.43d) 



(k X Z) • (gp + dq) 

= {kX z) ■ [>CgV + Xhh + X f) + r)„(K X p) +ebt)r{K X z) + ebi)n{p X z) + M:a{r X p) 

+ >Cb{r X z) - £»at]s('« X u) - >fc(p X u) - ^^d(z x u)] by (|6.41(j ) 
= Xg[r • (/« X z)] + >ir/i[h • (k x z)] + ij^Kk. x z) ■ (k x r)] + t]„[(K x z) • (k x p)] 
+ £60r [(k X z) • (k X z)] + £bt)„ [(k X z) • (p X z)] + >^Q [(/? X z) • (r X p)] 

+ ><6[(k X z) • (r X z)] - £'at)s[('^ X z) • (/« X u)] - Xc[(/« X z) • (p X u)] 
- ^frf[(K X z) • (z X u)] 
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: rXgSf + XhSg + t)a;[(z • r) - (k • r)(z • k)] + t]„[(z • jj) - (k • p)(z • k)] 



SbX\r\z 



{k ■ zf] + • p)z^ - • z)(z • p)] + Xa[{K • r)(z • p) - (k • p)(z • r)] 



+ Xb[{K ■ r)z^ - {k ■ z)(z • r)] - gat)s[{z ■ u) - {k ■ u)(z • /«)] - Xc[{k ■ p)(z • u) - (k • u)(z • p)] 
- • z)(z • u) - (k • u)z2] by (|Io|) & ( |aI2| ) 



= rKgSf + KhEg + <c}x{£d - £aSb) + t)uiSd - £bSb) + £bt)r(z^ - si) + ebtJniSbZ^ - SbSd) 

+ Kairsadd - rsbed) + Xb{reaZ^ - rSbSd) - Qa^si-rgbipb - QoSb) ~ >Cc[eb[-r Qb^fb) - QoSd] 
- Kd[5b{-rgbVb) - Qoz"] by (Q, ( |6lo^ ) & 

= TKgSf + ^f,,eg + X)x{£d - £aSb) + t)uiSd - £bSb) + Bb^riz^ - ^l) + ebt)n{£bZ^ ~ SbSd) 

+ rXaiSaSd - £b£d) + rXb{£az'^ - SbEd) + Qa'^s{rQb(fb + Qo5b) + >Cc{r£bQb^Pb + Qo5d) (6.43e) 
+ Xd{rgb^bSb + Qoz"^) = Xn by (|^ 



(P X Z) • {3p + 3q) 

= (p X z) • [>Cgr + Xhh + t)j,(K X f) + t)„(K X p) + Eb^ri'ii x z) + £6tl„(p X z) + Xa{v X p) 



Xb{v X z) - Qa'c]s{K, X u) - ><c(p X u) - >?d(z X u)] by (6.41d) 



: Xg[v ■ (p X z)] + Xh[h ■ (p X z)] + t)x[{p xz) ■ {kx f)] + t)„[(p X z) • X p)] 
+ £bt)r[(p X z) • (k X z)] + efct)„[(p X z) • (p X z)] + Xalip X z) • (r X p)] 
+ >fb[(p X Z) • (r X z)] - £»aOs[(P X z) • (k X u)] - Xc[(p X z) • (p X u)] 
- Xd[{p X z) • (z X u)] 



= Xg(;b + Xh£i + t]3;[(p • /«)(z • r) - (p • r)(z • k)] + i]„[(p • /t)(z • p) - (z • k)] 
+ £bt)r[(p ■ - (P • z)(z • k)] + efct)„[z2 - (p • zf] + >fa[(p • r) (z • p) - (z • r)] 
+ Xb[{p ■ v)z^ - (p • z)(z • r)] - PaOJlP • 'S)(z ■")-(?■ u)(z ■ 

- x,[(z • u) - (p • u)(z • p)] - Xd[(p ■ z)(z • u) - (p • u)z2] by ( pl^ ), & Q 

: >frg(;fc + XhEi + X}x{£b£d - £cSb) + ^uisbSd - Sb) 
+ ebt)r{£bz'^ - SdSb) + £b^n{z'^ - Sj) + HairScSd " red) 

+ XbirScZ^ - rSdSd) ~ ga^s[£bi-rgbipb) ~ (p ■ u)Sb] - >Cc[{-r Qbipb) - (p ■ u)(5d] 



MSd{-rgb^b) - (P • u)z2] by ^I^), (|6.10a| ) & 



: >fg^6 + XhSi + X}x{£b£d - £c5b) + "^uiebSd - 5b) + ebt)ri£bz'^ - SdSb) + £6t)„(z^ - S"^) 

+ rKaiScSd - £d) + rKbiScz'^ - Sd£d) + Qa^s£b{rQb(pb) + Qa'^sSbiP ' u) + XcTQb^b 

+ KcSd{p ■ u) + XdSd{rgb^b) + XdZ^{p ■ u) 

: Kg(;b + >ih£i + l]a;(£b£d - Sc&b) + r)«(£6'5d - 8b) + £bt)r(£6Z^ - (^df^fc) + eb^-a{z^ - (^d) 
+ r>Ca{ecid - £d) + r>fb(ecZ^ - ^dSd) + rX)sebQaQbVb + r^CcQb^fb + rxdddQb^b 

+ (Qa^sSb + XcSd + Xdz'^){p ■ U) 

: Kg% + >ih£i + l]a;(£6£d - £c5b) + r)«(£6'5<i - (^b) + £6tlr(£62:^ - 5d5b) + £6l)„(2:^ - df) 
+ rxa(£c(^d - £rf) + rxb{ecZ^ - 6d£d) + r<C}s£bQaQbVb + rXcQb^Pb + rxdSdQb^b 
+ h^'^{QaX)s5b + XcSd + >Cdz'^){ei + Efipb) by (|6.27c) ) 

: >to by (|6.21k| ) (6.43f) 
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(r X p) . {3p + dg) 

= (r X p) • [xgV + >thh + t)^{K X r) + t]„(/« x p) + ebi)r{K x z) + ebt)n{p x z) + >Ca{r x p) 



Xh(r X z) - Qa'iJsiK X u) - }tc{p X u) - Xd{z X u)] by (6.41d) 



: Xg[r • (r X p)] + }i:h[h ■ (r x p)] + t}.^[{r x p) ■ {k x r)] + t)„[(r x p) • x p)] 
+ ebt)r[{r X p) • (/t X z)] + ebt)n[{r x p) • (p x z)] + Ka[ir x p) • (r x p)] 
+ M:b[ir X p) • (r X z)] - gat)s[{r x p) • (/? x u)] - j^dir x p) • (p x u)] 
- Xdlir X p) • (z X u)] 



-XhEf + t]^[(r • ^)(p • r) - (r • r)(p • k)] + t)„[(r • k) - (r • p)(p • k)] 

' £6t)r[(r • /?)(p • z) - (r • z)(p • k)] + £6t]„[(r • p)(p • z) - (r • z)] + j^alr"^ - (r • p)^] 

- }ib[r'^{p • z) - (r • z)(p • r)] - gat).s[{r ■ k)(p • u) - (r • u)(p • k)] 

- K.iir ■ p)(p • u) - (r • u)] - Mir ■ z)(p • u) - (r • u)(p • z)] by Q & Q 

+ t^j^lr-Eaec - rsb) + t]„(rea - recSb) + ebt)rireaSd - rSdSb) + £b^n{recSd - red) 

- Xa{r'^ - r'^el) + Xb{r'^6d - r'^SdSc) - Qa'C)s[rea{p ■ u) - r{rgb)eb\ ~ >Cc[rec{p ■ u) - r{rgb)] 



- Mrsdip ■ u) - r{rgb)6d] by & ( p7| ) 

: -KhEf + rt)x{ea£c - £b) + rX}u{ea ~ £c£b) + rSb^rieaSd - £d£b) + rebr)ni£cSd - £d) 
+ J-^^all - Ec) + r'^^bi.Sd - £d£c) - ga'()srea{p ' u) + r^Ef,!] >, Pa " ><cr£c{p ' u) + r'^ i<cgb 

- XdrSdip ■ u) + r^XdSdgb 



■ ->Ch£f + rt)j;(eaec - £&) + rX)u[£a - £c£b) + reb'()r{£a5d - £d£b) + rEb^niEc^d ~ £d) 

+ r^Xail - el) + r'^XbiSd - £d£c) + r^Sb^sgagb + r^><cgb + r'^Xd^d.gb 
- r{ga'C}sea + >Ccec + >Cded){p ■ u) 

: -></i£/ + rt)x[£aec - £b) + rt)u[£a - £c£b) + rebt)r{£a5d - £d£b) + TEb^niEc^d - £d) 
+ r'^Xai'^ ~ el) + r'^>Cb{6d - Ed^c) + r'^^b^sgagb + r'^Xcgb + r'^^d^dgb 



- {r/hi^){gat)sea + XcSc + Xded){ei + ef(pb) by ( |6.27cj ) 

= >cp by ( pni ) 



(6.43g) 



(r X z) • {3p + 3q) 

= (r X z) • [xgr + >ihh + t)a:{K X r) + r)„(/$ x p) + e6t)r(/$ x z) + ebr)„(p x z) + >fr<j(r x p) 

+ Xb{r X z) - ga^jsin x u) - >fc(p x u) - ^<<j(z x u)] by (|6.41(j ) 
= Xg[r • (r X z)] + }ih[h ■ (r x z)] + tj^Kr x z) ■ {k x r)] + t),J(r x z) • (k x p)] 

+ ebt)r[ir xz) ■ {kx z)] + £6ri„[(r x z) • (p x z)] + Ka[ir x z) • (r x p)] 

+ >Cb[{r X z) • (r X z)] - gatJsUr x z) ■ {k x u)] - }€c[{r x z) • (p x u)] 

- >td[ir X z) • (z X u)] 
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: rKhEh + t)j;[(r • k)(z • r) - (r • r)(z • k)] + ti,J(r • /$)(z • p) - (r • p)(z • k)] 
+ ebX}r[{v ■ k)z^ - (r • z)(z • k)] + £6ti„[(r • p)z^ - (r • z)(z • p)] + }<a[r'^{'i • p) - (r • p)(z • r)] 
+ >{b[r'^z'^ - (r • ■zf] - Qa'C)s[{r^ ■ k)(z • u) - (r • u)(z • k)] - Xc[{v ■ p)(z • u) - (r • u)(z • p)] 

- >id[{v ■ z)(z • u) - (r • u)z2] by & (^) 

: r^f,,e/i + X)x{reaed - rSb) + t)„(r£a<5d - rScSb) + ebt)r{r£aZ^ - rSdSb) + ebt)n{r£cZ^ - rSdSd) 
+ Xa{r^Sd - r^£c£d) + Xb{r^ - r^s}) ~ ga^s[rea{~rgbipb) - r{rgb)Sb] 

- Hc[reci~rQbipb) - r{rgb)Sd] - >Cd[red{-rQbLpb) - r{rQb)z^] by (|6.1a|) , (|6.10a|) & ( |6.27|) 
: r^f,,e/i + rt)j;(ea£d - <5b) + rt)„(ea<5d - Sch) + rebt)r{eaz'^ - SdSb) + r£fct)„(ecZ^ - SdSd) 

+ r'^Ka{5d - EcEd) + r^>f:b(z^ - el) + Qa^sgbiSaVb + Sb) + r^XcQbiecVb + Sd) 
+ r'^XdQbiediPb + z^) 

■ Kq by ( |63li| ) (6.43h) 



(k X U) • {3p+3q) 

= X u) • [>fgr + >i:,ih + r)j;(/t X f) + t)„(K X p) + efcrirC^ x z) + efct)„(p x z) + >!ra(r x p) 



Xb(r X z) - Qa'Cjsi'ii X u) - >frc(p X u) - >fd(z X u)] by (6.41d) 



— >Cg[v ■ {k, 'K u)] + ■ X u)] + t]2;[(K X u) • (k X r)] + t]u[(^ X u) • (k X p) 

+ e6t),.[(K X u) • (k X z)] + e6t)„[(K x u) • (p x z)] + i^aliU X u) • (r X p)] 
+ }<b[{^ X u) • (r X z)] - eiQt)s[(K X u) • (k X u)] - m:c[{k, x u) • (p x u)] 

- >f<i[(K X u) • (z X u)] 



: >Cg[K ■ (u X r)] + >{h[K ■ (u X h)] + r)j;[(u -f) - (/$ •f)(u • /$)] + r)„[(u • p) - (k • p)(u • k)] 
+ £bt)r[(u • z) - (/? • z)(u • /?)] + £(,!)„[(/? • p)(u • z) - (k • z)(u • p)] 

+ >Ca[{'k ■ r)(u • p) - (/t • p)(u • r)] + >Cb[{K ■ r)(u • z) - (k • z)(u • r)] - gat)s[u'^ - (/$ • u)^] 



xcii^ ■ p)u' - (k • u)(u • p)] - • z)u' - • u)(u • z)] by (U^) & (A.4) 



= ><g(/$ • h) + >fft[/$ • (-Z - gr)] + t)a;(r'gif, - EaQo) + t]«[(u • p) - ebQo] 
+ Eb^ri-rgbifib - SbQo) + eb^n[£b{~rgbipb) - Sb{ii ■ p)] 
+ >Ca[rSa{n ■ p) - reb{rgb)] + Xb[r£a{-rgbipb) - rSb{rgb)] - ga^sivl - ol) 



Xc[£b^h - £'o(u • p)] - Xd[5b^h - Qo{-rgb(pb)\ by (1.5c), (6.27) & (6.3b) 



= Xg5a - Xh{6b + qSa) + 'Ijxirgb - £aQo) + t)„(u • p) - t)„efc£»o " £b^r{rgbVb + SbQo) 
- ebtJnrSbgbfb - £bt)nSbiu ■ p) + XaTEaiu ' p) - XaEbgb " r^XbgbiSafb + 5b) 



~ gatjsifh - Qo) - ^cebfh + ^c6'o(u • p) - Xdih^^ + rgogbfb) by ( |6.1a| ) & ( |6.10a| ) 

: >f:g(5Q - X,,((5h + qSa) + ^xirgb - Eago) - ^uSbQa - Sb^rirgbVb + 5bQo) 

- Eb^nrebgbV^b - r'^XaSbQb ~ r^Xbgbisa^b + Sb) - ga^si^fil - gl) - XcSb^fl 

- Xd{Sb(pl + rgogbfb) + tl«(u • p) - ebt)nSb{u ■ p) + XaVSaiu ■ p) + >^c6'o(u • p) 
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^aQo 

biJnrSbgb^Pb - r-XaebQb 



^uSbQo - eb^r{rQb^Pb + 5bQo) 



^" " " r'^XbQbiea^b + Sb) - Qatjsi^pl - qI) 



^'cSbfl 



- >Cd{Sbipl + rgogbifb) + (r)« - Sb'ijnSb + XarSa + XcQo){vi ■ p) by ( |6.10bD 

Hg5a ~ Xlfia + '()x(TQb - EaQo) - '^u^bQa ~ ebX)r{r Qb^b + ^bQo) 

- e\x)nrQbVb ~ r^XaSbeb - r^XbQbiSaVb + Sb) - Qa^si^pl - gl) - XcSb^l 

- XdiSbfh + rgoQbfb) + h^^i^iL - Sb^nSb + Xarea + ^cQo){£i + £f^b) by (|6.27c| ) 

Hr by (|6.21]|) (6.43i) 



(p X u) • {dp + d,) 

= (p X u) • [xgV + Xhh + X r) + t)u{K xp) + ebt)r{K x z) + ebt)n{p x z) + Xa{r x p) 
+ >ffc(r X z) - Qa^Jsi^- X u) - Kcip X u) - >fd(z X u)] by ( |6.41d| ) 

= Xg[r • (p x u)] + >Ch[h ■ (p X u)] + t)x[{p X u) • X r)] + t)„[(p x u) • (k x p)] 
+ ebt)r[{p X U) • (/$ X Z)] + £bt)n[(P X u) • (p X z)] + >fa[(p X u) • (r X p)] 
+ >^6[(p X U) • (r X z)] - £»al]s[(P X u) • (/t X u)] - >fc[(p X u) • (p X u)] 

- >fd[(p X u) • (z X u)] 



>irg[p • (u X r)] + Kh[p ■ (u X h)] + t)a;[(p ■ k)(u • r) - (p • r)(u • it)] + t]„[(p • k){u • p) - (u • k)] 
+ e6ri,.[(p • k)(u • z) - (p • z)(u • k)] + efct)„[(u • z) - (p • z)(u • p)] + Ka[{p ■ r)(u • p) - (u • r)] 
+ Hb[{p • r)(u • z) - (p • z)(u • r)] - gat)s[{p ■ k,)v? - (p • u)(u • k)] - Hc[u'^ - (p • u)^] 



- MiP ■ - (P • u)(u • z)] by (A.4) & (M) 



= >Cg{p ■ h) + Kh[p ■ (-Z - qr)] + t)x[eb{rgb) - ScQo] + ^u[eb{u ■ p) - go] 

+ ebX)r[eb{-rgb(pb) - Sago] + ebX)n[{~rgb(pb) ~ Sd{u ■ p)] + Xa[r£c(u • p) - r{rgb)] 
+ Kb[rec{~rgbipb) ~ rSdirgb)] - gatjaieb^pl - (p • n)go] - xdy^l - (p • u)^] 
- MSdifl - (P • xx){-rgb^>b)\ by d^H) & ( |6ltol ) 

= Hg6c + ycfX-Sd - qsc) + '^x{rebgb ~ £cgo) + t]«£6(u • p) - t)„£)o 



EbXjrirebgb^b + Sdgo) - Sbijnrgb^b - Sbt)nSd{u ■ p) + rxasdu ■ p) - r'^Xagb 

r'^Xbgbiecfb + Sd) - gatJaSb^fil + goga^siP ■ U) - >ic(pi + >ic{P ■ u)^ 



>CdSdtPh - rycdgb^biP ■ u) by (6.10a) 



>{g5c - >th{5d + qSc) + ^x{r£bgb - Scgo) 



t)„go - ebi)r{rebgb'Pb + Sdgo) - ebt)nrgb(pb 
- r^Xagb - r'^Kbgbiec^b + 5d) - ga^Js^b^pl - ^Ccvl - ^'dSdfl + t]„£fc(u • p) - ebt)nSd{u ■ p) 
+ rpCaSciu ■ p) + goga^siP ■ u) + Xc{p ■ ~ rxdgbfbiP ■ u) 
= XgSc - xh{5d + q£c) + ^x{rebgb - Scgo) - ^ugo 



- Sbt)rirebgbVb + Sdgo) 

- ebt)nrgb(pb - r^Xagb - r^XbgbiscVb + Sd) - ga^sSb^pl - Xc^fil - XdSd'fil 

X}s - r>idgbfb){p ■ u) 
= >Cg5c - >Chfic + r)x{rebgb - £cgo) ~ ^ugo ~ eb^rirebgbVt + Sdgo) ~ rsb^ngb^b 

- r^gb[Xa + >ib{£cVb + Sd)] - ipl{ga^s£b + }<c + ^dSd) + h^^XciSi + Sffib)"^ 

+ h~^{t)ueb - ebi)nSd + rXaSc + goga^s - rxdgb^Pb){£i + £/<y5b) by (|6.27c| ) & ( |6.10b| ) 
= >Ca by ( |6.21m[ ) 



(6.43j) 
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(Z X U) • {dp + 3q) 

= (z X U) • [>Cgr + Xhh + t]j,(K X r) + t)„(K x p) + ebt)r{K x z) + £6t)„(p x z) + >ta{r X p) 



M:b(r X z) - eiat)s(« X u) - Xcip X u) - x<j(z X u)] by (6.41d) 



- Xglr ■ (z X u)] + }ih[h ■ (z X u)] + r)a;[(z x u) • (k x f)] + t]„[(z x u) • (k x p)] 
+ ebt)r[(z X u) • (k x z)] + efcr)„[(z x u) • (p x z)] + }<a[{z x u) • (r x p)] 
+ >Cb[{z X u) • (r X z)] - gat)s[iz x u) ■ {k x u)] - >fc[(z x u) • (p x u)] 
- Kd[{z X u) • (z X u)] 



: Kgiz ■ (u X r)] + Xh[z ■ (u X h)] + t).^[iz ■ k){u-r) - (z • r)(u • /?)] 
+ t)u[{z ■ k){u • p) - (z • p)(u • k)] + Eb^riiz ■k){u-z)- z^(u • k)] 
+ £hO„[(z • p)(u • z) - z^(u • p)] + Xa[{z ■ r)(u • p) - (z • p)(u • r)] 

+ >Cb[{z ■ r)(u • z) - z'^{u ■ r)] - gat)s[{z ■ k,)u^ - (z • u)(u • k)] - >Cc[{z ■ p)u'^ - (z • u)(u • p)] 



~Kd[z'u'-{z-uy] by (|Aj) & 
Xg{z-h) + Xh[z ■ (-Z - qv)] + '()x[5b{rgb) - edQo] + ri„[5h(u • p) - SdQo] 
+ eb'()r[5b{-rQb^b) - z^Qo] + Sb'^nlSdi-rQb^b) - z^(u • p)] + Xa[red{u. ■ p) - r6d[rQb)\ 
+ Xb[red{-rQbLpb) - rz^{rQb)] - Qa'C}s[Sb<p'h - {-rgbipb)go] - Xc[Sdipl - {~rgbipb)iu ■ p)] 
- Xd[z''ipl - i-rgbipbf] by (|L5]), ( |6loi| ), ( p7| ) & Q) 



- >ih{-z^ - q£d) + '^x{r5bgb - edQo) + t)u<56(u • p) - t)u5dgo 

- Eb^rirSbgb^b + z^go) ~ reb^nSdgb^b - 2^efct]„(u • p) + rxaed{-a. ■ p) - r'^XaSdgb 

- r'^Xbgbisd^Ph + z^) - Qa\)s(5bv'h + rgbipbgo) - Xc5d^\ ~ rxcgb^Pbiu ■ p) 

- Xdiz^ifil - r^glifil) by (Q, §J^) & (|Toi) 

: ->ir/i(2;^ + qsd) + t)xirSbgb - Sdgo) - ^u6dgo - ebt)r{r5bgbipb + go) - r£bX}n5dgb^b 

- r^Xbgbisd^Pb + z^) - ga^s{5bVh + rgbtpbgo) - XcSdV^l ~ Xd{z^(pl - r'^gl^l) 
+ t)„5f,(u • p) - z^ef,t)„(u • p) + rxaSdivL ■ p) - r>fc£'6¥'6(u • p) 



r XaSdgb 



= ->th'C)z + '()x{r5bgb - £dQo) - ^u&dQo - Sb'lJrirSbgbipb + z^ go) - reb'C)n5dgb^b - r'^^taSdgb 
~ r^Xbgb{£d^b + z^) - gaX)s{h^\ + rgbipbgo) - XcSd^fl ~ Xd{z^v'h - f'^ QbVl) 



+ (t)n<56 - z^Eb^n + rXaSd ~ rXcgb^b){'Vi ■ p) by ( |6.21h[ ) 
= ->*/it]z + '()x{r5bgb - Sdgo) - '(JuSdgo - eb'iJrirSbgbipb + z^go) - reb^n&dgb^b - r'^XaSdgb 

- r^Xbgb{ed(pb + z^) - ga'C)s{5b'pi + rgb(pbgo) - XcSd^fil - Xd{z'^(pl - r"^ gl^pl) 

+ h^'^{<C}u5b - z^Ebtjn + rXaSd - rxcgbfb){£i + £ffb) by ( |6.27c| ) 
= xt by ( |6.21mD (6.43k) 
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= {3p + 3q) ■ [XgTC + J^hh+)^x{K X f ) + t)u{K X p) + £ht),.(^ X z) + Eb^niP X z) 



Xa{r X p) + Xb{r X z) - Qa^Jsi^ X u) - >tc{p X u) - >irrf(z X u)] by (6.41d) 



= >fg[(3p + 3g)-r] + Xh[{3p + g,) • h] + X}^[{3p + a,) • (/$ X r)] + t]„[(gp + 3,) • x p)] 

+ eb^r[{3p + 3q) ■ {k. X z)] + ebr)n[[3p + 3,) • (P X Z)] + >Ca[{3p + 3 q) ' (r X p)] 
+ M{3p + 3q) ■ (r X Z)] - Qat^siidp + ^g) • (/? X U)] - X^[{3p + 3 q) ' (p X U)] 

-M{3p + 3q) ■ (z X u)] 



~ Hd^ct by ( |6.43|) 

|ap + a,H><« by ( |6.21n|) . 



(6.44) 



Art 26j. Development of equation (3.15d) 
To evaluate the quantities defined by eqnrefkpath2d, we first derive 



z X u — h ^[z X (z X h + X h)] by ( 1.5c ) 
= /i^^[z X (z X h) + (/z X (r X h)] 



= /i"^[z(z • h) - z^h + qr{z ■ h) - gh(z • f )] by ( |A.l| ) 
= h^^i-z^h - qedh) by (p^ & (|6lal) 



-/i-'(z2 + q£a)h = -/i^'tj.h by ( |6.21h|) 



(6.45a) 



^ • (^p + 3g) 



/« • \>c„r 



>!r/ih + r)j;(^ X r) + r)„(/« X p) + Eb^jri^- x z) + efct)„(p x z) + }ta{r x p) 



(r X z) - Qa^si^ X u) - >fc(p X u) - ><d(z X u)] by ( |6.41d| ) 



>Cg{K ■ r) + KhiK ■ h) + t)x[K ■ {k X f)] + t)u[K • (k X p)] + £6rir[K ' (/« X z)] + eht)„[K • (p X z)] 
+ >Ca[K ■ (r X p)] + Xb[K ■ (r X z)] - Qa^si^ ' (z? X u)] - >Cc[k ■ (p X u)] - >Cd[K ■ (z X u)] 
r>igSa + XhSa + e6t)„Q - }<a<;a ~ r KbS f - h^"^ ■ {5cZ + q5cV - fi'ch)] 

- h~^>(d[K ■ (-t)^h)] by delal ), ( |6.10a| ), ( |6.21a| ), (|6.11dD & ( |6.45a| ) 

rXTgEa + ^^hf^a + £b^n^c - ^a^a - TXbSf - /l^^^fr^ [^c ('S ' z) + g(5c(K • f ) - fic('« ' h)] 
+ h~^Hdt)z{fi ■ h) 

r^igSa + >Ch6a + £b^n<ic - ^a^a - T KbS f - h^'^ M:c{6cSb + qScSa - f^cSa) 

+ h-^xd^,5a by ( |6lO^ ) & deli] ) 

r>fgea + ^^hf^a + EbtlnQ - ^^a^a - T Xb5 f ~ h'''^ Xc[Sc{Sb + q£a) ^ fic^a] + Xdt)zSa 

rXgEa + >ih5a + Efet^nQ - ^a^a - r XbS f - {^c / h^){5cfla " hcSa) + {xd/ h^)'()z5a by ( |6.10bD 

by ( ^.21n| ) (6.46a) 



Classical Aberration And Obliquation 



Page 175 



March 2001 



OAS-2001-03A 



P-{3p + 3g) 

= p • [KgV + >Chh + t)x{K X r) + t)u{K X p) + ebi)r{K x z) + ebt]„(p x z) + Ka{r x p) 

+ >fb(r X z) - gat)s{K X u) - >Cc{p x u) - Xd{z X u)] by ( |6.41d| ) 
= Kg{p ■ r) + Xhip ■ h) + t)j;[p • {k X f)] + t)„[p • (k X p)] + ebt)r[p ■ x z)] +£(,t]„[p • (p x z)] 

+ >fQ[p • (r X p)] + Kt[p ■ (r X z)] - £laOs[P ■ (« X ")] - Xc[p ■ (p X u)] - Xdip ■ (z X u)] 
= rXgEc + >Ch6c - ir)x/r)(ia - Ebflr^c " ><6* + gat)s[K ■ (p X u)] 

- Mp ■ (z X u)] by ( Floj ), ( |6.21a| ) & Q 

- {xdlh?)[p ■ by ( |6lld| ) & ( p5^ 
by ( |6la]) & ( |6.10c^ ) 

= rXgEc + XhSc - ix)a:/r)i;a - Sbijr^c ~ >ib% + Qai'^s / h^){ScK - ficSa) + {>id / h^)t)zSc by ( |6.10b| ) 
= by ( |6.21n| ) (6.46b) 

= Z • [M:gr + Khh + {)x{k X f ) + i)u{K X p) + £bf)r(K X z) + £bf)ri(P X z) + X p) 

+ >Cb{r X z) - gat)s{K X u) - ><c(p X u) - >^rf(z x u)] by ( |6.41d|) 
= Kg{z ■ r) + >Ch{z • h) + t]x[z • (k X r)] + t)„[z • (k x p)] + ebt)r[z • (/« x z)] + £bt)„[z • (p x z)] 
+ Ka[z- {r X p)] + >fb[z • (r X z)] - gai)s[z ■ (k x u)] - x^z ■ (p X u)] - >id[z ■ (z X u)] 

= rXgEd - t)xSf + t)u<,c + Xa'^b + £'af)s['« ' (z X u)] 

+ Xc[p ■ (z X u)] by ( p^ ), ( |6la| ), (|Iog), ( |6lTa| ) & ( [A^ 



(6.46c) 



= r><g£d - tjj;(5/ + t)„^c + Xa<.b + ga{'^s/h?)[^ ■ (-Ozh)] + {xc/h^)[p ■ (-rizh)] by ( |6.45a| ) 
= r>fg£d - 'qxSf + r)„<;c + ^^a-^b - Qa{'C}slh^)iy}z5a) - {>Cc/ h^){t)zSc) by ( |6.10aD 

= r>fg£d - t)2,^/ + t)„<Jc + >fa<^b - it)z/h'^){'()sgaSa + XcSc) 

= Xx by ( |6.21n|) 
(r X h) • {3p + 3c,) 

= (r X h) • [xgr + Xhh + t)x{K x r ) + r)„(/t x p) + £bt)r(K x z) + £bri„(p x z) + Xa{r x p) 

+ Xb{r X z) - £»al]s('? X u) - Xc(p X u) - ^f<j(z X u)] by ( ^.41d| ) 
= >fg[r • (r X h)] + Xh[h ■ (r x h)] + t)x[ir x h) ■ {k x r)] + t)„[(r x h) ■ {k x p)] 

+ £bt)r[(r X h) • (/$ X z)] + £bt)„[(r x h) • (p x z)] + >fa[(r x h) • (r x p)] 

+ Xb[{r X h) • (r X z)] - Qal^sii^ x h) ■ {k x u)] - xdir x h) • (p x u)] - Xd[ir x h) • (z x u)] 

= t)x[ir ■ K)(h • r) - (r •f)(h • k)] + ri,J(r • k){h • p) - (r • p)(h • k)] 
+ Eb^Air ■ k){h • z) - (r • z)(h • H)] + £bD„[(r • p)(h • z) - (r • z)(h • p)] 
+ xa[r^{h • p) - (r • p)(h • r)] + Xb[r^(h • z) - (r • z)(h • r)] 

- Qat)s[{r ■ k){h • u) - (r • u)(h • k)] - Xc[{r ■ p)(h • u) - (r • u)(h • p)] 

- Xdiir ■ z)(h • u) - (r • u)(h • z)] by (^) 

= f)x(-?-<5a) + t)u{reaSc - rScSa) + ebt)ri-redSa) + £b^n{-redSc) + Xair'^Sc) 

- gaU-r{rgb)5a] ~ xA~r{rgb)6c] by ( |6l0^ ) & ( p7b| ) 

= -rX)xSa + rt)uiea5c - £c<5a) - rebSdiXJrSa + t)nSc) + r'^{>iaSc + gat)sgbSa + XcgtSc) 



Xy by ( 3.21n) 



(6.46d) 
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= (z X h) • [>Cgr + Xhh + t]j,(K x r ) + t)„(K x p) + ebt)r{K x z) + £6t)„(p x z) + >ta{r x p) 



+ }ib(r X z) - eiat)s(« X u) - Xc{p X u) - Xd{z X u)] by ( |6.41dD 
: >fg[r • (z X h)] + >r/i[h • (z x h)] + t)x[{z x h) ■ {k x f)] + t)„[(z x h) • (k x p)] 
+ ebt)r[(z X h) • (k X z)] + efcr)„[(z x h) • (p x z)] + jiali^ x h) • (r x p)] 
+ >Cb[{z X h) • (r X z)] - gat)s[iz x h) • (k x u)] - >fc[(z x h) • (p x u)] 
- Kd[{z X h) • (z X u)] 



rjigSh + i)x[{2 ■ K){h-r) - (z • r)(h • k)] + t]„[(z • /$)(h • p) - (z • p)(h • k) 



Sbt)r[{z ■ K)(h • z) - z^(h • k)] + ebt)„[(z • p)(h • z) 



+ xaii^ • r)(h • p) - (z • p)(h • r)] + • r)(h • z) - z^{h ■ r)] 

- Qa^s[{z ■ K)(h • u) - (z • u)(h • k)] - Kciiz ■ p)(h • u) - (z • u)(h • p)] 

- Kd[z^{h • u) - (z • u)(h • z)] by & (|r|) 

r^lTgEft + t)x(-£dSa) + Ki^bSc - SdSa) + ebt)r{-Z^Sa) + ebX)n{~Z^dc) + XairSdSc) 

- gaU-{-rgbVb)Sa] - Xc[~hrgbipb)6,] by (|L5]), Q), ( |6.10aD & ( |6.27d| ) 

r>(rgeft - t):ced'5Q + X)u{SbSc - ^d^a) - Z^eb{X)rSa + i)nSc) + r{KaSdSc - gatJsgb^PbSa ~ HcgbVb^c) 
-'^x^d^a + ^u{5b5c - SdSa) - z'^Sbi^r^a + ^nSc) + ri^gSh + XaSd^c) - rgb^biga^s^a + ^c^c) 

(6.46e) 



by ( |63l^ ) 



u-i3p + 3g) = h-'[{z X h + qf X h) • (^p + 3g)] by (|L5cD 



Consequently, we obtain 



= h-^[{z X h) • {3p + 3,) + {qlr){v X h) • (3p + 3g)] 
= h-^{x^ + (^bXj,) by (|Ob| ), (|6.46dD & ( |6.46eD 
= Oa by (|6.21o|) . 



Hi = K • (Jp + a,) by ( |3.15dD 
= >!ri, by ( |6.46aD 



a- {3,. + 3a) by (p5d|) 

(-f?ar) • (Jp + a,) by dTs]) & ( |6:21b| ) 

-ga^i-j by ( |6.43a| ) 



H3 = a-(gp + a,) by ( |3J[5^ ) 

= (-f?au + 3^)a^?br) • (^p + 3g) by ( |6.26a| ) 
= -Qa[u ■ {3p + 3g)] + 5gagb{r ■ {3 p + 3g )] 
= -ga^a + 'igagb^'j by ( |6.46$ & ( |6.43aD 

= gaiigbXj ~ Oa) 



(6.46f) 



(6.47a) 



(6.47b) 



(6.47c) 



H4 = a • (gp + 3ci) by ( |3.15d| ) 

= {QgagbVi - giaf-ir) • (5p + 3q) by ( |6.26bD 
= &gagbW ■ {3p + 3q)] - gagi[r ■ {3p + 3g) 

= GgagbVa ~ gagi>Cj by ( |6.46lD & ( |6.43aD 

= gaiQgb'Oa ~ gixj) 



(6.47d) 
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= a • {3p + 3,) by ( pS^ ) 

= (ft„u + e„r) • (gp + a,) by ( |6.26cj ) 

= ftn[u • (Bp + 3g)] + en[r ■ i3 p + 3q )] 

= PmOa + PnXj by ( |6.46^ ) & ( |6.43a| ) 



(6.47e) 



e • {3p + 3,) by ( ^.15d|) 

[ygP - ?sz - qy^r + j:r(r x h)] • (gp + 3^) by (|6.36c) ) 



?,[p • {3p + 3,)] - ■ {3p + 3q)] - {3p + 3g)] + ?r[(r X h) • {3p + 3^)] 

Iq^w - ls>Cx - {q/r)ls[v ■ {3p + 3q) 

0, by (16:21^ (6.47f) 



lr>Cy by (|6.46| ) 
by ( |6.43a|) & (|6lb|) 



from which we derive 

yHi + >'H2 + 3pH3 + + pHs + He 

= y (^v) + 'P{-Qa>Cj) + 3/i[ga(3£»b><j - Da)] + h^[Qa{&Qb^a - Ql^])] + p{QmVa + fi'nX'i) + Ob 

by H) 

= ) - QaXj('P) + iQaiiQbXj - Oa)(p) + Qai&Qb'Oa - Ql>C]){h'i) + p{Q„iX)a + QnXj) + Db 

by dOSl ), (iJl) & (|39]) 

= Ob + ><i,t)c + fi'aOc + pigrn'Oa + fiin^i-i) by ( |6.21oD . (6.48) 



Moreover, we derive 



3r = t)aK + j:„p - eb<(5/z - pPaVL- XfY ~ KEbUi^ ^ h) by ( |6.41c[ ) 

= t)a« + r«p - eb<y5/z - Xfr -~ h^^ppaiz X h + qr X h) - KSbUi'^ x h) by ( |l.5c| ) 

= t)a« + r«p - ebififz - HfV - h^^pQaiz X h) - h^"^ pQa{q / r){Y X h) - Keb?fc(r X h) 

= t)aK + y„p - Eb^s/z - }<fY - h^^pQaiz X h) - {h^"^ pQa^b + Kebyfc)(i" X h) by ( |6.1b| ) 

= riaK + j:„p - eb<y3/z - >^/r - h^^pQa{z x h) - Dd(r x h) by ( |6.21o| ) (6.49a) 



dp + 3q = }<gr + Khh + t)x{K X r) + t)„(/« X p) + ebt)r(K x z) + ebt)«(p x z) + >f:a(r x p) 

+ >Cb{r X z) - £»al]s('S X u) - Xc(p X u) - >irrf(z X u) by ( |6.41dD 
= ><gr + >!r,ih + t)j;(^ X f) + t)t,(^ X p) + £brir('? x z) + ebt)n{p x z) + >fa(r x p) 

+ Xb{rxz)- gat)s[h^^{SaZ + qSaV - hah)] - Xc[h^^{ScZ + qScf-Hch)] 

- >fdh/i"^rizh] by doTI ) & ( |05a| ) 
= Xgr + Xhh. + t)a:{K X ?) + t)t,(/t X p) + £brir('? X z) + ebtl„(p X z) + Xa(r X p) 

+ Xbir X z) - h^'^gat)s5aZ - qh^'^ gat)sSar + /i^^gaflsfiah - h^'^XcScZ - qh^'^XcSc'r 
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(6.49b) 



- h^^gai)sSaZ - h^^XcScZ + t)a:{K X ? ) + X p) + £f,t),.(^ X z) + ebt)„(p X z) 

+ Xa(r X p) + xi,{r X z) 

- h^'^{gat)s5a + >Cc5c)z + r):r(K X r) + t)„(/? X p) + £6t).r(/? X z) + e6r)„(p X z) 

+ Xa(r X p) + Xb{r X z) 

= Ogr + 0/h - DeZ + r)j;(K X f) + t)u{K X p) + ebt)r(« X z) + ebt)„(p X z) 

+ Xa(r X p) + Xb{r X z). 

Art 26k. Results of the computations. 
Substituting ( [slsl ), and (|6l^ ) into (|3^ ) gives 

Oa/? + y,iP - e&(p/z - Xfr - ga{p/h'^){z x h) - Od(r x h) 

03?+ 0/h - OeZ + 'Oxili X r ) + t)„(/? X p) + e&t)r(^ x z) + e&t)„(p x z) (6.50b) 
+ Xa{r X p) + >fb(r X z) 



(6.50a) 



(6.51a) 



as the complete set of equations describing the apparent path of the Hght source for a gravitating 
observer. 

Art 27. Apparent geometry of obliquated rays. 
To evaluate ( |3.26| ) for a gravitating observer, we introduce, in addition to (3.1), ( |6.10| ) and ( |6.21 ), 
the quantities 

^c^hi + l^^elk, ^ rebffiec^c - Sb^fflb), ^e^Qa/h^, Rf = EeipfSc^e 

Sig ^ ipf{2(pbgbSb + Sie£eflc), = yild - /Of)a, ^li ^ ySa{pM.e^b + KEbl^k) 

Sij = p(yj?efta - Pgl) + KEbf^kirySa - pifib), ^k = Qaiip^Qb - -S/O - ^efjip/tpb 
Sil = Sib- P^f + t)a{Sa/h'^), -ftm = ^aSa{Vb/h^) ^ £bVf{Sa^a + ScSic) + Vb{^b ~ pSif) 
Sin ^ Sid - Sia + h^'^ {ipahbXJd - tja^a) + rEblfifiSatJa - rgatjd) + piSig - igaQb) 
i^o = £e<P/[ga(3pg6 - Od) - £6<y3f,'P/], Sip ^ Sij + Sin, Siq = Sil - p^SieSa 
K^Am-Ai, = Mhi - ^eiPf'Oa, = + Pgahi 

Siu = Siph? + SikSe - y£bVf£g - ^s^e + f + rpga£bVf£h - Sb^eV'fSi 

ill, = J?,z^ + r{Kred - ^kSf) + i^s^c - ^t'^b 

Aw = r{Aqed + r^r - ^eb^fifSf) + j^s^a - ebeeft"^/ 

Six = SipEe - rSiqSf + r^Sik{l - el) ~ r^£b(pf{ed - SbSa) + rSis{ec - £b£a) 

+ r^Sit{eb - EaEc) + r^pgaEb^PfisaSd ~ Sb) - rebSe^}{eb£d - SbEc) (6.51b) 

^ = SipEg + rSirSf + rAk{£d - ^ah) - ^£bff{z'^ - S^) + SisiSd - SbSb) 
+ rSitiebSd - eaSd) + rpgaSbififiz'^Sa - SbSd) - ebee(p){z^eb - Sb6d) 

Siz = -^Se + Siq(;c + Ar<^a + rSikisc - eaSb) - ^eb(pf{Sd - SbSb) + J?s(l - el) 
+ rSitiebEc - Sa) + rpgaSb^PfieaSd - SbSc) - ebeev}{eb5d - 5b) 
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+ r^^t{l - el) - rsbeef^ied ~ SdSc) + r"^ pQaSb^fiecSd ~ Sd) 
i^b = ^pSt + i^r^b + rRk{£b£d ~ £cSb) ~ ^£b^f{z^£b - 5d5b) + ^s{£b5d - h) 

+ rJ^f (£d - ec5d) - ebee(p}{z^ - Sj) + rpQaeb<Pf[z^ec - 5d£d) 
Sjc = rUpEh + r'^iik{£a£d - St) - r]^et(pf{z'^£a - £dh) + r^sisa^d - £cSb) 

+ r'^Sit{£c£d - 5d) ~ r£b£e^p}{z^£c - £dSd) + r^pga£b^f{z^ - s}) 

- £b£ef)^b + PQaSbVl^c)^^'^ 



Sje = ^pSa + ^q6b + rUr^a + -S^t^a " rpQaSb^fSf - Sb^e'^f^c 

9)f ^ -rjiggbcpb + r'^SirQb - Sik^a + eb^ftJzSai^/h^) - {Sis/h^){fic5a - ScK) 

- Skt5c + £b£e^p)r)z{Sc/h^) 
Sjg = iipSc + ^qSd + rSirEc - i^fe^a + '^£b'Pf^c - PQa£b<^f^b 

Sjh = r[-iigeh - r{iikSa + ^tSc) + i^si^aSc - £cSa) + ebSd^PfiySa + SeipfSc)] 
S)i = l]b^)e + JoiOg + Ip^h - Qa[U^ + l]e(iO/ " ^QbKi) + P{QI^w " ^Qb^f)] 

+ 2Kebik{R^ + ipbSiw) 
S}j = Sbff - ifb/h^) 



(6.51c) 



(6.51d) 



Art 27a. Development of equation (3.24a) 
In view of the above quantities, we derive 



Sq = /$ X u by ( |3.24aD 

= h^^{SaZ + qSaJ - Hah) by ( |6.11aD 
§b /i X a by (|3.24aD 



-ga{K. X r) by ( |6.40aj ) 



(6.52a) 
(6.52b) 



Sc = K X e by (3.24a) 



;jx [/i(r xh) + /2p] by (|l.5bD 
/Jk X (r X h)] + /2(k X p) 



= /i[r(/$ • h) - h(/? • r)] + f^ifi X p) by (^ 

= f^iSaV - reah) + f^ifl x p) by (|I^ & §Jo^ 

= EbififiSar - rsah) + Eeffin X p) by ( |6.2gD & ( |6.2h| ) 



(6.52c) 



Sd = K X a by ( |3.24aD 

= -ga{K X u) + SgaQbiti X r) by ( |6.40bD 

= {Qa/h^){K^ - <5qZ - qSax) + 3QaQb{K. X r) by ( |6.1l4 



§e = /t X e by ( |3.24a| ) 

= Kr£a£byfeh - KEbTkSar + j:„(^ X p) - ebff{K x z) - qeb(pf{K x f) by ( |6.40dD 



(6.52d) 
(6.52e) 
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S/ = a X u by (|^) 

= h-\ahh by (|6.11b| ) 
Sg = a X e by ( |3.24a| ) 

- (-Par) X [/i(r X h) + /2P] by © & (^^W^) 
-fa/Jr X (r X h)] - £'a/2(r X P) 

= -ea/i[r(r • h) - r^h] - g„/2(r x p) by (|a1 ) 



(6.52f) 



= r^Pa/ih - (?a/2(r X p) by ( pTScj ) 

= r'^QaSbffh - QaSe^fiy X p) by ( |6.2gD & ( |6.21t| ) 



S/, = 



a X a by ( ^.24aD 
= -gl\, by ( pOl ) 
S,: = a X e by (|^) 

= -Qaln{T0 X p) + ea£b</5/(r X z) - K(pf,e6yfeh by ( |6.40h| ) 
§j = u X a by ( ^.24aD 

= u X {-QaU + SpaPfcr) by ( |6.26aD 
= iQaQbivL X r) = Sgiagbh by ( |1.5cD 

Sfc - u X e by ( p4il ) 

= u X [y„p - £6(^/z - g£fc(p/f - K.ebik{r x h)] by ( |6.36a| ) 

= j:„(u X p) - £6(/3y(u X z) - qebff{u X r) - K£hj:A;[u x (r x h)] 

= y„(u X p) - e6(^/(u X z) - eb(pf{q/r){u x r) - ^^^^^(-/i^^re/ih) by ( |6.11cD 

= yri(u X p) — £b(^y(u X z) — Eb'^ffb^ + ^ TKEbEh 

yfch by O & ( |6lb| ) 

= ^n[h^^{ficii-- ScZ - qScv)] + eb(ff[~h^'^t)^h] -Ebipffb^ 

+ h^^rKEbehUi^ by ( |6.11dD & ( |6.45a| ) 
= h^'^hcPn'b- - h^^6c-^ri2 - h^^qScTnX - /i~^£bV/t)zh - eb(^/(/7bh + h~'^rKEbEhU'^ 
= h^'^[hcin + TKEbEhlk - £bff{t)z + /i^</56)]h - h^^6cU{2 + 9?) 
= jiah - J?fc(z + 9?) by 

S/ = e X a by ^^24^ 

= [/i(r X h) + /2P] X {~gaU + SgaQbr) by & ( pfa| ) 

= (?a/i[u X (r X h)] -igaQbfiir x (r x h)] - Pa^O x u) + agaPh/slp X r) 

= Qaf i[r{u ■ h) - h(u • r)] - SgaQbf i[r{r ■ h) - r^h] + gaf2[h^^ {hch - ScZ - qScr)] 

+ SgaQbf 2{P X r) by (|All) & ( |6lld| ) 
= fiia/i £'h)h] - SgaQbfii-r'^h) + f^iga/h^jifici^ - 5cZ - qScv) 

+ 3gagbf 2{P X r) by ^ & ( F27b|) 

= -r'^gafigbh + 3r'^gagbfih + f2{ga/h^)fich~f25c{ga/h'^){z + qr) + Sgagbf 2iP x r) 

= [Sv^fefilb/i + ( ga/fe^) fie/2]h - f2Sc{ga/h^){z + q?) + SgaPfc^lP X r) 

by & (F21b| ) 

= ipf[2(pbgb£b + {ga/h^)£elic]ii - Ee'Pf5c{ga/h^)(z + qr) + ^gagbSeffiP x r) 
by (IJi) & dlH) 



(6.52g) 

(6.52h) 
(6.52i) 

(6.52j) 



(6.52k) 



Sigh - %(z + qr) + SgagbSe^fip x r) by ( |6.51aD 



(6.521) 
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Sm = e X e by ( |3.24a ) 



= [/i(r X h) + /2P] X [}:„p - eb(pfZ - qebipf? - nebuii^ x h)] by ( |l.5bD & ( |6.36aD 
-?n/i[p X (r X h)] +eb(^//i[z x (r x h)] + qebipffi[r x (r x h)] 

- ^bfff 2iP X z) - qsb^fhiv X r) - KEhyfe/aip x (r x h)] 

-Jn/i [r(p • h) - h(p • r)] + Sb'Pffx [r (z • h) - h(z • r)] + qebfffi [r (f • h) - h(r • r)] 

- Sbfff 2iP X z) - qeb(pff 2iP X r) - KEbUf 2i^iP ' h) - h(p • r)] by ( [Ol ) 
-?n/i('5cr - T-Ech) + £6V9//i(-re<jh) + qeb(pffi{-rh) - eb(pff 2{P x z) 

- qebipff 2{P X r) - KebUf2{^cr - rSch) by (|l.5c|) , ( |6.1a| ) & ( |6.10a| ) 



-^nSb^fiScr - rsch) + elLpji-redh) + qelfj{-rh) - ebee(p}{p x z) 
- gebee<P/(P x ? ) - Kefcj:A;£eV3/((5cr - rsch) by ( |6.2g| ) & ( |6.2h| ) 



-j:„e6(^/(5cr + rynSbV'/ech - relipjedh ~ rqeltp'^fh - Sb£e^}{p x z) 

- (7ebeeV/(P X r ) - neblkSe^fScT + rK£blk£e^f£c^ 

-£b^f5c(pn + K£erfe)r + rebV3/[£c(yn + Keejfe) - £bVf{£d + 9)]h 

- £b£e^){P X z) - 9eb£e(pj(p X f) 



-£b^f5c^cY + ^d^-£b£e^f{p X z) - q£b£e^f{p X ?) by (|6.51a|) . 



(6.52ni) 



Art 27b. Development of equation (3.24b). 
Using the foregoing equations, we derive 



St = (yfei-py)Sfc + ys„ + pSoby (|3^ 

= (yt)d - pt)a)Sf, + Wd + Se) + p{p8h + i>i) by (|6.39aD , ( |6.38aD & ( [3.24b|) 

= J^ftSb + pySd + ySe + p'S,, + p§, by (|6.51aD 

= J?ft[-eiQ('t X r)] + py[j?e(fiQh - (5qZ - (/(5ar) + 3£»a6'b('« x r)] 

+ ^[Kr£a£blk^ - K£bU5aY + ln(^ X p) - £bff{'li X z) - q£b'Pf{K X f)] + p^[-gl^h] 

+ Pi-eaJnlr X p) + Qa£bVf(r X z) - K(/3h£hyfeh] by ( |6.51a] ) & ( |6.52| ) 

= -RhQa{n X r) + pyj^efiah - p^J^efJaZ - g/Cyj^e'^ar + 3py£»aei&('? X r) 

+ KryeaEbyfeh - Ky£f,yfc(5ar + ^in(^ X p) - y£t(/7/(K X z) - q'^£bff{n X r) - p^p^h 

- P61a?n(r X p) + pQa£bff{r X z) - Kpifb£bU'^ 



=^ pyHeflaii + Kry£a£bUi^ " P^fi'a^ " K/0V5fc£fc?/ch - pyi^ef^aZ - pyi^ef^a (9/r)r - Ky£b^kSar 

- RhQaifi X r) + Sp^QaQbi^ X r) - ]^£b(pf{q/r){K X r) - y£fc(^/(K X z) + yy„(^ x p) 

- pQahiil^ X p) + pQa£bVf{r X z) 

[p{^Reha - PqI) + K£bU{r^£a ~ P^Pb)]^ - p^^e^a'I' - ]^5a{pM.e'Pb + K£fcyfc)r 

+ [QaiSp^Qb - ^h) - ^£b'Pf'fib]{i^ X r) - y£b(pf{K, x z) + yy„(/? x p) 

- PQahiil^ X p) + pQa£bVf{r X z) by ( |6.1b| ) 

= j^jh - pyj?e<^aZ - i^r + Kk{^ X r) - y£h(^/(K X z) + yj:„(K X p) 

- ppayrilr X p) + pga£b<Pf{r X z) by ( |6.51aD 



(6.53a) 
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Su = ySp + h§, + pS, + §s by ( p4b| ) 

= t)a{§a - Sc) + t]d(S/ - §g) + piSi - S,) + - Sfe by ( p8^ ), ( p9il ) & ( p4b| ) 

= t]aSa - t]aSc + ^dSf - t)dSg + pS/ - pSj + §„i - Sfe 

= t)a[h^'^{SaZ + qSar-Hah)] - t)a[ebff{Sar ~ rsah) + ee(pf{K X p)] + t)d[h^^Lpatibh] 

- ^dir'^QaSbVfi^ - QaSeffir X p)] + p[Rgh - M.f{z + qr) + SgaQbSeffiP x r)] - ppgaPhh] 



- eb(pf Scheie + i^dh - £6£e<yJ/(p X z) - qebeef}{p X r) - [i^^h - j^6(z + qr)] by ( |6.52D 



+ (/5Q?i6(r)d/^^)h - r^pae6<^/t)dh + gaee(fft)d{r x p) + pj^gh - pj?/z - qp^fV 

+ SpQaQbSeffiP X r) - SpQaQbh. - eb(p fSciic^ + J^dh ~ £b£e<^/(P X z) - g£fc£e(/?j(p X f) 



= t)a(<5a//l^)z - pi^/Z + i^bZ + t)a{Sa/h^)iq/r)r - £6(/?/(5ariar 

- pRf{q/r)r - £fc(p/(5cJ?cr + J?h(g/r)r - t)a{fia/h'^)h + reaebfft)ah + (pafib{^d/h'^)h 

- r'^QaSb^f^d^ + pi^ffh - Sppagbh + J?dh - i^ah - £e(^/t)a(K X p) - £h£e(^j(p X z) 

+ £»a£e</'/t)d(r X p) + SpgaPheeV'/ (p X r) - £h£e(/3^ (g/r) (p X r) 

= [^b - P% + t)a('5a//l^)]z + ['()a5a{^b/h^) ~ £bff{Sa^a + <5c-*?c) + fbi^b ~ P%)]l" 
+ [Ad - Aa + hr'^{ipafib'()d - t)afia) + rebiffiSa^a - rgat)d) + p{Ag - iQaQb)]^ 

- £e¥?/t)a(^ X p) - £b£e(py(p X z) + E^^f f[Qa{'ipQb - tjd) " £h</?6</?/] (p X r) by ( |6.1b| ) 

= J?/z + Jl,„r + J?„h - £e(^/t]Q(/$ X p) - EbSefjip X z) + J?o(p X r) by ( |6.51a| ) (6.53b) 



St + Sm 

= %h - pyj?e(5aZ - il^r + i^/c('« X r) - y£fcV3/(K X z) + ■yj:„(/? X p) 

-PParnlr X p) + pQaSbipfir X z) + il,Z + J?„r + ilj^h - £e(^/t)a (/« X p) 



- EbSeip'fip X z) + J?o(p X r) by ( |6.53[ ) 

= %h + j?„h - p^^e^aZ + J?/z - il^r + M^nT + J?fc(K X r) - y£fc(^/(K X z) + yj;„(/« X p) 

- eefft)a{K X p) + P61qJ:„(p X r) + J?o(p x r) + pgaeb(pf{r x z) - £b£e(^^(p x z) 

= +J?„)h+ i^l - p^SieSa)2+ {Am -J^)r + J^i;(K X r) - ■y£b(/3/(/? X z) 

+ (y?n - £e'/?/l]a)(K X p) + + pgaTn)(p X r) + pQaSb^fir X z) - £fc£e(/3^(p X z) 

= J^ph + AqZ + j?,.r + X r) - ^ebffiK x z) + J?s(/$ x p) + i^t(p x r) 
+ pQaEbf/ir X z) - £b£e(/3^(p X z) by ( |6.51a| ). 



(6.54) 



Art 27c. Computation of the magnitude o/St+§„. 
To compute the magnitude of vector St + §u, we first derive 

h • (§t + S,J 

= h • [.^h + .ftgZ + .ft,,r + ^fe (/t X r) — y £h<y9/ (k x z) + A.s{k, x p) + (p x r) 

+ pQaEb^fiy X z) - £b£e(/7j(p X z)] by ( |6.54D 

= Ap{h ■ h) + J?g(h • z) + J?r(h • r) + j^fe[h • (/$ x r)] - y£h<y9/[h • x z)] + J?s[h • (/$ x p)] 

+ j^t[h- (P X r)] + pgla£fc(p/ [h • (r X z)] -£b£e(/9^[h- (p X z)] 

AkEe ~ ^Ebipfeg - AsSe + AtSf + rpQaEb'^fSh - EbEe'^^ei by ( [l.5cD , ( |6.1aD & ( |6.10aD 
K by ( |6.51b| ) (6.55a) 
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z • (Si + S„) 

= z • [^h + J?qZ + ^,,r + X r) — yebipf{K, x z) + ^s(k x p) + ^t(p x r) 

+ pgaSbipfir X z) - EbSefjip X z)] by ( |6.54| ) 
= ^(z • h) + J?g(z • z) + ^r(z ■ r) + -^fciz ■ X r)] - yeh(/3/[z • (k x z)] + J?s[z • (k x p)] 

+ J?t[z • (p X r)] + pgaSbffiz ■ (r x z)] - ebee(p}[z ■ (p x z)] 
= Siqz^ + rRrSd - rJikSf + J^.q - J?t<^6 by ( [LS^ ), ( |6.10aD & ( |6.21aD 

(6.55b) 



jl„ by (6.51b) 



r • (St + S„) 

= r • [^h + RqZ + + Aki^- y< r) — ^^^(^/(k x z) + ^s(/$ x p) + .ftt(p x r) 

+ pQaebffir X z) - efcEe V?2(pxz)] by (in 
= j?j,(r • h) +Rq{r ■ z) + Sir{r ■ r) + J?fe[r • {k x r)] - ]^eb(pf[r ■ (k x z)] + M.s[r ■ {k x p)] 

+ J^t [r • (p X r)] + pQaSbipf [r • (r X z)] - SbSeip} [r • (p x z)] 
= rRgEd + r^iir - ryeb(pfSf + J^^^a - £6£e</5/^fc by (|l.5c) ), ( |6.1a| ), ( |6.10a| ) & (|6.21a| ) 
= by ( |6.51b| ) (6.55c) 



(k X r) • (St + S„) 

= (k X r) • [M.ph + + + M.k{K, X r) - ysb^PfiK, X z.) + ^s(k, X p) + X r) 

+ pQaebfjir X z) - EbEefjip X z)] by ( |6.54D 
= .^p [h • (k X r)] + [z • (/$ X r )] + .Rr [r • (*? X r)] + .^fe [(k X r) • (^ X r)] 

- ■ye6<p/[(K X r) • (k X z)] + j?s[('? x r) • (k x p)] + Rt[{K x r) • (p x r)] 
+ P£1q eh </?/[(/$ X r) • (r X z)] - ebee^pjUfi x r) • (p x z)] 

= KpEe - rjiqSf + M.k[r^ - (/$ • r)^] - y£b<y9/[(r • z) - (k • z)(r • k)] 

+ M.s[{r -p)- {k- p)(r • ^)] + Rt[{fi ■ p)r^ - (^ • r)(r • p)] + pgaSbffii'ii ■ r)(r • z) - (/J • z)r^] 

- efcee<^/[(/$ • P)(r ■z)-{k- z)(r • p)] by (|I|), (|Io|) & (jTI) 



: iipSe - rM.qSf + J?fc(r^ - r^e^) - yefc<y9/(r£<i - rSbSa) + iis{rSc - rSbSa) + ^tisbr"^ - r'^£a£c) 
+ pQaebipfir^eaSd - hr'^) - ebee(p}{rebed - r5b£c) by ( |6.1a| ) & ( |6.10a| ) 



: - rJ^qfJ/ + r'^^k{l - el) - r^ebVf{£d - hea) + rj?s(£c - eb£a) + r'^^t{£b - £a£c) 
+ r'^pga£b'Pf{£a£d - Sb) - reb£ef}(£b£d - Sb£c) 



A, by (6.51b) 



(6.55d) 



(k X z) • (St +S„) 

= (k X z) • [Rph + RqZ + + ^ki^- X r) — y eh</j/ (/$ x z) + .ft^ (k x p) + ^t (p x r) 
+ PQa£b^f{Y X z) - efcee(p^(p x z)] by ( |6.54[ ) 

= .^[h • (/5 X z)] + ^q[z ■ {H X z)] + J?r[r ■ (^ X z)] + .ftfc[(K X z) • (k X r)] 

— y£hV9/[(/« X z) • (/J X z)] + J?s[(k X z) • (k X p)] + ^t[iji X z) • (p X r)] 
+ PQa£b^f[{f^ X z) • (r X z)] -ehee¥'/[(^ x z) • (p x z)] 

= J^pEg + r^r5f + i?fe[(z • r) - (k • r)(z • n)] - yeh(/3/[z2 - {k ■ zf] + J?4(z • p) - (k • p)(z • k)] 
+ j?t[(K • p)(z • r) - (k • r)(z • p)] + pga£b(pf[{ii ■ r)z^ - {k ■ z)(z • r)] 

- eb£ev}[{K ■ p)z^ - {k ■ z)(z • p)] by (|I^, (|lo|) & (Q 



Classical Aberration And Obliquation 



Page 184 



March 2001 



OAS-2001-03A 



= ^£g + r^6f + Rk{r£d - rSaSb) - ^ebcpfiz"^ - Sl) + Ks{Sd - SbSb) + Rt{rebed ~ rSaSd) 
+ pQaSb^firz^ea - r5b£d) - eb£e^']{£bz^ ~ hSd) by ( |6.1a| ) & ( |6.10a| ) 

= + r^5f + r^k{£d - £a5b) ~ ^Sb^jiz^ - 5l) + Rs{5d - £bSb) + riit{eb£d - eJd) 
+ rpQaSb^fiz^ea - SbEd) - Sbee(p}iz^eb - 6bSd) 

= Hy by ( |6.51tj ) (6.55e) 



(/? X p) • (§t +§„) 

= (/$ X p) • [^ph + + + J?fe (k X r) — y £bcp/ (k x z) + (k x p) + (p x r) 



+ pQaSb^Pfir X z) - £6£e(/3y(p X z)] by (|6.54D 

= jlp[h • (k X p)] + j?g[z • (k X p)] + J?,.[r • (k X p)] + J?fe[(K x p) • (ft x r)] 
~^eb(pf[{K xp)- {kx z)] X p) • (k X p)] +i^t[(/t X p) • (p X r)] 

+ pQaebipfiiK X p) • (r X z)] - ebee(p}[(K x p) • (p x z)] 

= -^6e+ Aq';c+ K'ia + ^k[{P ' I") - (« ' I")(P ' '«)] - ^Sb^PfiiP ' z) - (« ' z)(P ' ^)] 

+ J^s [1 - ('« • P)^] + [{k • p) (p • r) - (k • r)] + pQaSb^f [('S • r) (p • z) - (k • z) (p • r) 



ebe,^)[(K ■ p)(p • z) - (/$ • z)] by (|6.10a| ), ( |6.21aD & ( |A.2| ) 



: -i?p(5e + ^q^c + ^r^a + ^fcC^'Ec " reaEb) - ^£b^f{5d - Sb£b) + " Efa) + J^tlrEbEc - rSa) 

+ pQa£b^f{reaSd - rSbSc) - EbSe^pjiebSd - Sb) by ( |6.1aD & ( |6.10aD 

: -i?p(5e + ilg<;c + ^r^a + r^ki^c " EaEb) " ^eb^PfiSd ~ h^b) + i?s(l - £&) + rSit{£b£c ~ £a) 
+ rpQaEb'-Pf^Sa^d - Sb^c) - SbSefji^bSd - ^b) 

■ by ( |6^5lb| ) (6.55f) 



(p X r) • (St + Su) 

= (p X r) • [iiph + KqZ + KrV + Rki^ x r) - ^Sb^fiK x z) + Ks{k x p) + iit{p x r) 



- ebee^}{p X z) + pgaSb(pf{r x z)] by (|6.54|) 

: J^[h • (p X r)] + iljz • (p X r)] + jl,.[r • (p x r)] + Rk[{p x r) ■ {k x r)] 

- ^ebfflip X r) • (k X z)] + J?4(p X r) • (k X p)] + J?t[(p x r) • (p x r)] 

- Ebee^pjlip X r) • (p X z)] + pQaEbtpflip X r) • (r X z)] 

: MpEf - M.q(;b + ^k[{p ■ - (p • r)(r • k)] - ^SbiPfHp • K)(r • z) - (p • z)(r • k)] 
+ HsUp ■ K)(r • p) - (r • k)] + Sit[r^ - (p • r)^] - ebee^}[{r • z) - (p • z)(r • p)] 
+ PQaSb^Aip • r)(r • z) - (p • z)r2] by (|1|), ( pl^ & Q 



j?p£/ - Siq<;b + Sikiebr'^ - r'^ScEa) - ^EbfjirebEd ~ rSdSa) + iisirsbec - rSa) + J?t(r-^ - r^£^) 

- £bee^p){r£d - rSdSc) + pQaSbV f(.r'^£c£d - r^Sd) by ( |6.1a| ) & ( |6.10a| ) 

i^p£/ - Kqi^b + r'^^kisb - £c£a) ~ ryebififiebSd - (5d£a) + r^sisbSc - £a) + r-^J?t(l ~ £^) 

- r£b£e(y5j(£d - Sdec) + r'^ PQa£bV fi^cSd " 5d) 

f)a by ( pl^ ) (6.55g) 
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(p X z) • (Si +S„) 

= (p X z) • [^ph + ^gZ + ^ri" + ^fc(K X r) — y£f,(/5/(/« X z) + X p) + M.t{p x r) 

- EbEeipjip X z) + pQaEb^fiv X z)] by ( |6.54D 

= j^j,[h • (p X z)] + i?g[z • (p X z)] + ^[r ■ (p x z)] + iifc[(p x z) • (k x r)] 

- ■y£6</5/[(p X z) • (k X z)] + J?s[(p X z) • (k X p)] + j^t[(p X z) • (p X r)] 
" efcee</3/[(p X z) • (p X z)] + pQa£b^f[{v X z) • (r X z)] 

= Sip£i + ilr%+^k[(p ■ '?)(z • r) - (p • r)(z • k)] - y£6^/[(p • /t)z^ - (p • z)(z • n)] 
+ j?4(p • k)(z • p) - (z • k)] + j?4(z • r) - (p • r)(z • p)] - ebee</f[z^ - (p • z)^] 
+ pQa£Wf[[P ■ r)z^ - (P • z)(z • r)] by ^I^, (pTi| ) & Q 

= + j?,.<r6 + RkirSbSd - rScSb) - ^£b^f{z^£b - SdSb) + ^sisbSd - Sb) + ^tirsd ~ rScSd) 

- EbEefjiz'^ - Sj) + pQaEb^firz^ec - rSdEd) by ( |6.1aD & ( |6.10a| ) 

= + + rRkisbSd - £c5b) - y£b^f{z'^£b - SdSb) + ^sisbSd - 6b) + rAt{sd - £c<^d) 

- EbSeipjiz'^ - Sj) + rpQaEbipfiz'^ec - SdSd) 

= i3fc by ( |6^51c| ) (6.55h) 
(r xz).(St+S„) 

= (r X z) • [Rph + + Krr + Kk{K x r) — ^£bipf{K x z) + ^s(k x p) + ^t(p X r) 

- EbSefjip X z) + pgaEbipfir X z)] by ( |6.54D 

= i^[h • (r X z)] +Rq[z ■ (r x z)] + Sir[r ■ (r x z)] + J?fc[(r x z) ■ {k x r)] 

- y£fcV3/[(r X z) • X z)] + iisiir x z) ■ {k x p)] + J?t[(r x z) • (p x r)] 

- £6£e<P/[(r X z) • (p X z)] + pgiae6¥'/[(r X z) • (r X z)] 

= rSipEh + i?fe[(r • k){z ■ r) - r^(z • /«)] - y£b</j/[(r • - (r • z)(z • k.)] 
+ A,[{r ■ k)(z • p) - (r • p)(z • k)] + J?t[(r • p)(z ■ r) - r\z ■ p)] 

- £6£e(^/[(r • p)z^ - (r • z)(z • p)] + pQaSb^fir^z^ - (r • z)^] by (^T^ & Q 



= ri^p£/i + j^felj-^Eaed - f^f^fc) - ysbffirz'^ea ~ redk) + ^s{rea5d - rSch) + i?t(r^£c£d - r'^Sd) 

- SbSe^'firz^Sc - redSd) + pga£bVfir^z'^ - r'^ej) by ( |6.1a| ) & ( |6.10a| ) 
= rUpEh + r'^M.kisaed - 5b) - r^Sb^fiz'^Sa - Sdh) + r^s(.£a5d - Sck) + r^i^t(£c£d - 5d) 

~ rSbSeipjiz'^Sc - edSd) + pgaSb^fi^'^ ~ ^d) 
= S)c by (6.55i) 
all of which lead to 

\§t + Su\^ = [St + Su) ■ (St + §u) 

= (Sf + S„) • [iiph + KqZ + + X r) - ^eb(pf{k x z) + x p) + J?4(p x r) 

- eb^efjiP X z) + pQaSb^fir X z)] by ( |6.54| ) 

= i?j,[h • (St + S„)] +Rq[z- (St + S„)] + i?r[r • (St + S„)] + j?fc[(St + S„) • {k x r)] 

- y£6^/[(St + S„) • (^ X z)] + J?, [(St + S„) • {k X p)] + i^t[(St + S„) • (p X r)] 

- £h£e(py[(St +S„) • (p X z)] + pQaeb^f[{St + S„) • (r X z)] 

- EbSeipj^b + pgaSb^Pf^c by ( |6.55D 



. |St+S J by ^IT^ ). 



(6.56) 
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Art 27d. Development of equation (3.24c). 
To evaluate the quantities defined by (3.24c), we proceed by first deriving 

K • (St + S„) 

— K ■ [.Sph + ^q2, + ^,.r + .^fe(/$ X r) — yefc(^/(K x z) + ^^(k x p) + ^t(p x r) 

+ pQaebffir X z) - £b£e ^2(pxz)] by ( ^ 

= (/$ • h) + .ftg (/i • z) + .ft,, (^ • r) + • (K X r)] — y £f,(p/ [k • {k x z)] + [k • (^ x p)] 

+ i^t['^ • (P X r)] + pgaebff[K ■ (r x z)] - ebeef}[K ■ (p x z)] 

= M^6a + + rM^Ea + M.ti,a - rpgaSb^PfSf - eb£e^}'ic by ( |6.1aD , ( |6.10a| ) & ( ^.21a| ) 
= i3e by (|6.51d|) (6.57a) 



u • (St + S„) 

= u • [^ph + + ^,.r + Ak{K X r) — ^£5(^9/ (/$ x z) + ^^(/t x p) + .ftt(p x r) 

+ pQa£bVf{Y X z) - efcEeV'KP ^ ^)] ( |6-54| ) 
= .ftp(u • h) + J?q(u • z) + ^r{vL • r) + J?fc [u • (k X r)] — ^£bipf[vL ■ [k X z)] + .^^[u • (k X p) 

+ J?t[u • (p X r)] + pQa£b^f[Vi ■ (r X z)] - eb£ev)[vi ■ (p x z)] 
= iiq{-rgb(pb) + rjir{rgb) - ^ki^ ■ (u x r)] - yeb(pf[K ■ (z x u)] - Ks[k ■ {u x p)] 

- J?t[p • (u X r)] + pQaebV^fiz ■ (u x r)] - £b£e</'/[p • (z X u)] by ( p^ ), (|^ & ( |A^ 



= -rRgQbLpb + r'^^-Qb - ^k{^ ■ h) - y£6(p/[K • {-h ^t)2h)] - (J?s//i^)[k • (^ch - (5cZ - gf^c?)] 

- J?t(p • h) + pQaSbViiz ■ h) - ebeev}[^ ■ (-/i~'t),h)] by (|L5]), (|Ii|) & (|6.45a| ) 

= -riiqQb^b + r'^^-Qb - ^kSa + Sb^f'^zSai^/h^) - {iis/h^)[flc5a - <5c(4 + qSa)] 

- ^tSc + ebeeip)^z{5c/h') by ( |6.10aD , (|6j"^ ) & (|l5^ 



- RtSc + ebeev)x}z{5c/h') by ( |6l0b| ) 
i3/ by ( pl^ ) 



(6.57b) 



p • (St + S„) 

= p • [j?ph + j?qz + j?,.r + i^fc(K X r) - yeb(pf{K x z) + j?s(/t x p) 

+ pgaSb(pf{r X z) - ebEefjip x z)] by ( |6.54| ) 
= J?p(p • h) + i?q(p • z) + J?r(p • r) + i?fc[p • (k x r)] - ^ebipf[p ■ {k x z) 

+ J?t[p • (p X r)] + pgaSbffip ■ (r x z)] - ebee(pj[p ■ (p x z)] 
= M.pSc + M.qSd + r^.£c - ^k^a + ^eb^f<,c - pQa£bVf% by ( |6.1a| ), (|6.10a| ) & (|6.21a|) 
= iOg by (|6.51d| ) (6.57c) 



J?t(p X r) 

j^^p • (/? X p) 



(rxh).(St+S„) 

= (r X h) • [.ftph + J?qZ + J?rr + .^^(/t x r) — ^Sb^PfiH x z) + J?s(/t x p) + .ftt(p x r) 

- £b£e(yi'/(p X z) + pQaEbf/ir X z)] by (|6.54|) 

= J?p[h • (r X h)] + J^Jz • (r x h)] + J^[r • (r x h)] + J?fc[(r x h) • (^ x r)] 

- ^ebfflir X h) • (k X z)] + As[{r x h) ■ {k x p)] + i?t[(r x h) • (p x r)] 

- £h£e(p/[(r X h) • (p X z)] + peae6<^/[(r X h) • (r X z)] 



Classical Aberration And Obliquation 



Page 187 



March 2001 



OAS-2001-03A 



= -rSiqEh + J?fc[(r • /$)(h • r) - r'^{h ■ k)] - "^Sb^fliv • K)(h • z) - (r • z)(h • k)] 
+ i?4(r • ;$)(h • p) - (r • p)(h • k)] + J?4(r • p)(h • r) - r'^{h ■ p)] 

-e6ee(^/[(r-p)(h-z)-(r-z)(h-p)]+peaeb^/[r2(h-z)-(r-z)(h-r)] by & @) 

- ebEe^ji-redSc) by (|L5]), & (|aJ) 

= f}h by 
from which we obtain 



sRi = (St +S„) by ( |l24c|) 
= by ( pTil ) 



5R2 = a • (St + S„) by ( [3:24^ 

= i-gav) ■ (St + S„) by (irH) & ( plb| ) 



(6.57d) 



-Qa^w by (6.55c) 



(6.58a) 



(6.58b) 



S„) by ( |3.24c] ) 

- SpaPbr) • (St + S„) by (|6.26a|) 



3?3 - a • (St + 
= (-61qU4 

3?4 = a • (St + S„) by ( p4^ ) 

= (GpagbU - gaftr) • (St + S„) by ( |6.26b| ) 



SgaQb^ by (6.55c) & (3.57b) 



dgaQb^f - QaQi^w by ( |6.55cj ) & ( |6.57b| ) 



(6.58c) 



(6.58d) 



3?5 = e • (St + S„) by ( p4^ 

= [yoP + 2KebUz + 2K(7£bj:fcr + j:p(r x h)] • (St + S„) by ( |6.36bD 
= ^o^g + 'i.nebU^v + 2K{q/r)eblk^ + Ip^h by ( |6.55| ) & ( |6.57D 
2K£f,j:feJli, + 2Kipbeblk^w + Ip^h by (|6.1b[) . 



We have also that 



= \)b^i + jiSRa + t)e^3 + P^i + 3*5 by ( |638b| ), ( |632b| ) & ( |639b| ) 

= t)bi3e + yi(-eailu;) + ^ei-Qa^f + igaQb^) + pi^QaQb^f " QaQl^) 

+ yoiOg + 2K£bU^ + impbEbU^ + ^p^h by (|6.58|) 

+ 2K£bj:A;(jl„ + ^b^) 
= f), by (lll^) 



(6.58e) 



(6.59a) 



^/J + pa — u + e 

= y/J + p(-ear) - [/i"'(z X h + gr X h)] + /i(r X h) + /2P by (|l|) & (|^) 
= ^K- pQaX - h-'^{z X h) - h-'^{q/r){r x h) + /^(r x h) + /2P 
= y/J + /2P - PQar - h-^z X h) + (/i - X h) by ( |6lb| ) 



= y/$ + £e(^/p - pQaT -h ""(z X h) + {ebff - h ^ipb){r X h) by (|6.2gj) & ( |6.2hD 



y/t + £e(/3/P - ppar - (I//1 )(z X h) + (r x h) by ( |6.51dD 



(6.59b) 
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Art 27e. Results of the computations. 
By substituting ( |6.59D , (3.56) and ( |6.54 ) into (3.26), we finally get 



(6.60a) 



= ^ + £e<^/P - PQar - (l//i^)(z X h) + %(r x h) 

= — J?ph + .SgZ + J^^r + .^fe(K X r) — yeb(^/(/? X z) + .Ss(/« X p) + J?t(p X r) (6.60b) 

+ pQaSbiPfir X z) - EbSeipjip X z) 

as the complete set of equations describing the apparent geometry of obliquated rays for a gravi- 
tating observer. 
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Part III: Illustrations 

The beauty of nature lies in detail; the message in generality. Optimal appreciation 
demands both and I know of no better tactic than the illustration of exciting principles 
by well-chosen particulars. 

Stephen J. Gould (1941 - 2002) 

7 Effects of constant acceleration 



Art 28. On the apparent direction to a light source. 

When an observer translates with a constant acceleration a = li, the velocity u and the position 
r of the observer at any instant t are given by 



1 2 

u = at + Uq, r = —at + u^t + 



(7.1a) 



where Uo and Tq are respectively the observer's velocity and position at instant t ~ 0. By squaring 
the second of these equations and rearranging its terms, we get 



a^t"^ + 2(a • Uo)t + 2a • (ro - r) = 



while by squaring the second equation in (7.1a) and taking (7.1b) into account, we get 



2atUo cos 6o -\- a t 



2,2 



2a • (r - To) 



(7.1b) 



(7.1c) 



where 9o is the angle between a and Uq. Consequently, if f3o — Uo/c, then by (1.6) and (7.1c), 

m = [I3l + 2at/3ocos9o + ah^]^/^, /3(r) = [pl + 2(cr/c) • (r - To)]'^^. (7.1d) 



If we solve the first equation in (7.1c) for at and take the second equation into account, we shall 
obtain 



at = -Uo cos 9o ± (u^ - ul sin^ 6'o)^''^ = -Uo cos 8o ± [ul cos^ 6*0 + 2a • (r - Tq)] 



1/2 



Also, by multiplying the first equation in (7.1a) vectorwise by a, one may show that 



usmf 



(7.1e) 



(7.1f) 



where 9 is the angle between a and u (cf. Figure |^). These results have been known since Galileo 
brought them forcefully to the attention of philosophers; our task will be to study their kineoptical 
consequences in some detail. 

The acceleration a and the wave vector n being constant, the angle A between them at any 
instant does not change in the course of the observer's motion, whence 

X{t) = A(r) = Xo (7.2a) 

where Xo is the angle between these vectors at instant t = 0. From ( |7l^ ) and ( [7l| , we have0 



9{t) = arcsin ■ 



Un sm f 



a/uq + 2atUo cos 9o + a^t^ 



, 9{y) = arcsin ■ 



Un sm ( 



^ul + 2a • (r - r„) 



(7.2b) 



^'^We remind the reader that throughout this work and in accordance with ( |L.{j ), the case u = is to be excluded 

from consideration. 
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By multiplying through the first equation in (7.1a) scalarwise by k and taking ( 7.1e| ) into consid- 
eration, one may show that 



4){t) = arccos ■ 



Uo cos (j)o + at cos Ao 



(r) — arccos ■ 



1 \/u1 + 2atUo cos 9o + a^t^ J 
Uo (cos (j>o — cos Ao cos 6o ) ± cos Ao \/ Mo cos^ + 2a • [r — To) 



(7.2c) 



^Jul + 2a • (r - To) 

where </> is the angle between k, and u, and (po is the angle between k, and Uq. 



Art 28a. Translation with 



acceleration. 



When the observer translates with out a ccelerating (a — 0), we have a — Q and = by (l.C). 
The various quantities defined by (4.2d) become 



Putting a = into ( 7.2c ) and a = into ( 7. Id ) leads to 

((> = (t>o, P = Po 

so that, in view of (7.3a) and (7.3b), the quantities defined by ( 4.2b| ) reduce to 
G = -Po + cos 0o, 7?.^ = 1 + /?„ - 2/3o cos 4)o, T"^ = sin^ (t>o. 



Substituting the value of TZ from ( 7.3c ) into ( 3.5a ) gives the ray speed as 

v^c{l+pl~2poCO&4>of'^ 



(7.3a) 



(7.3b) 



(7.3c) 



(7.4a) 



while by putting the values of J- and Q from (7.3c) into (4.2c), we get the angular displacement 
of the light source as 



if) — arctan 



sm( 



-Po + COS (j}o 



(7.4b) 



This well known result is equivalent to ( 2.6a ). We conclude that when an observer translates 
without accelerating, polarization and dispersion have no effect on the apparent displacement of 
a light source or on the speed of a light ray. 

Art 28b. Rectilinear translation with nonzero acceleration. 

If the initial velocity Uo of the observer is directed parallel to the acceleration a, the first equation 
in (7.1a) shows that the instantaneous velocity u will remain parallel to the acceleration at all 
times. Indeed, substituting 6o = Q and 0o = Ao into (7.2b) and (7.2c) gives (cf. Figure |l|) 



9o = 0, <t>-- 



•Jo — ^^o 



Ao = A 



where we have taken advantage of ( 7.2a ). Substituting ( 7.5a ) into ( 7. Id ) leads to 
P{t) ^po + at, P{v) = [pl + 2(a/c)|r - Vo\Y'\ 



(7.5a) 



(7.5b) 



Again in view of (7.5a), we have from (4.2d) that 



d — fi cos (po^ d 



1 + VTT^ 



1/2 



(7.5c) 



t9(l + 1?^)"^/^ p = Tr/{4dujo), y = c(d- 2pcrcos0o) 
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while (4.4a) becomes 



T =\d— 2pa cos <po \ sin ipo, Q = d cos <po — P ~ pa cos 2(l>o 
'R? = d^ + 13"^ - 2d(3 cos (j)o + p<j{p(J - 2dcos</>o + 2/3cos20o). 



Substituting the value of TZ from (7.5d) into (3.5a) gives the ray speed as 

v^c[d^ + (3'^ ~ 2d(3 cos + pcr(pcr - 2d cos 00 + 2/3 cos 20o)] 



(7.5d) 



(7.6a) 



while by putting the values of T and Q from (7.5d) into (4.2c), we get the angular displacement 
of the light source as 



ip — arctan 



\d — 2 pa cos (po I sin (po 
d cos <po — l3 — pa cos 2(l>o 



(7.6b) 



We conclude that for an observer in accelerated rectilinear translation, both acceleration and 
dispersion will be observed to affect the speed of a light ray as well as the angular displacement 
of a light source. 

Example 7-A. Transverse line of incidence. If the light ray is incident |^ at right angles to the 
observer's velocity, so that <j)o — 90°, then by ( 7.5c ), 



i9 = 0, 



1, ^ = 0, p = o, y 



From ( 7.6a ) and ( 7.61: ), we obtain 

V = c{l+ (3^y/^, ^ = arctan(-l//3) 



(7.7a) 



(7.7b) 



which shows that the ray speed and the angular displacement of the light source depend only on 
the instantaneous velocity of the observer. We conclude that there are indeed situations in which 
obliquation is determined by the instantaneous velocity of the observer and is independent of 
the observer's acceleration as postulated by the so-called clock or locality hypothesis of aclassical 
physics ||2^, Generally speaking, however, obliquation depends explicitly on the observer's 
acceleration although its effects are easy to eliminate by an appropriate choice of geometry. 

Example 7-B. Semi-transverse line of incidence. If the light ray is incident at 4 5° to the 
observer's velocity, so that cpo = 45° and cos (j)o = sin^o = l/v^ = V2/2, then by ( 7.5c ), 



i9 = ^l/V2, y = c(d - paV2) 



while from (7.6), we get 

V = c[d^ + I3{[3 - dV2) + pa{pa - d\/2)]^/^, -0 = arctan ■ 



\d — pa\/2\ 
d- f3V2 



(7.8a) 



(7.8b) 



which shows the effects of acceleration (via a) and dispersion (via p) on the ray speed v and on 
the angular displacement of the light source. We conclude in view of (^) and ( frSal ) that 
since p ^ and a ^ unless a = 0, the effects of acceleration and dispersion cannot be strictly 
eliminated in this case unless the observer ceases to accelerate. 



Example 7-C. Ultragamma approximation for semi-transverse loi. When the quantity p, is so 
small that expressions containing its third and higher powers can be neglected {p <^ 1), we have 

I2"yy"e remind the reader of the importance of distinguishing the hne of incidence (loi) of a ray from its hne of 
sight (los) since insufficient attention to this distinction has proved to be a rich source of errors for careless minds. 
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from ([7.8a ) that the third and higher powers of -d can also be neglected. Accordingly, by (7.5c) 



and (7.8a), we have the foUowing approximations 



TTT, ~ —i=, p~ 1=, ^~c<l —> (7.9a) 

16 V2 4wo\/2 i 16 ' 



where we have used the fact that = u/lOo by (1.6). Bearing this fact in mind in addition to 
( [7.8a ) and (7.9a), it is easy to show that for d — pa ^2 > 0, (7.8b) takes the form 



v^ci^l + PW-V2)-^(^l + ^^Y\ ^«arctan|l + ^-/3^/2 (^1 + ^)1 \ 

(7.9b) 

We conclude that in this approximation, the effects of acceleration and dispersion on the ray speed 
and on the angular displacement of the light source are of second and higher orders in /i. 

Example 7-D. Infraradio approximation for semi-transverse loi. When the quantity /i is so 
large that expressions containing its first and higher powers are much greater than \/2, we have 
from ( 7.8a| ) that the first and higher powers of "D are much greater than 1. Accordingly, by ( 7.5c ) 



and (7.8a), we have the following approximations 



1/2 



1 I V8 



dH^I , ..1, P-^ - , y-O. (7.10a) 



Equation (7.8b) takes the form 



wwcj/J^ + bQ-/?^! , , V'^arctanO (7.10b) 

from which we conclude that, in this approximation, the effects of acceleration and dispersion on 
the ray speed manifest at first order in p, while the light source suffers an angular displacement 
that places it in a direction parallel or antiparallel to the observer's velocity. 

Scholium 7-A. Prosaic character of superluminal velocities. Each expression for the ray speed 
V in the foregoing examples imposes a constraint on [3 for a given p, since the radicand in the 
expression must be positive in order for the expression to hold. These constraints are however 
geometric and specific to each example. We may therefore not regard any of them as a fundamental 
statement applicable to all obliquation phenomena. This is particularly important when the 
constraint is such as to require that < 1, because in this case those who have not learnt to 
give due diligence to the demands of epistemological completeness may be tempted to suppose (in 
view of the claim of many proponents of aclassical physics to this effect) that this constraint is an 
Act of Nature. We emphasize therefore that in this work we neither require /3 < 1 nor place any 
apriori constraint on (3. This is illustrated by the foregoing examples which admit /3 > 1 without 
contradictions. 

Art 28c. Coradial translation with nonzero acceleration. 
When an observer translates with a constant acceleration directed along the line of incidence of 
a light ray, we have \o = Q,9o = 4>o which upon substitution into ( |7.2| ) yields (cf. Figure |^) 

= 0, Ao = A = (7.11a) 

on account of which, by ( 7.21| ) and ( [7.2c ), 



9 • 2 , ^ 1/2 r 9 • 2 , ^ 1/2 

Wt Sm (Pn , , , . Mr sm ' 



(l)(t) = arcsin <^ — 2 1^ k Mj.) = arcsin <^ ^5 — ^ j-!^ )■ . (7.11b) 

' ^ ul + 2atuo cos (l)o + aH^ } ' ' \ m2 + 2a • (r - r^) / ^ ' 
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Substituting (7.11a) into (7. Id) leads to 

m - [Pl + 2at/3ocos^o + oH^\^l\ /3(r) = + 2(<t/c) • (r - v,)\^l\ 
In view of ( |7.11a ), we have from (4. 2d) that 

1/2 



(7.11c) 



= /i, d = 



1 + VTT??2 



(7.12a) 



7r = ?9(l + ^2)-i/2^ p = V(4dtJo), y=c(d-2p(7) 



while according to (4.5a) 



T = \d — pa \ sin Q = —j3 + (d — per) cos < 
7^2 = (d - pcr)2 + /32 - [2d + pcr)/3 COS 0. 



Substituting the value of TZ from (7.12b) into (3.5a) gives the ray speed as 

V = c[0^ - P{2d + pa) cos + (d - per) Y^^- 



(7.12b) 



(7.13a) 



Furthermore, by putting the values of T and Q from (7.121:) into (4.2c), we get the angular 
displacement of the light source as 



ip = arctan 



\d — pa\ sine 



-/? + (d — per) cos ( 



(7.13b) 



which, while similar in form to (4.5b), differs from ( 4.5bD in that (/) is required to satisfy (7.11b). We 
conclude that for an observer in accelerated coradial translation, both acceleration and dispersion 
will be observed to affect the speed of a light ray as well as the angular displacement of a light 
source. 



Example 7-E. Coradial translation with transverse loi. It may seem that one can obtain an 
interesting and useful result by putting = 90° into ( [7.13 ). One difficulty with this circumstance 
is that since is a function of time by ( 7.11b ), the condition (f) = 90° can be established only 
for a brief instant. A more serious difficulty is that since the observer's acceleration is parallel 
to the line of incidence of the light ray, the condition (p = 90° requires the observer's velocity to 
be perpendicular to the acceleration. The acceleration being constant, however, this requirement 
can be satisfied only at the instant when the observer's velocity is zero. We conclude that putting 
4> = 90° into (7.13) does not lead to a very useful result. 



Art 29. On the apparent drift of a light source. 
For an observer translating with constant acceleration, the velocity and acceleration of the observer 
are independent quantities, the acceleration being constant while the velocity varies, so that the 
formulae of Art |l^ are applicable. In view of (7.1), we have from (4.8) that 



X — iqk + HUo + {lit — J2)a 



(7.14a) 



/3(7^2 + 130) 



+ g 



«2 HP, «1 = «3 + H, «o = -H^- 



Furthermore, by (3.7c), (|4.9|) and (7.14a), we get 



tp = a[zocos A + iiUoCoaOo + a(tit — 12)], O — ip/a 
Iq + 2ioiiUo cos 0o + ii^o + a{iit — i2)[a{iit — 12) + 2io cos A + 2iiUo cos 9o] 



(7.14b) 



(7.14c) 
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which gives the drift tp and the magnitude of the obhquation gradient X as functions of time t, 
the variation of obhquation Q being defined only when the observer has a nonzero acceleration. 

Art 29a. Translation with zero acceleration. 

When the observer translates without a ccel eratin g, the obhquation gradient X is well defined and 
can be calculated by first substituting (7.3) into (7.14b) to get 



/3o(l - PoCOS (f)o) 



^*o(l + l3o - Wo cos 4>o) sin (j)o 



^3 



uf. sm ( 



12=0 



(7.15a) 



^l 



/3o + (1 - 2Po cos (/)o) cos 4>o 
ul{l + - 2/3oCos 0o) sin0o ' 



and then putting a = into (7.14a) and (7.14c) to get 



Po COS - 1 



Uo{l + - 2Po COS (f)o) sin(f)o 



X = iqK + tiUo, X = Iq + 2ioiiUo cos ipo + iiu^, — 0. 



(7.15b) 



(7.15c) 



We conclude that when an observer translates without accelerating, the angular displacement of a 
light source will not change in the course of the observer's motion regardless of the line of incidence 
of a light ray from the source to the observer. 



Scholium 7-B. Interpretation of obhquation gradient. So long as the obhquation angle ip 
depends on the observer's velocity u, the gradient of ip with respect to u is well defined even for 
a constant u because the gradient gives the amount by which ip changes if and when u changes 
without explicitly requiring u to be variable. When u does vary, as it must when an observer 
accelerates, the obhquation gradient gives the amount by which the apparent position of a light 
source changes for a unit change in the observer's velocity at any given instant. But when u 
is fixed, as it must be when an observer does not accelerate, the obhquation gradient gives the 
amount by which the apparent position of a light source differs for two observers, each moving 
with a constant velocity, for every unit difference in the observers' velocities. This case deserves 
clarification because those familiar with the prevailing mode of expression in aclassical physics may 
be tempted to interprete it by introducing a space filled with observers, all moving with different 
but constant velocities, and may therefore be led to suppose that obhquation gradient by its very 
nature requires a multiplicity of observers. 

Art 29b. Rectilinear translation with nonzero acceleration. 



When an observer translates rectilinearly with a constant acceleration, the results of Art 281; are 
applicable. Introducing 



^ d{d — (3 cos (j)o) + po'(pcr — 2d cos (j)o + P cos 20o) 
d'^ + (3"^ — 2d(3 cos (f>o + pcr{p(J — 2d cos 0o + 2/3 cos 2(/)o) 

we have by substituting ( 7.5d| ) and the value of y from ( [7.5c| ) into ( 7.14lj ), 

(36 d cos 0o — per cos 20O 



u'^[d ~ 2/9(7 cos (po) sin (po ' 



«3 



{d — 2 pa cos <po ) sin <po 



(7.16) 



(7.17a) 



«2 = «4P, 



«1 



Also, by using (7.5a) in (7.14c), we get 



^3+H, iQ = -S/{usm(j)o). 



ip = a[io cos(f)o + iiUo + a(iit — 12)], Q — ijj/a 
+ 2ioiiUo coscpo + «iUo + ~ *2)[a(*ii — ^2) + 2io coscpo + 2iiUo] 



(7.17b) 



(7.18) 
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from which we conclude that the apparent displacement of a hght source will in general vary with 
time when an observer translates rectilinearly with a constant nonzero acceleration. 

Example 7-F. Transverse line of incidence. If a light ray is incident at right angles to the 
observer's velocity, so that (7.7a) applies, then (7.17) will reduce to 



6 = 



1 



1 + /32' 







P 



w2(l+/32)' 



u2(l+/32)' 



«0 



«3 = 0, Z2 = 



1 



(7.19a) 



u(l + /32) 



on account of which ( 7.18 ) will become 



4,= 



1 + /52 



e = 



c(l + /32)' 



1 



u2(l + ^2) 



(7.19b) 



where fi satisfies (7.5b). We conclude that in this scenario the apparent drift of the light source is 
affected by acceleration but not by dispersion. 

Art 30. On the apparent path of a light source. 

To calculate the apparent path of a light source for an observer translating with a constant 
acceleration, we note that for this observer, (4.10a) reduces to 



=0, <;6 0, Q = 0, = 0, =0, (if ^ 0, = 0, ^/i = 

Q = 0, =0, c,k= 0, Q =0, i,m,= 0, = 0, = 0, (Tp = 



(7.20a) 



?0 



0, <,r 



0, 



0, Q = 0, ^„ = 0, ^„=0. 



Ignoring ga, Qb, Qc because they will not be needed in the calculations, we also have by (4.10), 

(7.20b) 



Qd^-l, = 0, = 0, = 0, 0, ft = 0, = 0, gfe = 

Ql =0, Qm= 0, Qn =0, Qo = 0, = 1, = fl, ft = 0, ft = 

ft = 0, Qu =0, e„ = 0, =0, £12; = 0, = 0. 

Substituting these values into (4.25) gives 

K = 0, T = 0, lt = -a/a, 4 = -L 



(7.21) 



from which we conclude that the apparent path of the light source is a straight line in a direction 
antiparallel to the observer's acceleration whatever maybe the line of incidence of the light ray 
from the source to the observer. We conclude further that if the observer's motion is not acceler- 
ated, the light source will not have an apparent path {£t = -L) and will therefore be apparently 
stationary jsH . 

Art 31. On the apparent geometry of rays. 

To study the apparent geometry of obliquated rays for an observer translating with a constant 
acceleration, we note that for this observer, (4.26a) reduces to 



so that, with ( 7.20| ), the remaining quantities defined in (4.26) are given by 
% a^y^ sin^ A, = a^u^ sin^ 9, = yua^(cos A cos 6* - cos < 



(7.22a) 



(7.22b) 



^^We use 1. to denote an indeterminate or undefined scalar or vector. 
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We substitute ( [T^ ) into (|3lJ) to get, in view of ( [7.20b| ) and ( |7.1a| ), 

y/t - Uo + (p - t)a _ a X (y^ - Uo) 



= U/icW), T = 0, €t 



c7^ 



n = cr[/32 sin^ 6* + (y /c)2 sin^ A + 2/3(y /c) (cos A cos ( 



cm 

cos0)]i/^ 



(7.23) 



We conclude that for an observer translating with a constant acceleration, the light ray is curved 
but lies entirely in a plane whatever the line of incidence of the ray maybe. 

Example 7-G. Rectilinear translation. When the observer's motion is rectilinear, the quantities 
featured in (7.23) have the values calculated in Art 28b. Substituting (7.5a) into ( 7.23| ) and using 
the value of y from (7.5c) gives 



n = a\d — 2pa cos 0o| sin (f)o- 



(7.24a) 



In particular, when the light ray is incident at right angles to the observer's initial velocity Uq, we 
have (j>o = 90° wh ich r educes ( 7.5d ) to TZ^ = 1 + 0^ and ( 7.24a ) to 11 = cr. It follows by putting 
these values into ( 7.23 ) that 



c(l+/32)3/2 



cr/c if /3 < 1 

(c7/c)/3-3 if /3 > 1 



(7.24b) 



where [3 satisfies ( 7.5bD . We conclude that dispersion has no effect on the curvature of the ray. 
However, unlike the corresponding obliquation angle given by ( 7.7b| ), the ray curvature depends 
explicitly on the observer's acceleration and not only on the instantaneous velocity of the observer. 



Hence those who wish to uphold the socalled locality hypothesis mentioned in Example 7-A ought 
to bear in mind that while the obliquation angle may depend only the instantaneous velocity of the 
observer, the curvature of the ray does in fact depend on the observer's acceleration, on account of 
which one may not claim, even in aclassical physics, that acceleration has no effect on obliquation. 

Example 7-H. Contigency of obliquated light rays. If P and Q are two points on a ray, and 

if the tangent vectors to the ray at these points are respectively t'f'^ and i^^^ , the angle between 
these vectors in the limit as Q approaches P is called the contigency of the ray at P (|^, pg 14). 
By definition, then. 



dip 



ds 



(7.25a) 



where ds is an element of the ray and dtp is an element of the contigency angle. Observing that 
ds/dt = u is the ray speed, the above equation can be rewritten as 

ip = Kv (7.25b) 

where ip may be called the variation of contigency. From ( [7Jb|) , ( [7.24b|) and (|7.25bD we obtain 

(7.26a) 



(l+/32)3 



as the variation of contigency for a light ray incident at right angles to the initial velocity of an 
observer translating rectilinearly with constant acceleration. Moreover, comparing (7.26a) with 
( [7.19b| ), we get 



1.3 



(7.26b) 



which relates the variation of obliquation at any instant to the corresponding variation of conti- 
gency at that instant. 

Scholium 7-C. Deviation of obliquated light rays. Consider a point moving along a light ray 
with the ray speed v, and let this point be at position P at time tp and at position Q at time tg. 
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If we integrate the variation of contigency (p from t — tp to t — tq, the result wiU be the angle 
between the tangent vectors to the ray at P and Q. This so-called bending angle or deviation 
constitutes a global measure of the ray curvature. It is a useful physical quantity when the ray 
lies entirely in one plane between P and Q. If the ray does not lie entirely in one plane between 
these positions, the physical usefulness of the bending angle is questionable. And even when the 
ray lies entirely in one plane between these positions, the usefulness of the bending angle can still 
be questioned on the grounds that A(^ = does not necessarily imply zero curvature everywhere 
between the two positions, which may be interpreted as showing that the bending angle is too 
crude a measure of curvature. Since the problems we are investigating in this work may admit 
rays that are both curved and twisted, we shall not in general be concerned with the bending 
angle in this work. The variation of contigency will be found to be much more suitable for our 
purposes because it places more stringent constraints on conflicting kineoptical theories. 

Art 32. On the apparent frequency of rays. 

The apparent frequency of a light ray can be calculated for an observer translating with a constant 
acceleration by substituting the appropriate value of TZ into ( ^.30 ). In this way we shall find that 



the apparent ray frequency uj' is affected in general by both acceleration and dispersion. 

Art 32a. Apparent ray frequency for nonaccelerated observers. 



When an observer translates without accelerating, TZ has the value given by (7.3c). Using this 



value in (3.30) gives 

{uj'/ujof ^l + l3l~2l3o cos 0o (7.27) 



so that for cos(j)o = 0, which corresponds to the situation shown in Figure 5(a) , we have 



u' = Uo^l + Pl (7.28a) 
and for cos0o = /3o, corresponding to the situation shown in Figure ^(b)| , we have 



Lo' = ujo^l~Pl. (7.28b) 

We conclude that in either of the transverse situations shown in Figure ||, the apparent ray 
frequency depends on second and higher order terms in /3o when the observer translates without 
accelerating Q Also, for a light ray incident in a direction parallel to the observer's 

velocity (cos(/)o = 1), we get 

uj' ^ ujo\l - Po\ (7.29a) 

while for a light ray incident in a direction antiparallcl to the observer's velocity (cos(/)o — — 1), 
we get 

^ujo{l + Po)- (7.29b) 

We conclude that in either of these so-called longitudinal or radial situations, the apparent ray 
frequency satisfies the usual classical formulae attributed to Doppler. 

Art 32b. Apparent ray frequency for accelerated observers. 
When an observer translates rectilinearly with a constant acceleration, TZ has the value given by 
( [7.5d ). Substituting this value into ( 3.3C| ) gives 



uj' /uJo) =d^ + 13^ - 2d/3cos0o + P<7{pcr - 2dcos0o -t- 2/?cos2(?!)o) (7.30) 



where the various quantities have the values calculated in Art 28b 



Example 7-1. Transverse line of incidence. For a light ray incident at right angles to the 



observer's initial velocity (cos(/)o — 0), using (7.7a) in (7.30) gives 

uj'^ujoVlTp^ (7.31) 
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where (3 satisfies ( [7.5b ). Comparing this result with (7.28a), we conclude that in this situation, the 
apparent frequency of the ray depends only on the instantaneous velocity of the observer and not 
explicitly on the observer's acceleration (cf. Example |7- A| ) . We may also consider the situation 
corresponding to cos 4>o = P. But in this case we must bear in mind that since [3 varies with time 
by (7.5b), the condition cos(/)o = /3 can be established only for a brief instant. Designating the 
value of (3 at the instant when this condition holds good by /3f, (7.5c) and ( 7.30| ) give 



{uj'/uoof =d^+ f3? - 2dpf + pa[pa - 2dPt + Wt{Wt " 1)] 



(7.32a) 



1/2 



(7.32b) 



from which we conclude that, at this particular instant, the apparent ray frequency is affected by 
both dispersion and acceleration. 



Example 7-J. Longitudinal line of incidence. For a light ray incident in a direction parallel to 
the initial velocity of the observer [cos 4>o = 1), we have by ( 7.5c ) and ( 7.30 ) that 



{uj'/ujof ^d^ + (3^ ~ 2df3 + pa{pa -2d +2(3), d = p 



(7.33a) 



while for a light ray incident in a direction antiparallel to the initial velocity of the observer 
(cos0o = —1), we have 



{uj'/ujof = d^ + (3'^ + 2d(3 + pa{pa + 2d + 2/3), d = 
where d and p are given in both cases by 

1/2 



1 + \n + d^ 



1 



p 



(7.33b) 



(7.33c) 



We conclude that acceleration and dispersion have effects on the apparent frequency of a ray 
incident in a direction parallel or antiparallel to the observer's velocity. 



Example 7-K. Ultragamma approximation for longitudinal loi. When the quantity fj, is so small 
that expressions containing its third and higher powers can be neglected (/i <C 1), we have by 
( 7.33a ) or ( 7.33b ) that the same condition holds good for the quantity -d. Equation ( 7.33c ) then 
becomes 



+ — , P~ — 

8 4010 



which upon substitution into (7.33a) gives 



{co'/u^r « (1 - pf - ^^^^V^ 



and upon substitution into ( 7.33lj ) gives 



(^7^o)'«(l+/3)2 



^^Hl + f3) 



(7.34a) 



(7.34b) 



(7.34c) 



We conclude that in this approximation, the effects of acceleration and dispersion on the apparent 
ray frequency are of second and higher orders in p. Moreover, when the observer's motion is 
such that /3 < 1 at all instants, we see that the effect of acceleration is such as to reduce the ray 
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frequency regardless of whether the hne of incidence of the ray is parallel or antiparallel to the 
observer's velocity. 



Example 7-L. Infraradio approximation for longitudinal loi. When the quantity /i is so large 
that expressions containing its first and higher powers are much greater than 1 (/i ^ 1), we have 
by (7.33a) or (7.33t) that the same condition holds good for -d. In this case we have by (7.33c) 
that 




sgni? 
4wo 



which upon substitution into (7.33a) gives 



and upon substitution into ( 7.33tj ) gives 

uj' K uJoib + P), 



(7.35a) 



(7.35b) 



(7.35c) 



We conclude that in this approximation, the effects of acceleration and dispersion on the apparent 
ray frequency manifest at first order in the square root of fi. We conclude also that when the 
observer's motion is such that fi > 8, the effect of acceleration is such as to enhance the ray 
frequency regardless of whether the line of incidence of the ray is parallel or antiparallel to the 
observer's velocity. 



8 Effects of centripetal acceleration 



Art 33. On the apparent direction to a light source. 

Throughout this section we consider a light ray incident in the plane of motion of an observer 
moving with constant linear speed and constant angular speed ilo in a circle of radius r^. Then 
at any instant the observer's position r, velocity u and acceleration a are given by 



r — ro{K,cosiy + jsini^), u — r2oro(— /? sin + jcosi^, 

_ ' (8.1a) 

a = —^o^ = — f^o(u X « ), v{t) — riot 



where J is a unit vector in the plane of the observer's motion satisfying k ■'j — 0, while 't = k x'j 
is a unit vector perpendicular to the plane of the observer's motion, and v is the phase or azimuth 
of the observer's position with respect to k. Observing from these equations that 



K ■ u = — f2o?'o sin i>, K X u = ^ iloTo cos v 
u • a = 0, K • a = — ri^ro cos k x a = — ^ il^ro sin v 



.lb) 



we obtain (cf. Figure ^ 

cosf? = 0, cos = sin A = — sin z^, sin = — cos A = cos i^. (8.1c) 



Consequently, (4.2b) becomes 



J- ~ |c?cos V + pa cos 2i>\, Q = —j3 — dsin v — pa sin 2v 
sin v + pa{pa + 2d cos 1^ + 2(3 sin 2i/) 



.2a) 
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while (4. 2d) becomes 



-/i cos V, 



1/2 



.2b) 



TT = 79/(1 + i?2)i/2^ p = 7r/(4dwo), ^ = c{d + 2pa COS v) . 



Moreover, substituting the values of T and Q from (8.2a) into (4.2c) gives the instantaneous 
obliquation angle of the light source as 



tanV-' 



jdcos ly + pa cos 2i/| 
-[3 — d sin V — pa sin 2v 



(8.2c) 



We shall find it convenient to say that the observer is at new phase when cos — 1, at first quarter 
when sin ly = I, at full phase when cos ly = —1, and at last quarter when sin v = —1. 

Art 33a. Apparent direction for observers at new phase. 
When an observer is at new phase, ( 8.2a| ) reduces to 

T=\pa + d\, g = -l3, TZ^ =d^+p^ +pa{pa + 2d) 



.3a) 



while ( ^.2b| ) reduces to 



•d ~ — /i, d = 
1 



1/2 



4dt^o 1 v/lTT? 



y = c(d + 2pa) 



(8.3b) 



where we have taken advantage of (l.E). Th e ray speed v a nd the angle i/; of obliquatio n are 
obtained by substituting the value of TZ from ( 8.3a ) into ( ^3.5a| ) and putting cosi^ — 1 into ( S.2c ) 
to get 



V = c[(3^ + {pa + d)Y^^ tanV' = -\pa + d\/f3. 



(8.4) 



We conclude that when the observer is at new phase, acceleration and dispersion affect both the 
ray speed and the angular displacement of the light source. 

Example 8-A. Ultragamma approximation. If /i ^ 1, then to a second order accuracy in p, we 
have from ( 8.3b| ) that 



l + ip^S), p^-p/iAuo) 



which reduces (3.4) to 



1/2 



tan-f/) « <! 1 - ^ 



.5a) 



(8.5b) 



We conclude that in this approximation, the effects of acceleration and dispersion on the ray speed 
and on the apparent position of the light source are of second and higher orders in p. 

Example 8-B. Infraradio approximation. If /i ^ 1, then to all orders of accuracy in p, ( ^.3b| ) 
gives 



/p/2, p^ -{AlOo)-^^2/p 



.6a) 
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which reduces ( ^.4[ ) to 

We conclude that in this case the elFects of acceleration and dispersion on the ray speed and on 
the apparent position of the light source manifest at first order in fi. 



Example 8-C. Relevance to low frequency radio astronomy. 
above calculations, let c ~ 3 x 10*ms~^ and take a ~ 6 x 10" 



To put some numbers into the 
^ms~^ to represent the earth's 
acceleration towards the sun. Then we have fiLUo ~ 200pHz. For nanohertz infraradio waves with 
ujo ~ InHz, we get fi « 0.2 <C 1 which indicates that (B.5b) gives a good approximation for 
ip. B ut fo r picohertz infraradio waves with tOo ~ IpHz, wc get fi 200 3> 1 which indicates 
that ( 8.6b ) gives a better approximation for ip. These numbers suggest that if the earth's orbital 



motion around the sun can be assumed to be circular and with constant speed, then the effect of 
the earth's acceleration on obliquation can be detected with reasonable certainty if an infraradio 
survey of the sky is performed in the picohertz range, for in this range we should find that tamp is 
about five times larger than what would be expected on the basis of other theories. Thus we have 
reasons to look forward to technological advances in extremely low frequency radio astronomy 
which may one day make such surveys possible. 



Art 33b. Apparent direction for observers at first quarter. 



When an observer is at first quarter, (B.2b) reduces to 

^ = 0, d=l, 7r = 0, p = 0, y=c 

while ( ^.2a ) reduces to 

^-0, g = -{i + (3), n^i + p. 



.7a) 



(8.7b) 



Substituting the value of TZ from (8.7b) into (3.5a) and putting sin;^ = 1 into ( p.2q ) gives 

v^c{l+P), tan-0 = O. (8.8) 

We conclude that when the observer is at first quarter, the ray speed is not affected by acceleration 
and dispersion while the light source suffers no angular displacement. 

Art 33c. Apparent direction for observers at full phase. 



When an observer is at full phase, ( 8.2b ) reduces to 



li} = fi, d 




(8.9a) 



4dwo 1 ^/T+Jl' 



while (8.2a) reduces to 

T^\p(7-d\, g = -(3, =d^ + 0^ + pcT{pa -2d). 



(8.9b) 



Substituting the value of TZ from (8.9b) into (3.5a) and putting cosv = —1 into (B.2c) gives 

u = c[/32 + (pcr-d)2]V^ tanV' = -|pcr-d|//3. (8.10) 
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We conclude that when the observer is at fuU phase, acceleration and dispersion affect both the 
ray speed and the angular displacement of the light source. 

Art 33d. Apparent direction for observers at last quarter. 
When an observer is at last quarter, ( ]8.21:| ) reduces to 



while ( p.2a|) reduces to 



d = 0, d=l, 7r = 0, p = 0, y = c 



^ = 0, g^i-i3, 7^ = |l-/3|. 



.11a) 



.lib) 



Substituting the value of TZ from ( 8.11b ) into ( 3.5a ) and putting s'mi^ = — 1 into ( 8.2c ) gives 

w = c|l-/3|, tanV' = 0. (8.12) 

We conclude that when the observer is at last quarter, the ray speed is not affected by acceleration 
and dispersion while the light source suffers no angular displacement. 



Example 8-D. Obliquation as a vector transport problem. The foregoing calculations show that 
when the observer is at new phase, the light source is displaced at an angle ip to the observer's 
velocity in accordance with ( ^.4| ). As the observer progresses to first quarter, the displacement 
of the light source reduces and finally vanishes when the observer reaches first quarter, at which 
point the apparent direction to the light source coincides with the true direction. As the observer 
progresses further to full phase, the light source again suffers a displacement which reaches a 
maximum value when the observer is at full phase. This displacement in turn diminishes as the 
observer advances to last quarter, at which point the apparent direction to the light source coincides 
again with the true direction. As the observer finally moves from last quarter to new phase, the 
light source again suffers a displacement that reaches a maximum value when the observer is at 
new phase. It appears therefore that one may treat obliquation as a problem of transporting the 
ray velocity vector along the path of the observer. But while this mode of expression may be more 
convenient for mathematicians, it seems to add nothing to the physics of the phenomena being 
investigated, and will therefore not be considered further in this work. 

Art 34. On the apparent drift of a light source. 

For an observer translating with centripetal acceleration, the velocity and accelerati on of the 
observer are dependent quantities, the acceleration being related to the velocity as in ( B.la ), so 
that the formulae of Art ^ are not applicable. Since the applicable general formulae for this case 
were not derived in that article, we shall not study the apparent drift of a light source for an 
observer translating with centripetal acceleration in the present article. The results which ought 
to have been derived here can however be obtained as a special case of the results obtained in 
Art where we study the same problem for a rotating or precessing observer. 



Art 35. On the apparent path of a light source. 
To calculate the apparent path of the light source, we first note that by 

a — — il^u, a — fltr. a = fltu 



•la), 



.13a) 



K ■ r ~ Vo cos i^, K X r ~ iro sin j/, u • r = 0, 
K-a=— ay, K,xa.= —'ia±, K-SL=Cloa±, 
K-a==ri^a||, Kxa.=^flga±, a • a = 0, ax a 
a • a = 0, axa = ia^Qo, a- a =—17^0^, axa = 



u X r = —iflorl 
K, X a. = — fioOii 



.13b) 
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where we have introduced the convenient quantities 



a cos ly, a± = a sm i/, (T|| — a cos v 
:(Tsini^, = /i cos i^, /ix=/isinzy. 



Substituting (8.13t) into (4.10a) and taking (3.1) into account, we get 



(8.13c) 



.14a) 



<?d = 0, Q = -a^^^oi ^/ = 0, ■^g = a^r^o, Qi = 0, Q = -a^ri^ 



= a'nl =0, Q = a^r!^, ^™ =0, = 0, = 
= 0, = 0, = 0, (Ts = 0, Q = 0, = 0, ^„ = 



.14b) 



where we have used the fact that lUq — ck, a — a/c, fi — cr/ujo by ( 1.2b) and (1.6). Putting these 
values into ( 4.10g ) gives Qy = which upon substitution into ( 1.25 ) yields T = 0. We conclude 
that the apparent path of the light source is a plane curve. Moreover, since the various vectors in 
the expression for li, in (4.25) are parallel or antiparallel to 'i by (B.13b), we conclude also that 
the apparent path of the light source lies in the plane of the observer's motion. 



Art 35a. Apparent path for observers at new phase. 
When an observer is at new phase, we have a|| = a, a± = which reduces (S.14a) to 



0, % = OJo^l(T, <,c 



0. 



The various quantities defined in (4.1C) become, in view of (8.3b), (8.14b) and (8.15a), 



^., = (l + M')^/^ 



1 - 4/i2, = (1/^3) - {7r/2d)' 



Qd 



gi = -yano{2x - 1), ftn = 0, Qn = Qu Qo = -ay^{2x - 1), Qp = 1 + xy^ 

e5 = a(l + 2/2)1/2^ g,, = 0, g, = -a^nl{l + 3xy^), gt = 0, gu = a^nl{l + 3xy^) 

gv^O, gw ^ a'^^til + Sxy^), g^ ^ a'^Qo\l + 3xy'^\, gy = 



where we have introduced the quantities 



f > if < 3 
4^2/1 <o if ^2 -^3 



y = XoVo, 



1 + 3x2/2 
|l + 3a;y2| 



with d, Xo and j/o given by 

.-I 



1 + 



1/2 



1 



Xo — 



,2 J ' " yrr^ 

In view of dslsl ), ( ^Isj ) and (|1|), ( ^!25|) becomes 

|l + 3xy2| 



yo = 



^^ I 2^3/2' 

t(l + y^) 

f _ eiQ-'k.y) 



1 |l + 3xy2| 



.15a) 



(8.15b) 



.16a) 



.16b) 



5.17) 
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We conclude that at the instant when the observer is at new phase, the apparent path of the hght 
source will be a curved line if ei 7^ _L and a straight line if ei — _L. 

Example 8-E. Apparent path for small accelerations. When the acceleration of the observer is 
so small as to be negligible (/i w 0), we have in ( ^.16 ) that 



1, y^O 



.18a) 



which upon substitution into (8.17) gives 



, £f K, £.f^ J J £q 'a£ji, 

u 



.18b) 



We conclude that if the true position of the light source is considered to be at the center of 
curvature of its apparent path, a vector drawn from its apparent position to its true position 
will be of the same magnitude and direction as the observer's velocity, a result that was first 
established with the greatest authority and originality by Hamilton |^ . We conclude further that 
at the instant in question, the sense of the apparent motion of the light source is parallel to the 
line of incidence of a light ray from the source to the observer, and therefore directed towards the 
observer. 



Example 8-F. Apparent path in the ultragamma limit. When the observer's acceleration is not 
entirely negligible but the quantities /i and flo/ujo are small enough that their third and higher 
powers may be neglected, we have that ( j.5a| ) holds. Substituting this equation into (3.16) gives 



which reduces ( ^.17 ) to 



in 

u 



2 



y^Vo 



(8.19a) 



.19b) 



1 



2 

Vo 



1 



2 



(8.19c) 



We conclude that, strictly speaking, the vector from the apparent position of the light source to 
its true position has a magnitude and direction which differ from those of the observer's velocity 
by small but finitesimal measures. 



Example 8-G. Apparent path in the infraradio limit. When the observer's acceleration is not 
entirely negligible and the quantity /i is large enough that its first and higher powers dominate 
any expression containing them, we have that (8.6a) holds. Substituting this equation into 
gives 



1 

'2' 



y •■ 



.20a) 



on account of which 



17) becomes, provided VLo/oJo is not too large 



in 

u 



8mc^2 



1 



16 fiuj'^ 



4w„ 



.20b) 



1 - 



16/ia;2 



- IK 



.20c) 
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We conclude that in this approximation also, the magnitude and direction of a vector from the 
apparent position of the light source to its true position differ from those of the observer's velocity 
by small but finitesimal measures. 



Art 35b. Apparent path for observers at first quarter. 



When an observer is at first quarter, we have ay = 0, a± — a which reduces ( j.l4a ) to 

?a = CrUJo^o, ft = 0, <;c = -(TLJo^l- 

In view of ( |8Ja| ), ( pl4b| ) and ( pla] ), the various quantities defined in ( |4.10| ) become 

giQ = 1, Qb^l, file = 1, Qd^Vo-l, ge = 0, gi/ = -^^1^(1 + 3^^) 

gg = MujIvI, Qh = 0, = 0, Qj = -Vo^lil + 3m') - ^"^vl^l. Qk ^ Q 

gi ^ -3ayo^o, Qm ^ 0, = 3ayof2o(j/o - 1), go = 0, = (j/o - l)(2j/o - 1) 

gq^a\yo-l\, Qr ^ a^no{yl ~ I), ffs = 0, gt ^ -a^nl{yl - 1) 

gu = -a'^nl{yl-l), g^ = 0, ^ -a'^n'^{yl - I), = a'^^olyl - 1\, gy ^ 

where yo is given by (|8ll), and we shaU introduce for convenience Q 

£2 = ugn(yo - 1). 

In view of ^1^ , ( pl3| ) and Q), ( p5| ) becomes 

II 



u\yo - 1 



13 ' 



T = 0, 



-62 t 



.21a) 



.21b) 



.21c) 



.22a) 



\yl - 1| 



.22b) 



We conclude that at the instant when the observer is at first quarter, the apparent motion of the 
light source may be prograde (£2 = ^1)) retrograde (£2 = +1) or stationary (£2 = -L). 



Art 35c. Apparent path for observers at full phase. 



When an observer is at full phase, we have ay = —a, a± — which reduces (B.14a) to 

= 0, ft = -ujoi^la, ft = 0. 
The various quantities defined in ( 4.1C ) become, in view of ( 8.9a ), ( B.14b| ) and ( ^.23a ), 
e„ = (l + M')'/', gb- 1-4^^2, g,^il/gl)~i7r/2df, gd ^ -I 

ge = -Tri^o/ga)'^, gf^O; gg ^ -yo-^o, gh = 0, gi^-xyiio, gj = 0, gk = 

gi = ya^oil + 2x), = 0, £»„ ft, go ^ ~ay'^{l + 2x), gp ^ 1 + xy'^ 

= a(l + y2)i/2^ g^^O, gs^a^nl{l-xy^), ft = 0, g^ = a'^nUl - xy^) 
gv = o, gw ^ a^^ti^ - xy'^), gx ^ a'^^ol^ ~ xy'^l, gy = 



.23a) 



(8.23b) 



where x and y are given by (8.16), and we shall find it convenient to introduce 

£3 = ugn(l - xy'^). 



.23c) 



^'^ We define the function ugn(a;) to be such that 

ugn(x) = 
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In view of ( |8.23| ), ( ^.13D and (|^, becomes 



u(l + y2)3/2 



T = 0, £t= !^ ! , 4 = 63* 



|1 - 



.24) 



We conclude that at the instant when the observer is at full phase, the apparent path of the light 
source will be a curved line if £3 7^ ± and a straight line if £3 = _L. 



Art 35d. Apparent path for observers at last quarter. 
When an observer is at last quarter, we have a|| = 0, a± = —a which reduces ( ^.14a ) to 

(;a = -aujo^o, % = 0, Q = aujo^l- 
The various quantities defined in (4.1C) become, in view of (8.11a), ( B.14b| ) and (B.25a), 

Pa = 1, ^6 = 1, = 1, 6'd = -l-yo, = 0, = /if^o (1 + 3/i^) 

Qg^Adujlyl, gh = 0, ft = 0, gj = yo^l{l + itJ."^) + I2ujlyl, Qk = 
gi ^ -3ayoflo, = 0, gn ^ ~3ayoilo{l + Ho), go = 0, = (1 + j/o)(l + 2yo) 
gq = a(l + yo), gr - -a^f^o(?/o - 1), gs = 0, gt ^ a'^^livl - 1) 
gu = -a^VLl{yl-'l), ft = 0, -a''f};^(y^ - 1), p^, = a^f^oll - 

where yo is given by ( 8.16| ), and we shall find it convenient to introduce 

£4 = ugn(l - yo). 

In view of ( |8!25| ), ( pl| ) and (|I|), (|^ becomes 

I2/0-II 



(8.25a) 



.25b) 



.25c) 



u(yo + i)2' 



T = 0, £t = -J, -^b = £4* 
(2/0 + 1)^ 



|yo-i| 



B.26) 



We conclude that at the instant when the observer is at last quarter, the apparent path of the 
light source will be a curved line if £4 7^ ± and a straight line if £4 = ±. 

Example 8-H. Elongation in the apparent path of a light source. Let £3 > and £1 > 0. Then 
when the observer is at full phase or new phase, we have by (B.24) and (B.17) that 



-3- i^y 



oN 



3- K.y 



y 



.27a) 



where £^ and are unit vectors drawn from the apparent position of the light source to the 
center of curvature of its apparent path at full phase and new phase respectively. It follows that, 
unless y — 0, the angle (p between these vectors will be different from 180°. To calculate the 
amount by which ip differs from 180°, we take the scalar product of the vectors to get 



COSly9 : 



y 



1 



y 



1 



so that to a third order accuracy in fj,, (8.16) permits us to write 

1 flflo 



COS(p 



2 

yo 



yl^rV 



yo : 



4tJo 



.27b) 



.27c) 
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from which the elongation 180° — Lp can be easily calculated. We conjecture that when the light 
source is not stationary but moving, either inherently or as a result of observational errors, elon- 
gation may induce a precession in the apparent path of the source since the center of curvature of 
the path will no longer be fixed in space 

Art 36. On the apparent geometry of rays. 

To study the apparent geometry of obliquated rays for an observer in circular motion, we substitute 
and ( |8.13D into ([4.26D to get, in view of ( 18.141) , 



iOa = 0, f)b = Q, i3c = 0, ^d = Q, i3e = 



(8.28a) 



= y^d, = 0, - 0, = 0, = 

where we have used the fa ct that in all the cases we shall be considering, g^. 
(K21b|) , (^.23b| ) and ( K25bD . 



.28b) 



by (g.l5b), 



Art 36a. Apparent ray geometry for observers at new phase. 
When an observer is at new phase, we have a\\ = a,a± = by definition while = —1 hy ( |8.15b ) 



Equation ( B.28b| ) becomes, in view of ( 8.3b ) and ( ^.16D 



Rf — {cayS)^, Rg — (au)'^, Rh = au{cay6) 



where we have introduced, with y and d given by ( 8.16 ), 

5 = d- f3y, £5 = ugn(/? + Sy) 
so that by using (U), ( |8.29| ) and ( |8.15bD in ( |4.31| ), we get 

K = ^/(c7^^), f = o, It^ {6k~ f3j)/n, 4 = £5* 



.29a) 



.29b) 



(8.30a) 



.30b) 



We conclude that at the instant when the observer is at new phase, the ray is curved but lies 
entirely in a plane. 



Art 36b. Apparent ray geometry for observers at first quarter. 

When an observer is at first quarter, we have a\\ — 0, a±_ = a by definition while Qd 
( ^.21b| ). Equation (|8.28b| ) becomes, in view of ( |8.7a| ) and ( ^.16[ ), 

= c{yo ~ 1), Rb = 0, = 0, = 0, = 
c2a2(y^ _ 1)2^ ilg =a2„2(y^_ ;L)2^ il,, = ca2u(yo - 1)2. 

( PI ) and (||2l]) in ( g3l| ), we get 



yo - 1 by 



^.31) 



Using 



^/(c7^2), T = o, 



.32a) 



'^^To examine this question more rigorously, it is necessary to first consider the problem of whether or not the 
velocity of a light ray may depend on the velocity of its source, a problem that is outside the scope of this work 
but will be treated in detail when we study the kineoptics of intrinsic redshifts. 
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.32b) 



where £2 is given by ( p. 21c ). We conclude that at the instant when the observer is at first quarter, 
the ray is curved even though the observer is moving along the line of incidence of the ray. 

Art 36c. Apparent ray geometry for observers at full phase. 
When an observer is at full phase, we have a\ \ = —a,a± = by definition while = —1 by 
( ^.23b| ). Equation ( |8.28h| ) becomes, in view of ( 8Ja| ) and ( ^.16D , 



iia^-c{S- (3y), Sib^O, J?c = 0, J^d = 0, J?e = 
= (cayS)^, — (I'v? , Ah = au{cay5) 



.33) 



whe re S is given by ( 8.29b ), and by using (|8.9|), ( ^.33 ) and (^.23h| ) in ( 4.31 ), we get with £5 given 
by (1^93), 



^/(c7^3), T = 0, £t = {SK + Pj)/n, h^e^i 



.34a) 



We conclude that at the instant when the observer is at full phase, the ray is curved 
extent as when the observer is at new phase. 

Art 36d. Apparent ray geometry for observers at last quarter. 
When an observer is at last quarter, we have a|| — 0,a± — —a by definition while gd 
by ( ^.25b| ). Equation ( ^.28h| ) becomes, in view of ( |8.11a| ) and ( ^.16[ ), 



Aa^-c{yo + l), J?b-0, Ad^O, J?e = 

J?/ = c^a^(j/o + 1)^, J^g = a^u^(yo + 1)^, A.h^-a^uc{yo 
Introducing the quantity 

£6 = ugn(l - 13) 
and using (^^ and ( |8^ in ( ^ ), we get 

K = ^/(c7^^), f=0, £t = eeK, Ib^-e&i 



If 



(8.34b) 
to the same 



(8.35a) 



.35b) 



.36a) 



n^aUiyo + l), 7^=|1-/3|. 



.36b) 



We conclude that at the instant when the observer is at last quarter, the ray is curved provided 
P ^ 1. For /3 = 1, we see that the ray will not propagate relative to the observer and the light 
source will therefore be imperceptible to the observer at last quarter. 

Art 37. On the apparent frequency of rays. 
To calculate the apparent frequency of a light ray for an observer in circular motion with constant 



speed, we substitute the value of TZ from (3.2a) into (3.30). In this way we shall obtain 



{lo' /uJoY 



TZ'^ = (f + (3"^ + 2d(3 sin u + pa{pa + 2d cos + 2/3 sin 2iy) 



.37) 



which shows that the apparent ray frequency uj' is affected in general by both acceleration and 
dispersion. 

Example 8-1. Ray frequency for observers at new phase. For an observer at new phase, TZ has 
the value given by ( ^.30b ). Putting this value into ( |8.37 ) yields 



(8.38) 



Classical Aberration And Obliquation 



Page 209 



March 2001 



OAS-2001-03A 



where S is given by (8.29b). We conclude that at the instant when the observer is at new phase, 
the effect of the observer's motion is to enhance the ray frequency. 



Example 8-J. Ray frequency for observers at first quarter. For an observer at first quarter, TZ 
has the value given by ( ^.32b ), and by substituting this value into (B.37), we get 



(8.39) 



from which we conclude that at the instant when the observer is at first quarter, the apparent 
frequency of the ray depends only on the instantaneous speed of the observer and not on the 
observer's acceleration. 

Example 8-K. Ray frequency for observers at full phase. For an observer at new phase, TZ has 
the value given by ( ^.34b| ). Substituting this value into (8.37) leads to 



(8.40) 



where S is given by (8.29b). We conclude that at the instant when the observer is at full phase, 



the effect of the observer's motion is to enhance the ray frequency by the same amount as when 
the observer is at new phase. 



Example 8-L. Ray frequency for observers at last quarter. For an observer at last quarter, TZ 
has the value given by ( ^.36bD . Using this value of TZ in we get 



CO 



.11 



.41) 



from which we conclude that at the instant when the observer is at last quarter, the effect of 
the observer's motion is to reduce the ray frequency if /3 < 1 and to enhance the ray frequency 
if > 1. For /3 = 1, the ray does not propagate relative to the observer and the ray frequency 
therefore vanishes. 



9 Effects of precessional acceleration 

Art 38. On the apparent direction to a light source. 
Throughout this section we consider an observer rotating with a constant angular speed f2 about 
an axis which precesses at a constant rate |r| about a fixed direction F so that 

A = rxO, A = (r • o)r - r^n, a = -t^{t xn), a = -t^{t ■n)T + T'^n (9.1) 

where F is a vector with magnitude |r| parallel to F for F > and antiparallel to F for F < 0. 
Considering a light source whose rays are incident in a direction k, parallel to F and are linearly 
polarized in a direction p perpendicular to F, we introduce a coordinates system with k, p and 
J = p X K as basis vectors. Then we have 

r ~ K, rj = f7(j sine cos + p sine sin + K cose) 

^ . ^ . . ^ (9. 2a) 

r = 7'(j sin 1/ cos ip + p sin ly sin Lp + k cos 

0° <m < 360°, 0° < ^ < 360°, 0° < e < 180°, 0° < v < 180° (9.2b) 

where e is the angle between k and Jl, v is the angle between k and r, tn is the angle between j 
and the projection of H on the plane of j and p, whi le ip is the angle between j and the projection 
of r on the same plane. In this coordinates system ( pj| ) becomes 

A = f7F(p sine cos tu — jsinesintu), A = —51F^(j sine cos nj + p sin e sin tu) 

.. _ ... _ (9.3a) 

A = — fiF (p sine cos n7 — jsine sintn), A = f7F (j sine cos tn + p sine sin tn) 
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while the angle A between r and CI is given by the cosine law 

cosA = cosecosi' + sinesinz/cosi?, B = zu — (p, 0° < A < 180° . (9.3b) 

These equations are however much too general to be useful for the purposes of illustration. We 
shall suppose therefore in the sequel that 

cose = cosA = 0, cosi3 = 0, cosip — sinm, sin = — cos (9.3c) 

since the loss of generality incurred with this supposition is more than balanced by the instruc- 
tiveness of its results. 



Art 38a. Effects of polarization. 

It was noted in Section ^ that the propagation condition k • (p x O) 7^ needs to hold in order for 
the light rays to propagate relative to the rotating observer as regular rays. When this condition is 
violated, the rays degenerate into a mode where they either cease to propagate or propagate with 



a velocity that is no longer given by (1.1). In terms of the particular situation being considered 
here, this condition requires that the angular velocity ft be noncoUinear with the polarization 
direction p. More generally, as the axis of rotation of the observer precesses about the line of 
incidence of the rays, it will be carried into the plane of k and p at two instants corresponding to 
■cu = 90° and w — 270°. At these instants the rays will no longer propagate as regular rays. We 
conclude that if light rays from the cat's eye nebula are linearly polarized and incident at right 
angles to the ecliptic, then observational astronomers will do well to study the photometry of light 
from this nebula when the earth's axis of rotation lies in a plane determined by the polarization 
direction of the rays and the normal to the ecliptic. 

Art 38b. Effects of acceleration. 
To study the effects of acceleration on the obliquation angle of the light source, we use (|9.2|) and 



( |9.3D to get 



p X = —nrtcoszu, p X A = nilT sinzj 

A X r = 7'Or(jcos?i7COSi^ + p sin zn cos z/) (9-4) 
n X r = rCt{—K sin i/ — p cos cos w + j cos ly sin w) 



which upon substitution into (5.1) yields 



£a — 0, £b — 0, £c ~ ilsintU, Ed = r COS I/, £e = 

£f = r shii> sinip, Eg = 0, Sh — —rflT sini', Si — rJFcosnj 
£j = —il cos 117 7^ 0, Sk — — rilsini', ei — — rficosz^cosro 
Em — rVL^T cos V, e„ = 0, £0 = rilF sin nj cos z/ 



ipa^rVL, ipb = rT\£L, </?c = 0, ^pd = -rO. cosv, = 0, = 0, = 

Lph = -^l{2uflV? cos2 tu), = (yr)/(2w2)^ ^0, (^fe = -2pr?? cos v 

(^, = 1, (y9,„ = 0, V3„=0, (/3o = 0, (^p = (rr2f72ycos;/)/(2cj2) (9.5b) 

yjg = — (yrr2)/(2a;Q), (^^ = — 4pr2sinj/cost^, <y9s = 2pri(y + cd) sin 1/ COS z/ 

(^t = -sinj/, = -(cosj/)/n, = 



where, by using ( |9.5| ) in ( ^.12d ), we have 

^ = VlIuJo; f = r/(2cJo), T = r/f7, n= (l + T^cos^jy)!/^ 
= — /3J1 COS i^, a — —(i^uJoCosv, 7 = 1, /3 = (rfi)/c, cr = nil/? 



(9.6a) 
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d = 



1 + VTTW 



1/2 



Accordingly, ( 5.12a ) and ( 5.12b ) become 

£ = -2fisiniy, V = S"^ + Ah{d + P sin ly) 
A/" = 8^ + 4fi(dcos^ v - fisin^ v) 



(9.6b) 



(9.7a) 



^ = — /? — sinz/ 

7^2 = + p + + + 4?i(d + (3 sin v)-2d{h- (3 sin z^) 
§^ + p^cr^ + cos^ u + 4/i(dcos2 - ftsin^ v) ~ 2dh 



which upon substitution into (5.12c) yields 

[§2 + + d^ cos^ V + 4fi(dcos2 V - v) - 2(ifi]i/2 



tan^/) 



-/3 — sin V 



(9.7b) 



(9.8) 



We conclude that the obliquation angle of the light source depends in general on the precession of 
the observer and the frequency of the light rays. 

Example 9-A. Self consistency of clas sical kineoptics. When the observer's axis of rotation does 
not precess (F = 0^ we have by that f = 0, T = 0, H = 1, cr = and § = 0. Under 

these conditions, (9/7) reduces — as it should — to the corresponding equation for an observer in 
centripetal motion that was treated in Section Considering that the formulae which describe 
the propagation of light rays for observers in translation and rotation differ greatly from one 
another as described in Section §|^, we have here a fine indication of the selfconsistency of our 
treatment of classical kineoptics. 

Art 38c. Obliquation at transverse position. 
When the observer's position is at right angles to the axis of precession (sinv = ±1), we have by 
( ^ and (1^3) that 



n=l, z? = 0, a = 0, cr = /?fi, 7r = 0, d=l 

p = o, n = o, = 1, i^ = c, § = tn 



(9.9a) 



g = -/3=Fi, = f^o^ + (1 ±/3)^ j^^^r^rj 



2o2 



(9.9b) 



where the upper signs correspond to sin;^ = +1 and the lower signs correspond to smi> = — 1. By 
(O), (|3.5a|) and (|9.9b|), we obtain 



V = c 



1/2 



, tanip 



n 



(9.10) 



from which we conclude that the apparent angular displacement of the light source depends on 
the precession of the observer as well as on the frequency of the light rays. 

Art 38d. Obliquation at longitudinal position. 

When th e ob server 's p osition is parallel or antiparallel to the axis of precession {cosi/ ~ ±1), we 
have by (U) and (|!|) that 



(9.11a) 
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7r = =F/3(fj/a;), d= y/{l + x)/2, p = n/{4du;o) 



(9.11b) 



-13, 7^2 =/32+y2 + (d + fi)2, T^^y^ + {d + nf 



(9.11c) 



where, with the upper signs corresponding to cosi^ = +1 and the lower signs corresponding to 
cosv — —1, we have introduced 



Thus by (U), (|!||) and ( ^.llc|) , we obtain 

V ^ c[f3 + y + [d + h) \ , tan?/^ = - — 



/3 



(9.11d) 



(9.12) 



from which more convenient approximations may be obtained. 



Art 39. On the apparent drift of a light source. 

To c alcu late the apparent dri ft of the light sour ce, we assu me for simplicity that sinz^ = +1 so 
that (|9.9| ) holds. Substituting (9^) through (9^) into ( 5.13 ) under this assumption then gives 



Sa = 0, Sb = nTsmTu, Sc = 0, Sa^cnnV, (5e = 0, Sf^O, Sg^l 
6h = l/{^Lol), 5^ = 0, 6j - -ri^rcos^ tu, 4 = 0, (5( = 0, ,5™ = 

4 = 0, 4 = 0, 4 = 0, 4 = 0, 4 = 0, 4 = 0, 4 = 0, 4 = 



(9.13a) 



ha = r, hij = 0, he = rilTQ,, h^ = 0, fig = 0, hf = 0. 



Substituting (9.13) into (5.221) in view of (3.7c) and (3.13b) leads to 



Jo = — cA", zi =0, Z2 = 0, Z3 = 0, t4 — —cy 

l5 = 0, «6 = 0, 17 = 0, l8 = 0, l9 = Z 



where we have introduced, with given by ( 9.9b| ), 



1 + ^ r r 1 + 13 



[1 + P) + THl - /3) 
(3T 



Taking ( [9^^ ) and ( pO| ) into account, we substitute ( |9.14| ) into ( |5.22aD and ( |5.22c[ ) to get 
1 



/3c7^2 



{X + I3Z)k + yri(jcostu + psinro) 



e = 0, V = 



(9.13b) 



(9.14a) 



.14b) 



(9.15) 



from which we conclude that at this particular instant, the apparent angular displacement of 
the light source is not varying with time. 

Art 40. On the apparent path of a light source. 

The contents of this article have been omitted in so far as I have not been able to put the formulae 
into a form that is sufficiently simple, general, and illustrative of some pertinent principle. 

Art 41. On the apparent geometry of rays. 

The contents of this article have been omitted in so far as I have not been able to put the formulae 
into a form that is sufficiently simple, general, and illustrative of some pertinent principle. 
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Art 42. On the apparent frequency of rays. 
To study the apparent ray frequency for the precessing observer, we substitute the value of 72, 



from ( |9.7bD into ( |3.30D to get 

{co'/coof = + p^cr^ + (f +f3^ + Ah{d + f3smiy) - 2d{h -f3siiii^) (9.16) 

where §, p,a,d, P and H are given by (|9.6| ). We conclude that the apparent ray frequency uj' is 
affected in general by both dispersion and precession. 

Art 42a. Apparent ray frequency at transverse position. 

When the observer's position is at right angles to the axis of precession (sinv = ±1), the various 
quantities defined in (9.6) have the values given by (9.9a). Putting these values into (9.16) gives 



f2j72 + (1 ± /3)2 



(9.17) 



as the apparent ray frequency for the observer. In particular, if the observer were to rotate without 
precessing, the problem will reduce to that of an observer in centripetal motion at first or last 
quarter, and the apparent ray frequencies given by ( |9.17 ) will coincide with those obtained in 
Art 1^ 

Art 42b. Apparent ray frequency at longitudinal position. 
When the observer's position is collinear with the axis of precession (cosi^ = ±1), the quantities 
defined in (9.6) have the values given by ( 9.1l| ). Using these values in (9.16) gives 



to' = LOoVW+]F+{d + W 



(9.18) 



as the apparent ray frequency for the observer. If the observer rotates without precessing, the 
problem reduces to that of an observer in centripetal motion at new or full phase, and it is not 



difficult to show that the apparent ray frequencies obtained from (9.18) agree with those obtained 
previously in Art 



10 Effects of gravitational acceleration 



Art 43. On the apparent direction to a light source. 

Throughout this section we consider a gravitating observer and a light source whose rays are 
linearly polarized in a direction that lies in the orbital plane of the observer's motion and are 
incident in a direction perpendicular to this plane. Thus if z is a unit vector directed from the 
dynamical focus of the orbit towards perihelion while y is a unit positive normal to the plane of 
the orbit and x = y x z, then 



z = zz, h^—hy, r — 7'(zcos + xsinz/) 
K—~Ky, p = (z cos i^o + xsin i^o) 



(10.1a) 



r X h = r/i(xcos — z sinz/), z x h = z/ix, /« x z = — zx 
K, X p = z sin — X cos j/q , k x r = r (z sin — x cos ly), p x z = yz sin h'o 



(10.1b) 



where the true anomaly v is the instantaneous angle between r and z, and the polarization anomaly 
i>o is the constant angle between p and z. 

Art 43a. Effects of polarization. 

We have remarked earlier in Section §|l| that the propagation condition p • (r x h) ^ must hold 
in order for the light rays in consideration to propagate relative to a gravitating observer. If 
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the rays are polarized in a direction that lies in the orbital plane of the observer, then there are 
two positions in the observer's orbit at which the vectors r and p are parallel or antiparallel. 
When the observer is at either of these positions, the propagation condition is violated, the light 
rays will not propagate relative to the observer and the light source will be imperceptible to the 
observer. Assuming therefore that light rays from the cat's eye nebula are linearly polarized and 
incident nearly perpendicularly to the earth's orbital plane, their polarization direction will lie 
in this plane and there should be two positions on the earth's orbit at which these rays will not 
propagate relative to an observer on the earth. Observational astronomers are therefore advised 
to pay close attention to the photometry of light from this nebula as a function of the earth's 
position in its orbit. 



Example 10-A. Permanently imperceptible light rays. For light rays that are linearly polarized 
in a direction normal to the orbital plane of a gravitating observer, the propagation condition is 
violated at all instants. Hence at no instant will the light rays propagate relative to the observer, 
from which we conclude that the light source will be permanently imperceptible to the observer, 
all other things being equal. 



Example 10-B. Transmission of radio signals to artificial satellites. When a linearly polarized 
radio signal is transmitted to an artificial satellite, it is essential that the propagation condition 
holds in order for the satellite to receive the signal. If this condition is violated, say by making 
the signal's polarization direction to be nearly perpendicular to the satellite's orbital plane, then 
the satellite should find it quite difficult to receive the signal, all other things being equal. 

Art 43b. Effects of acceleration. 

To study the effects of acceleration on obliquation for a gravitating observer, we observe that on 
account of ( |10.l[ ), the various quantities defined in (^^) become 



Sf = —r/i since? ^ 0, £g 



cos nj, Ed — z cos V, Ee — Q 
— Q, Eh — zhsvav, Ei = zhsinVo 



(10.2a) 



(pa = ^/r, ifb = (pc = 0, </?d = -1, fyfe = 1, (pf=c/{2rhsmm) 

ifg = 0, iph = qi, (fi = 0, ipj = (esini^)/e, ipk = 
Vi = 0, (pm^ 0, V5„ = 0, ipo ^0 

where we have introduced Js^ , |39t 

^ = q/r, a — q/r^, -uj = v ~ Vg, e — z/q^ q~q/h, z = z/h 



p = h^/q = r{l + ecosiy), £ — {e^ + 2ecosi^ + 1) 



1/2 



and used the fact that by ( |6.9c[ ) 



a = 0, 7=1, {1 = 0, (3={q£)/c 
cr = <i>/(rc), y = c, TT = 0, p = 0, d=l. 



In view of the foregoing equations, the quantities featured in ( |6.9a ) reduce to 

£ = 0, V = Q, AA = 0, g = -l3, 7^ = (1 +/32)i/2^ jP^i 



which upon substitution into (6.9b) and (3.5a) yields 



V = c{l + 0^f/'^ , tan^A^-i 



(10.2b) 



(10.3a) 



(10.3b) 



(10.4a) 



(10.4b) 
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We conclude that the obhquation angle of the light source depends only on the instantaneous 
speed of the observer and not explicitly on the observer's acceleration. 

Art 44. On the apparent drift of a light source. 



To calculate the apparent drift of the light source, we substitute (10.1), (10.2), (10.3) and (10.4a) 
into (6.10) to get 



6a = h, 6b ^ 0, = 0, Sd^ Z cos Vo, = 0, 



-zsmv 



ha = 0, hf, = q + zcosv, he = zcoBVo + qcoavj, hd — c/h, h^, — 0, hf — 
hg = -q, hh = 0, hi = l, hj = l/ujo, fife = l/(4t^o), = 0, /i,„ = 



fi„ = 0, ho^O, fip = l/(/3c2), hq = l/h^ 



hr 



hs ^ {^zsmiy)/r, fit = 0, fi„ = 0, fii, = 0, fiu, = 0, fia; = 0. 



(10.5a) 
(10.5b) 

(10.5c) 



Using (|l0.4a| ) in ( |6.20cD leads to 

=0, = 1, Xs - -(3^ + 

while using ( p^ , ( p^ ), dlOSl ) and in (|^) yields 

«o = 0, = 0, l2 = 0, «3 = 
Z4 = 1/p, «5 = ($2sinz^)/(4r^wj^), iQ^h^^. 

By substituting ( |l0.2a| ), ( |l0.3bD , ( [l0.4aD , ( |10.5| ) and ( |10.6| ) into ( |6.20a| ) and ( |6.20dD , we obtain 



(10.6a) 



(10.6b) 



X = 



X (z + q cos v) + yc — zq sin 

/3c2(l + /32) ' 



e = - 



e sm 
ec(l + /?2)' 



CTe sm 
'e(l + /32) 



(10.7) 



from which we conclude that dispersion and polarization have no effects on the slope and variation 
of obhquation for the observer. 

Art 45. On the apparent path of a light source. 
To study the effects of acce ler ation , disp ersion and polar ization on the apparent path of the light 
source, we substitute ( |10.2| ), ( |l0.3D and ( |10.5D into ( |6.2lD to get 



^a = -rsinn7, ■^6 = 0, ^c = -zsinj/o 

Qa = (l/f^i Qb = {zsmv)/r, ^?c = 0, = (cos + e cos i^o — 3e sin sin tu) /r'^ 

Qe = 0, £»/ = 0, = 0, £»h = 0, Qi = 0, =0, Qk = {qs) / r 

Qi = (2$ + 155^ sin^ - 3q^e^)/r^, g,^ = q{9qir^ ~ 8q - ^hrz? sin^ v)lr^ 
Qn — 15(gz sin z^)(2(7 — 3qer^ + Irz^ siv? v)jr'^ , Qo = 0, ^?p = 0, Qq — Q 

0r = 0, Qs ^ 0, Qt =0, e„ = 0, =0, gl^ = 0, 



(10.8a) 







?a = 0, y6 = 0, = 0, yrf = 0, ye = 0, y/ = 0, yg = 0, y^ = 0, y^ = 

yj =0, yfc = T, y; = T, y,„ = T, y„ = 0, y,, = 0, yp = 0, y, = 

yr = 0, ys = 0, yt = 0, y„ = 0, y„ = 

t)a = 0, t)h = 0, r)c = 0, t)d = -l, t)e = -1, ri/ = -l, t)g = 0, t)h==0 (10.8b) 

t), = 1, t)j = 9^(2$ _ gjj^2^_3~2g2)/^8^ i)fe = 0, r), = 0, v = 

t]„ = 0, i]o = 0, t)p = 0, t)q^ 0, t),. = 0, t)s = 0, tit = 1, t)„ = 

t)t, = 0, r)«, = 0, tjx^O, X)y ^ qI, = gz(e + cosi^) 

^®We use T to denote values that are not needed for the calculations and are therefore not evaluated for conve- 
nience. 
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yta =0, >tf, = 0, He = 0, yid = 0, = 0, ycf = -q/r^, = 



-q^ jr" ., >Ci = qjr^ ., =0, >ffe = -h^q^ /r*^ , xi = 0, 







= 0, (/^(costn + ecosz^o)/r^, >ft = zq'^(e + cos i^)/r^, x^ — {hq^)/r^ 



(10.8c) 



0, 



0, >fi, = 0, 







Substituting (10.8) into (6.50) and taking (10.1), ( 10. 2| ), (10.3) and ( 10. Sf ) into account, we obtain 

y 



IK=l/g, T = 0, .^t = z cos + X sin z^, 
£n = X cos v — z sin v, £c = q^n 



(10.9) 



from which we conchide that the apparent path of the hght source is a circle with a radius equal 
in magnitude to the quantity q and lying in a plane parallel to the orbital plane of the observer. 



Scholium 10-A. Interpretation of the true position of a light source. If we consider the center of 
curvature of the apparent path of a light source to represent the true position of the light source, 
it follows from ( |10.9 ) that a vector drawn from the apparent position of the light source to its true 
position does not have the same magnitude as the speed qe of the observer. On the other hand, if 
we consider the true position of a light source to be such that a vector drawn from the apparent 
position of the light source to its true position necessarily has the same magnitude as the speed of 
the observer, as Hamilton seemed to have supposed, then it will follow from ( 10. £ ) that although 
the apparent path of the light is an exact circle, the true position of the light source will not be 
at the center of this circle unless the observer's orbit is exactly circular {e — 1), a conclusion that 
was first established by Hamilton ]37[| . 

Art 46. On the apparent geometry of rays. 

To st udy the apparent geometry of the light rays, we substitute ( 10.2 ), ( |l0.3 ), ( 10.5 ) and ( 10. 8| ) 
into ( 6.51 ) to get 



J^a — 0, — 
-^o — 0, .ftp = 

^ = acz sin v, 



0, = 0, i?d = 0, J?e = a/h^, = 0, 







0, il, 

-a, ^„ 



0, Sik 

0, 



ac, 
0, 



= 0, 
0, 



— 0, 

0, Siu = 



^ =0, ^ — $c, ^ = acz cosv, — accosvj 



(10.10a) 



S)a = apqsvavj , f)b ^ —^apzshiVo, S)c = —azpqshiv, Sjd = acA, Sje — —ha 
Sjf = —hca, Sjg = acsinvj, Sjh ~ —^hc, Sji^—hca^, Sjj — —^/h^ 

where we have introduced the convenient quantities 



a = a/r, b — h/c, ^=<1 + 



2 ~, 1/2 



(10.10b) 



(10.11) 



Substituting ( |10.10| ) into ( |6.60| ) and taking ( \10.1\ ), ( |10.2| ), ( |10.3| ), ( |10.5D and ( |10.8[ ) into account, 
we obtain 



T 



(10.12a) 



1 



z q sin — X (z + q cos v) — y c 



rSi 



z r sm — X r cos v 



(10.12b) 
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where TZ is given by (10.4a). We conclude that the hght ray has both a curvature and a torsion 
neither of which is affected by polarization or dispersion. 



Example 10-C. Apparent ray geometry for observers in circular orbits. When an observer is in 
a circular orbit, the quantities r and (3 have constant values by (10.3). The curvature and torsion 
of the light ray then have constant nonzero values by (10.12a), and we conclude therefore that the 
light ray is a circular helix. Moreover, since b > by (10.11), we have T < by (10.12a). We 
conclude also that the light ray is a left handed helix. 



Example 10-D. Some clouds may be kineoptical illusions. When we consider a multitude of 
light rays each of which is in the form of a circular helix, it would seem that when the light source is 
sufficiently distant from the observer, that these rays may give the illusion of a cloud surrounding 
the light source. If this be so, then perhaps it may not be entirely without merit to conjecture that 
such apparent clouds do exist, and that such a cloud can in fact be perceived in popular images 
of the cat's eye nebula. 



Scholium 10-B. Acceleration-induced light bending is kineoptical. It is often said by those who 
ought to have reasoned better that when an observer in accelerated motion perceives a light ray 
to be curvilinear instead of rectilinear, that the curvature of the ray is indeed due the observer's 
acceleration, but that since gravitational and nongravitational accelerations are indistiguishable, 
that the curvature of the ray can be ascribed to gravity. These careless minds spare no effort 
to assure us that gravity and the curvature of the ray are a manifestation of the geometry of a 
"spacetime" continuum, nor do they show kind regards towards anyone who dares to voice an 
objection to their immaculate doctrines, however reasoned such objections may be. It will suffice 
for us to say that the curvature of the ray is a kineoptical effect due to the acceleration of the 
observer, and that it makes no difference whatsoever to the phenomena whether this acceleration 
is caused by the action of gravity or by the action of fairies |^ From the kineoptical viewpoint, 
therefore, to ascribe the curvature of the ray in principle to a particular cause of acceleration is 
to indulge oneself in profound nonsense. 

Art 47. On the apparent frequency of rays. 



To st udy the apparent ray frequency for the observer, we substitute the value of TZ from ( 10.4a ) 
into ( 3.30 ) to get 



(10.13) 



where /3 is given by (10.3b). We conclude that the apparent ray frequency uj' depends only on the 
instantaneous speed of the observer and not explicitly on the observer's acceleration. 



Example 10-E. Effects of eccentricity on apparent ray frequency. Substituting the value of (3 
from (10.3b) into (10.13), we obtain 



/-,^r$ qre 



Observing now that by ( 10.5 ) 



/iM2 1- 



£ = 



q {r p 



we substitute this value of e into ( |l0.14a|) to get 

r = 2 - 



l-g2 



1 + e cos 1^ 



(10.14a) 



(10.14b) 



(10.14c) 



^''So long as the dependence of the acceleration on time and position remains the same. 
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which permits the effects of eccentricity on the apparent frequency of the Hght ray to be determined. 



Example 10-F. Apparent ray frequency at perihelion. When the observer is at perihehon, we 
have V — 0° so that by ( 10.14| ) and ( 10. 3| ), the apparent ray frequency satisfies 



UJ r, = UJr 



'i'p^^'ll + S) (10.15) 
where uj'p and are respectively the values of u' and $ when the observer is at perihelion. 
Example 10-G. Apparent ray frequency at aphelion. When the observer is at aphelion, we have 



= 180° so that by (10.14) and (10.3), the apparent ray frequency satisfies 



^^'a = i^o\ 1 + 



$a(l-g) 



^a^~q^{l~l) 



(10.16) 



where m' a and $a are respectively the values of lo' and $ when the observer is at aphelion. 



Example 10-H. Frequency shift for observers in eccentric orbits. From (10.15) and (10.16), we 
find that the apparent ray frequencies at aphelion and perihelion differ by a small amount given 
to a second order accuracy in g/c by 



(10.17) 



where Aw = Lo'p — ui' a- We conclude therefore that if the frequency of light rays from the cat's 
eye nebula is measured when the earth is at perihelio n and when the earth is at aphelion, the two 
measurements should differ by the amount given by ( 10.17 ), all other things being equal. 



A Appendices 

A.l Vector Identities (Algebra) 

Let a, b, c, d be vectors. Then, 

a X (b X c) = b(a • c) — c(a • b) 



(A.l) 



(a X b) • (c X d) = (a • c)(b • d) - (a • d)(b • c) 



(a X b)^ + (a • b)2 = a^b^ 



a • (b X c) = b • (c X a) = c • (a X b) 



(a X b) X (c X d) = c[d • (a x b)] — d[c • (a x b)] 



(A.2) 
(A.3) 
(A.4) 
(A.5) 
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A. 2 Vector Identities (Calculus) 

Let a, b, c, d be vector fields with respect to a vector u. Let ^, be scalar fields with respect to 



u. Let n be an integer. Then, 

V„ • u = 3 (A.6) 

V„ • (V„ X a) = (A.7) 

V„ • (a X b) = b • (V„ X a) - a • (V„ X b) (A.8) 

V„ X u = (A.9) 

V„ X (V„</)) = (A.IO) 

V„ X (V„ X a) = V„(V„ • a) - V„^a (A.ll) 

V„ X {(j)a) = 4>{Vu X a) - a X (V„^) (A. 12) 

V„ X (ax b) =a(V„-b)- (a- V„)b+(b- V„)a-b(V„-a) (A.13) 

V„(u") = nu"-2u (A.14) 

Wu[(t>m = (d</./dV')(V„V) (A.15) 

Vu{H) = -/-(VkV) + i^{^ucl>) (A.16) 

V„(a • u) = a + (u • V„) a + u X (V„ X a) (A.17) 

a(V„a) = a X (V„ X a) + (a • V„) a (A.18) 

V„(a • b) = a X (V„ X b) + (a • V„) b + (b • V„) a + b X (V„ x a) (A.19) 

|a X u|[V„|a X u|] = M^a(V„a) + a^u - (a • u)V„(a • u) (A.20) 

(a-V„)u = a (A.21) 

(a • V„) (.^b) = b[a • (V„.^)] + <^[(a • V„) b] (A.22) 

(a • V„) (b X c) = b X [(a • V„) c] - c x [(a • V„) b] (A.23) 



Classical Aberration And Obliquation 



Page 220 



March 2001 



OAS-2001-03A 



A. 3 Important Riders 

For the convenience of the reader, we state here the conditions under which (1. 
This equation assumes that the strengths or intensities of electric and magnetic fields are charac- 
terized by vector quantities, that magnetic and electric fluxes (or charges) and currents are defined 
and measured in accordance with Hertz's theory, and that in the space region of interest, 

• the Gauss-Ostrogradsky divergence theorem holds for the field vectors, 

• there is conservation of magnetic and electric fluxes or charges, 

• there is a stationary, homogeneous and isotropic medium with no boundaries, 

• the light waves are plane, monochromatic, linearly polarized, have a complex frequency with 
a real wave vector, 

• the observer is in accelerated translational, rotational or gravitational motion. 

When any or some of these conditions are not satisfied in a space region, the calculations in this 
monograph may need to be reworked in the appropriate manners. 



) was derived ffl . 



References 

[1] A. 1. A. Adewole. Light propagation for accelerated observers. Research Paper GEM-2001- 
OIC, Adequest Corporation, 2001. See also http://xxx.lanl.gov/abs/physics/0104069. 

[2] T. E. Phipps Jr. Stellar aberration from the standpoint of the radiation convection hypothesis. 
Phys. Essays, 4:368-372, 1991. 

[3] T. E. Phipps Jr. On Hertz's invariant form of Maxwell's equations. Phys. Essays, 6:249-256, 
1993. 

[4] D.-E. Liebscher & P. Brosche. Aberration and relativity. Astron. Nachr., 319:309-318, 1998. 
See also http://www.aip.de/~lie/publications/plj346.html. 

[5] D. Bohm. The special theory of relativity. Routledge, London, 1996. 

[6] H. A. Atwater. Non-simultaneity in the aberration of starlight. Am. J. Physics, 42:1022-1024, 
1974. 

[7] A. Howard & L. Kitchen & S. Dance. Relativistic raytracing: simulating the visual appearance 
of rapidly moving objects, http://www.cs.mu.oz.au/~andrbh/raytrace/raytrace.html, 1995. 

[8] R. Rau & D. Weiskopf & H. Ruder. Special relativity in virtual reality. In H. C. Hege & K. 
Polthier, editor. Mathematical Visualization, pages 269-279. Springer, 1998. 

[9] D. Weiskopf & U. Kraus & H. Ruder. Searchlight and Doppler effects in the visual- 
ization of special relativity: A corrected derivation of the transformation of radiance. 
ACM Transactions On Graphics, 18:278-292, 1999. See also http://wwwvis.informatik.uni- 
stuttgart . de/ ~ weiskopf /publications . 

[10] C. M. Savage & A. C. Searle. Visualising special relativity. The Physicist (Australian Institute 
Of Physics), 36:*, 1999. See also http://www.anu.edu.au/Physics/Searle/. 

[11] G. Sardin. Measure of absolute speed through the Bradley aberration of light beams on a 
three-axis frame. Europhys. Lett., 53:310-316, 2001. 

[12] K. Kassner. Why the Bradley aberration cannot be used to measure absolute speeds. A 
comment. arXiv e-print, 2002. astro-ph/0203056. 



Classical Aberration And Obliquation 



Page 221 



March 2001 



QAS-2001-03A 



[13] O. C. Collins & W. F. Hiltner. The determination of the velocity vector of a space vehicle 
from apparent changes in the angular separation of stars. Astron. Journal, 66:41-41, 1961. 
Presented at the 107th meeting of the American Astronomical Society, December 1960. 

[14] S. Tagaki. Note on the computation of the apparent place of a star. III. Publications of the 
astronomical society of Japan, 8:18-26, 1956. 

[15] S. A. Klioner. Practical relativistic model of microarcsecond astrometry in space. arXiv 
e-print, 2001. astro-ph/0107457. 

[16] J. G. Porter & D. H. Saddler. Stellar aberration. M. N. R. A. S., 110:467-476, 1950. 

[17] P. Stumpff. The rigorous treatment of stellar aberration and Doppler shift, and the barycentric 
motion of the earth. Astron. Astrophys., 78:229-238, 1979. 

[18] C. Ron & J. Vondrak. Expansion of annual aberration into trigonometric series. Bull. Astron. 

Inst. Czechosl, 37:96-103, 1986. 

[19] F. P. Scott. A method for evaluating the elliptic E terms of the aberration. Astron. Journal, 
69:372-373, 1964. 

[20] J. Bradley. An account of a new discovered motion of fixed stars. Phil. Trans. Roy. Soc, 
35:637-660, 1729. 

[21] A. Fresnel. Sur I'influence du mouvement de terre dans quelques phenomenes d'optique. 
Oeuvres Completes, 2:627-*, 1818. 

[22] M. Rothman, T. Rothman & P. Anninos. Reference frames for stellar aberration. Tech- 
nical Report TR033, National Center For Supercomputing Applications, 1995. See also 
http://archive.ncsa.uiuc.edu/Pubs/TechReports/TR033.html. 

[23] A. Einstein. Zur elektrodynamik bewegter korper. Ann. Physik, 17:891-921, 1905. See also 
http : / /www.fourmilab. ch /etexts / einstein /specrel /www/ . 

[24] K.S.Brown. Reflections on relativity, http://www.mathpages.com/rr/rrtoc.htm. Sections 
2.5 & 2.6. 

[25] B. Thiiring & F. Schmcidler. Vertikalkreis-beobachtungen der aberration des lichtes von 
sternen vcrschcidcncncn spcktraltyps. Astron. Nachr., 299:55-58, 1978. 

[26] J. N. Hewitt. A low frequency radio array. Meeting Transparencies LIGO-G000247-00-D, 
LIGO Scientific Collaboration, 2000. 

[27] W. R. Hamilton. The hodograph, or a new method of expressing in symbolical language the 
newtonian law of attraction. Proc. Roy. Irish Acad., 3:344-353, 1847. 

[28] P. Stumpff. On the relationship between classical and relativistic theory of stellar aberration. 
Astron. Astrophys., 84:257-259, 1980. 

[29] F. Selleri. Space and time should be preferred to spacetime 1. In K. Rudnicki, editor, Grav- 
itation, Electromagnetism And Cosmology: Toward A New Synthesis, pages 57-72. Apeiron, 
2001. 

[30] B. Mashhoon. Gravitation and nonlocality. arXiv e-print, 2001. gr-qc/0112058. 

[31] L. Page. On the aberration of light. Astrophysical Journal, 61:70-72, 1925. 

[32] D. J. Struik. Lectures on classical differential geometry. Dover Publications, Inc., New York, 
second edition, 1988. 

[33] D. Sher. The relativistic Doppler effect. J. Roy. Astron. Soc. Can., 62:105-112, 1968. 



Classical Aberration And Obliquation 



Page 222 



March 2001 



QAS-2001-03A 



[34] J. B. Tatum. The obhque Doppler effect. J. Roy. Astron. Soc. Can., 79:302-311, 1985. 

[35] E. Baird. Transverse redshift effects without special relativity. arXiv e-print, 2000. 
physics/0010074. 

[36] I. Bonizzoni & G. Giuliani. The interpretations by experimenters of experiments on "time 
dilation": 1940-1970 circa. arXiv e-print, 2000. physics/0008012. 

[37] P. G. Tait. Sir WiUiam Rowan Hamihon. North British Review, 45:37-74, 1866. 

[38] D. L. Boulct. Methods of orbit determination for the microcomputer. Willmann-Bell Inc., 
Virginia, 1991. 

[39] J. M. A. Danby. Fundamentals of celestial mechanics. Willmann-Bell Inc., Virginia, 1992. 



Classical Aberration And Obliquation 



Page 223 



